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Abstract. Soliton equations whose solutions are expressed by Pfaffians are
briefly discussed. Included are a discrete-time Toda equation of BKP type, a mod-
ified Toda equation of BKP type, a coupled modified KdV equation and a coupled
modified KdV equation of derivative type.
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1. Introduction. A Pfaffian is the square root of an anti-symmetric determinant
of order 2n:

2
det|ajkli<jr<on = [Pf(ar, @z, - -+, a2n)]”

We have, for example, for n =1

0 ain
2
= pf(ar, a)".
[25]] 0
Hence
pf(ar, @) = ars.
Forn =2,
0 apn anz s
ay 0 axn ax )
= [anazs — ai3a04 + asans]”.
a1 axn 0 axy
ast agp agz 0
Hence

pf(ai, az, az, as) = annazs — aizax + asan.

A square root of a determinant of a matrix M of order n which is a sum of a unit
matrix £ and a product of anti-symmetric matrices 4 and B is expressed by a two-
component Pfaffian:
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det|E+ A x B| =[pf(a, @z, - -, an, b1, ba, - - -, b)T,

where

pf(a, a) = ap = —ay;,
pf(by, bx) = bjx = —by;,
pf(aj7 bk) = Ok

and where 6, is Kronecker’s delta symbol.
We have, for example, for n = 3

1 0 0 0 ap ap 0 by b3
E+AxB=]0 1 0|+ ay1 0 axn by 0 by
0 0 1 asy  daixp 0 b31 b32 0
1 + apnby + azbs; aizby apbss
= axbs 1+ ax1biy + axsbs aybiz
axbyy az by 1+ az1b13 + azbas

Accordingly we find
det |E+ A x Bl =[~1 + anbiy + aizbiz + axby]*.

On the other hand using the expansion rule of the Pfaffian

2n
plcr, ea, -, ) = Y (=17 "pfcr, ¢)pflea, 3, &, -+ can),
=1
we obtain
pf(ai, ar, az, by, ba, b3) = —1 + anbiy + aizbiz + axbos.
Hence

det |E+ A x B| = pf(ai, az, a3, by, by, b3)*.

The two-component Pfaffian plays an important role in expressing soