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Abstract

The relation between the fractional integral operator and the fractional maximal operator is investigated
in the framework of Morrey spaces. Applications to the Fefferman—Phong and the Olsen inequalities are
also included.
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1. Introduction

The purpose of this paper is to study certain estimates related to the fractional integral
operator, defined by

_ f ()
Iaf(X)—/l;nmdy f0r0<oz<1,
and to the fractional maximal operator, defined by

My f(x)= su /|f(y)|dy for0 <a <1,

P
IQI1 *

in the framework of Morrey spaces. Here, the supremum is taken over all cubes Q in
R” containing x with sides parallel to the coordinate axes. Let 0 < p; < pg < oo. For
an LP! locally integrable function f on R” we set

1/p1
sup |Q|'/Po 1/t (f VAT dx)
Y 0

1/p1
sup|Q|””°( / | f ()| dx) ,
0 10
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where the supremum is taken over all cubes Q in R" with sides parallel to the
coordinate axes. We call the Morrey space M5 the subset of all LP! locally integrable
functions f on R" for which || f|l . p, is finite. Applying Holder’s inequality, we see
that

”f”po,p] = ||f||po,p2 whenever po > p; > p2 > 0.

This tells us that
L0 = ME c MEY c MBS whenever pg > p1 > p2 > 0.

It is well known that the Hardy—Littlewood maximal operator M, M = My, is bounded
on Mﬁ? when 1 < p; < pp < oo and the fractional integral operator I, is bounded
from Mg? to MZ? when 1 < p; <pg<oo,1<q; <qgyg<o0,1/qg0o=1/po— « and
q1/qo0 = p1/po (see [3, Theorems 1, 2]). The Morrey spaces, which were introduced
by Morrey in order to study regularity questions which appeared in the calculus of
variations, describe local regularity more precisely than Lebesgue spaces and are
widely used not only in harmonic analysis but also in partial differential equations
(see [6]).

When 1 < py < 00, an [P2-valued function ( f,),en on R” is said to be measurable
if each f, is a (real- or complex-valued) measurable function and ), | f, (x)|"? < 0o
almost everywhere. For 0 < p; < pp <oo and 1 < py < oo, we define the space
MZ? (IP2) consisting of all /”2-valued measurable functions (f},) such that

1/p2
G I po.prpr = H (Z |fv|p2>

The good-A inequality of Fefferman and Stein motivated the development of the
theory of capacities for potentials of functions in the Morrey space. Adams and Xiao
observed in [1] the equivalence of the Morrey norms of the fractional integral operator
and the fractional maximal operator, which is an extension of an earlier result of the
Lebesgue space due to Muckenhoupt and Wheeden [8].

< Q.
Po,P1

THEOREM 1.1 [1, Theorem 4.2]. Let0 <a <l and 1 < g1 < qg < oo. Then

C™ M Me fllgp.ar < Mo fllgo.qr < ClIMa fllgo g1

where the constant C is independent of f.

It is evident that My, f < Cl,| f| due to the estimate

1

m/ lf)ldy < I|fI(x) VxeR" r>0.
r {lr=yl=r)

However, if f(y) =|y|™"* and x =0, then the reverse inequality is false. In view
of this, the Morrey norm equivalence of I, f and M f is quite surprising. In this
paper, without using the good-X inequality of Fefferman and Stein, we shall prove the
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following elementary theorems which link [, f and Mg f and contain, as a special
case, the Morrey norm equivalence.
Theorem 1.2 is concerned with Morrey spaces whose parameters are small.

THEOREM 1.2. LetO<a < 1,0 < g <gp <ooand0 < r; <rg < oo. Suppose that

O<q1 <1, g1 <ry, gqo<rg and 0<B=a — (1/rg) < 1. Then, for any locally

integrable function f such that | Mg f |l 49,4, < 00 and for any function g in Mf?,

I8 - Lo fllgo.qr = ClIgNro.ri 1Mp fllgo.q -

where the constant C is independent of [ and g.
Theorem 1.3 is a vector-valued inequality for the functions in a Morrey space.

THEOREM 1.3. LetO<a <1, 1 <q <gp<oo, l <gy<ooand1 <r; <rg < oo.
Suppose that q1, g2 <r1, go <roand 0 < =o — (1/r9) < 1. Then, for any locally
integrable function (f,) such that |(Mg fu)llg0.q1,q» < O© and for any function (g,)
such that sup,, [|gvllry,r, < 00,

l(gv - Iafv)”qo,q],qz < C sup ”gu”ro,r] ”(M,va)“qo,q],qzs
m

where the constant C is independent of ( f,) and (g,).
If weletrg =r; =oc and g, g, = 1 then we have the following.

COROLLARY 1.4. Let 0 < g1 < qo < 00. Then, for any locally integrable function f
such that |My f | go.q; < 00,

e fllgo.q1 < CllMa fllgo.q:-

Corollary 1.4 is an extension of Theorem 1.1 to small parameters.

COROLLARY 1.5. Let 1 <gq1 <qo<o00 and 1 <qp <oo. Then, for any locally
integrable functions ( f,,) such that ||(My f1)llg9.q1.9» < 0%

U f)llgo.g1.92 = CIl(Ma f)llgo.q1.92-

Corollary 1.5 is a vector-valued extension of Theorem 1.1.

Theorems 1.2 and 1.3 can also be thought of as weighted inequalities linking the
fractional integral operator I, f and the fractional maximal operator Mg f* (see [2,
7, 10, 11] and so on). The methods of proof of these results follow a widely used
argument. We use a dyadic decomposition of the kernel of I, and a linearization
method. In the last section we will consider some applications of the theorems. The
letter C will be used for constants that may change from one occurrence to another.
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2. Proof of Theorem 1.2

We denote by D the family of all dyadic cubes on R”. We assume that f and g are
nonnegative. First, we discretize the operator I, as follows:

_ f ()
Iaf(x) = Z ,/211—1<x_y|<2u —|x _ y|n(17a) d

WEL

1
<y d
B ACD A /{xy|szﬂ} T dy

ne
IQI“/
<C —_— fo)d
Z QZD o i ?
Q5x,|Q|=2""H*
—cy '%'/ FO) dy xo).
QeD

To prove the theorem it suffices to show that

1/q1
( f (8(x) Iy f (x)7! dx) < ClIgllrgr 1M fllgo.q,1 Qol /1~ 1/90
Qo

for all dyadic cubes Q. Hereafter, we let D(Qo) ={Q € D | Q C Qp} and D(Qyp) =
{QeD| QD Qo

We decompose 1, f (x), where x € Qg, according to Qy, that is,
Iy f(x) < C(Fi(x) + Fa(x)),
ro= Yy 2 /3Q FO) dy xo),

0€D(Qo) ||QQ|(|1
F = d ,
w= Y /3Q £ dy xo)

QeD(Qo)

1/q:
(1): (/ (g(x)F1(x)"! dX> ,
Qo

1/q:
(2)2( (g(x) F2(x))"! dx) .
Qo

and we evaluate

Estimate of (1). We need the following crucial observation.
For a nonnegative function z in L*°(Q) we let

1
Yo = —— h(x)dx, a=2"t1
[Qol Jo,
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Fork=1,2,...let

Dy = U 0.

0€D(Q):
a/1en fo h(x) dx>ypak

Considering the maximal cubes with respect to inclusion, we can write

Dy = U Ok.j>
J
where the cubes {Qy, j} C D(Qy) are nonoverlapping. By the maximality of Qy ; we
see that
k 1 n k
ya© < h(x)dx <2"ypa". (2.1)
1Ok, jl Jor;

We need the following properties. Let
Eo= Qo\D1, Egj= Ok j\Dk+1.
Then {Eg} U {Ey, ;} is a disjoint family of sets which decomposes Q( and satisfies
|Qol <2[Eol, |Qk,jl =2|Ek;l. (2.2)
Indeed,

IDi| =101l
J

1 1 1 1
<—> | h@wdx<— | h@x)dx=-]Q0l < =|Q0l
FRRA4N, voa Jo, a 2

~ yoa
and

10k N Deil = Y. 1Qksuil

i0 Qk+1,i C Ok, j

1
e} Z / h(x) dx

it Qk+1,i COk,j Qi1

IA

< / h(x)d <2nIQ I 1IQ |
_— X X —_— | = = ils
- )/oak+] o1, =4 k,j 2 k,j

where we have used (2.1). Clearly, these imply (2.2).
We set

1
DOZ{QED(QO)I —/ h(X)dXE)/oa}
101 Jo

and

. k_ 1 k1
Dy,j=10€D(Qo): QC QOk,j, Yoa <@ Qh(x)dxf)/oa )
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Then by the definition we obtain

D(Qo) =DoU | Dr.- 23)
k.j

We now return to the proof. It follows that

(WA dr= ) |Q|a/ f(y)dy/g(x)‘“Fl(x)ql‘ldx.
Qo 0eD(Qo) |Q| 30 )

Putting h = g9!, we apply the relations (2.2) and (2.3) to the estimation of this quantity.
First, we evaluate

) ||%| /3Q FG) dy ng<x)41F1<x>ql—‘dx. )

0€Dy,

Noticing that g1 — 1 < 0 and by the definition of Fi,

ooyt < (12641 nl |
0 < (S f)dy Vx € Ok, ;.
1Ok, il Jao;
This yields
| Ok 1 )‘”1 IQI“/ /
(*)s(— fd fod " d
sl Jro, T QGZDM 0 o7 S5
<(M f(y)dy)ql_l)/oakH > iee [ roa
@kl J30;; 0Dy, 30
- of 12w WY ko J
=\Toi T _f(y) y yoa" | Q. jl .f(y) y
k,j 3Qk,_; 3Qk,_/
| q1
=C(% ¥ f(y)dy) 1Ok lyoa .
s k,j

where in the last inequality we have used the support condition and properties of dyadic
cubes.

Recalling that | Qg ;| < 2|Ek,jl, B =a — (1/r9),q1 < r1 and

yoa* <

g(x) dx
1Ok, il Jo;

1 q1/r1
= ( g ()" dx) < gl ry Qs I/,
10es1 Jou,
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we conclude that

| Ok, ;P
1Ok, jl 3o

< Cllgllron ™ / M f(0) dx,
Ekyj

q1
(%) = Cllgllro,rl‘“< F» dy) |Ex.j

where in the last inequality we have used the fact that

|0 ;1P o 1 .
o fO)dy) =<CMgf(x)?" Vxe Eg;.
1Ok, jl 3o

Similarly,

yo 1oF f FO) dy / eI F (0 dx
0] 0

QED

<Cligllry., " / Mg f(x)" dx.
Eo

Summing up all factors, we conclude that the expression in (1) is less than or
equal to

1/q1
Cligllrg,r (/Q Mg f(x)?! dx) < ClIglro.r IMg £ llgo.q: 10| /41— /a0,
0

where we have used (2.3) and the fact that {Eo} U {Ey ;} is a disjoint family of sets
which decomposes Qg. This is our desired inequality.

Estimate of (2). By a property of dyadic cubes

Pm= Y 5[ oy veon
0eD(00) 30

Notice that 8 =« — (1/rg). Forall Q € f)(Qo), it follows that

Q% 1/,<|Q| / ) Ure -
dy 0 d C 0 inf M ,
0] Qf(y) =10| 0] fydy | <C|O] yIEQ s f(y)
1/q1
inf M M a g
yng ,sf(y)§<|Q|/ sf () y)
and

1/q1
(IQI f Mpf O dy) < 1Mp fllgp g1 1017
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These imply, by using the fact that (1/rg) — (1/g9) <O,

F2(@) <ClIMpfllgpq Y 1Q1"°7V% = ClIMp fllgy.q01 Qol' 010
0eD(Qo)

This concludes that the expression in (2) is less than or equal to

1/q1
ClIMg £ llgo.q | Qol /o~ 1/40 ( / gx)? dx)

Qo

1 1/q1
= C||Mg fllgo.q1Qol /4"~ 1/q0+1/r0(|Qo| / g(x)0 dx)
< Clglro.n 1Mp fllgo.q1Qol /=10,

This is our desired inequality.

3. Proof of Theorem 1.3

In what follows we shall prove Theorem 1.3. We assume that f,, and g, are non-
negative. By the same manipulation as in the previous section, to prove the theorem it

suffices to estimate
q1/92 1/q1
(/ (Z(mx)mx»@) dx)
Oo \"p

for all dyadic cubes Q. Here,

5 lor
er 0l

Fy(x) = f H(y)dy xox).

We shall estimate this quantity by way of a duality argument. To this end, we take a
vector-valued weight (w,,) supported on Qg satisfying

/ (Z wu(x)qé) dx =1, (3.1)
Qo

and evaluate

@: Y. > /3 , O /Q g (X)wy (x) dx,

veN QeD(Qo) QI

IQI"‘/ /
4:§ E = L(y) d ; »(x) dx.
“4) 0] 3Qf(y) y Qog(X)w (x) dx

veN 9eD(Qo)

Estimate of (3). We compute

y e / foly)dy / go(0)wy (x) dx. (3.2)
ocpioy 191 J30 e
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Putting h = g, w,, we apply the relations (2.2) and (2.3) to the estimation of this
quantity. First, we evaluate

> c / fv(y>dyfgu<x)wv(x>dx. (%)
QEDk,j |Q| 30 [

It follows from the same argument as in the previous section that

| Ok, j1” 1
(k) <C ! H(y)dy / gv(X)wy(x) dx |Ek,j|-
1Ok, il J3o; 1Ok, il Jor;
Using Holder’s inequality,
| Ok, j1”
(#5) < C—~1 Hrydy
1Ok, il J3o;
1 1/"1 1 , 1/}";
X ( gv(0)" dX) ( wy (x)"1 dX> |Exk,j-
1Ok, il Jor; 1Ok, il o
Recalling that
1/n
( g ()" dx) < gvllro.n 1Qx, 177",
1Ok, il Jo
we see that
1Ok, 1P y 1/r}
(%) < Cllgvllrgn ——— Hy)dy wy(x)'1 dx |Ek,
1Qk,jl J304, 1Qk.jl Jo;

< Cllgullrpn / My £y )My ()11 dix.
Ek.j

Similarly,

IQI"‘/ /
v d v v d
> O Jyp PO | sv@wnx) dx

0€Dy

< Cllglln, / My fu ()M, (07 dx,
Ep
Summing up all factors, we conclude that the expression in (3.2) is at most
Cligullro.m f My fo ()M (01 dix.
Qo
Now we conclude that the expression in (3) is less than or equal to

Y gl / My fo ()M ()7 dix
v Qo

<Csupllgullon 3 /Q My fo (o) Mw ™ ()7 dx.
M v 0
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It follows from using Holder’s inequality that

> / Mg fo(x) Mw," ()" dx
v Y00

q1/92 1/q1
([ (Smr) )
Qo \'p
91/95 1/4
(/ (ZMw ’l(x)‘fz/’1> dx) .
QO v

Notice that the condition ¢, g2 < ry implies that ¢{/r{, g;/r| > 1. These facts and
the boundedness of the vector-valued Hardy-Littlewood maximal operator M (see [5,
p- 498, Corollary 4.3]) yield

, LN/ /41
([ ()
Oo \'p
a1/ r/4y
e[ (o) ) e

where in the last inequality we have used (3.1).
Hence, the expression in (3) is less than or equal to

C sup ||glll|ro,r1 ||(Mﬁfv)||q0,q1,q2|Q0|l/qlil/qo.
m

This is our desired inequality.

Estimate of (4). In this case we evaluate

|Q| / fu(y)dy/ g(@)wy(x) dx  for Q € D(Qo). (3.3)
IQI o

It follows that

1/ 1/r]
/ gv<x>wv(x>dxs</ g dx> (f wv(x)ridx>
Qo Qo Qo

) 1/r]
< llgulsg.r | Qo] /11 =110 ( /Q wy (x)' dx>
0

o 1/”
||%|/ fu()dy</ wv(x>’?dx) 1
N /g
cor (D3 fy e
<C|Q| Z 301 3Qf(y) y

, as/ri\ 1/
X <Z</ wy (x)"1 dx) ) .
v Qo

and that
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We see that
|3Q|ﬂ/ )q2>1/qz
Pl L (v) d
<2,,:(|3Q| 3Qf(y) y
1 “ 1/q2
< — Mg £y d
—|Q|/Q<; pI) ) *
1 o 41/112d 1/q:
< — Mg f,
—(|Q|/Q<; p1) > x)
< (Mg f)llgo.gr.q1 Q17140
and that

) a5/r\ 1/45
(Z(/ w,y, (x)1 dx) )
v Qo
ey 1 g\ e
=|Qol 1( (—/ w(X)'dX) )
—\100l Jo, "
/ / / l/qé
SIQoI_l/”/ <Zvar1(X)"2/") dx
Qo

v

L N\ 1/4;
<|Qo| "1/ (/ (Z Muw," (x)qz/r1> dx)
Qo

v

< C|Qo|Yar=1/rt,

where in the last inequality we have used the same argument as in the last part of the
previous paragraph.
These imply that the expression in (3.3) is at most

C sup l18ycllro.ry | (Mg fi) lg.q1.21 Qo /41 =170 @] /7o o,
"

and hence the expression in (4) is less than or equal to

C sup ||gu||r0,r1 ”(Mﬂf‘))||qo,q1,q2|Q()|l/q'71/r0 Z |Q|l/r071/q0
' QeD(Qo)

< C sup llgullr.r 1 (Mg fo)lgo.qr.q0 1 Qol /41140,
n

This is our desired inequality. Here, we have used the fact that (1/r9) — (1/go) <O.

4. Applications to some inequalities

In this section we consider some simple applications of Theorems 1.2 and 1.3. We
need some preparations.
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It is known that, for a smooth function f in Cgo (R™) (see [13, p. 125]),

a
a

vmmczmnjm. 4.1)
j=1 I

Let 0 < pg < co. We write the weak-L”0 quasi norm of a function as
1
1 llpome =suptfx € R" ¢ | f ()] > 1}]/7°.
t>0

LEMMA 4.1 [5, p. 485, Lemma 2.8]. Let 0 < p; < pg < oo and, for each measurable
function f, define

1/p1
Npy.p (f) =sup |E|'/Po=1/71 (/ Lf ()P dx) ,
E E

where the supremum is taken over all measurable sets E in R" with 0 < |E| < oo.
Then

Do 1/pi
I fllLroce < Npg,p, (f) < ( ) Il fllzrooe.
Po — D1

LEMMA 4.2. Let 0 < p1 < pg < 00. Then

1/po
P1
I 1l po.pr = Il f 1l Lro-oe.
Po— D1

Fefferman—Phong-type inequalities. We have the following weighted inequalities.

PROPOSITION 4.3. Let 0 < g1 < go <n and

qu<r=<n ifq =<1,
qi<r=n ifq>1

Then, for f € Cg°(R") and a weight function w,
I fwllgo.qr < Cllwlln IMIV flllgo.q-

PROOF. Using (4.1), to prove this proposition we merely check all the conditions
of Theorem 1.2 and the scalar-valued case of Theorem 1.3 when r; =r, ro=n and
a=1/n. O

Proposition 4.3 is an extension of the so-called Fefferman—-Phong condition
obtained in [4].

REMARK. Forn > 1, the weak-L! boundedness of M and Lemma 4.2 give us that
I fwlig < CllwlagllV g for0<g=<1.

Olsen-type inequalities. It is known (see [12]) that

(Mg f)llgo.qr.p2 = CNCID N po, pipas (4.2)
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whenever 1 < p; < pp<oo, l <py<oo, 1l <gy<qg<oo, 1/go=1/po— B and
q1/90 = p1/po- This gives the following.

PROPOSITION 4.4. Suppose that O<a <1, 1<pi<pg<oo, 1< py<oo,
l<q1<qo<ooand 1 <r; <rg<oo. Suppose also that q1, p» <r1, 1/po> «,

1/ro <a, 1/qo=1/ro + 1/po — a and q1/q0 = p1/po. Then

I (g - Iafv)”qo,ql,pz <Csup ”gu”ro,rl ”(fv)”pg,p],pz-
m

Proposition 4.4 is a vector-valued extension of the theorem of Olsen [9, Theorem 2].
The proof of the scalar-valued case of Theorem 1.3 gives a new and simple proof of
Olsen’s theorem.

Acknowledgement

The author, who has a visual impairment, would like to thank Professor M. Suzuki
and his excellent software ‘InftyReader’, which enable him to access scientific
documents including mathematical expressions by converting them into LaTeX.

References

[11 D. R. Adams and J. Xiao, ‘Nonlinear potential analysis on Morrey spaces and their capacities’,
Indiana Univ. Math. J. 53(6) (2004), 1629-1663.
[2] M. J. Carro, C. Pérez, F. Soria and J. Soria, ‘Maximal functions and the control of weighted
inequalities for the fractional integral operator’, Indiana Univ. Math. J. 54(3) (2005), 627-644.
[3] F. Chiarenza and M. Frasca, ‘Morrey spaces and Hardy-Littlewood maximal function’, Rend. Mat.
7 (1987), 273-279.
[4] C. Fefterman, ‘The uncertainty principle’, Bull. Amer. Math. Soc. 9 (1983), 129-206.
[5] 1. Garcia-Cuerva and J. L. Rubio de Francia, Weighted Norm Inequalities and Related Topics,
North-Holland Mathematical Studies, 116 (North-Holland, Amsterdam, 1985).
[6] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd edn
(Springer, Berlin, 1983).
[71 W. M. Li, “Weighted inequalities for commutators of potential type operators’, J. Korean Math.
Soc. 44 (2007), 1233-1241.
[8] B. Muckenhoupt and R. L. Wheeden, ‘Weighted norm inequalities for fractional integrals’, Trans.
Amer. Math. Soc. 192 (1974), 261-274.
[9]1 P. Olsen, ‘Fractional integration, Morrey spaces and Schrodinger equation’, Comm. Partial
Differential Equations 20 (1995), 2005-2055.
[10] C. Pérez, ‘Two weighted inequalities for potential and fractional type maximal operators’, Indiana
Univ. Math. J. 43 (1994), 663-683.
[11] C. Pérez, ‘Sharp LP-weighted Sobolev inequalities’, Ann. Inst. Fourier (Grenoble) 45 (1995),
809-824.
[12] Y. Sawano and H. Tanaka, ‘Morrey spaces for non-doubling measures’, Acta Math. Sin. (Engl.
Ser:) 21 (2005), 1535-1544.
[13] E.M. Stein, Singular Integrals and Differentiability Properties of Functions (Princeton University
Press, Princeton, NJ, 1970).

HITOSHI TANAKA, Graduate School of Mathematical Sciences,

The University of Tokyo, 3-8-1 Komaba, Meguro-ku Tokyo 153-8914, Japan
e-mail: htanaka@ms.u-tokyo.ac.jp

https://doi.org/10.1017/51446788709000457 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788709000457

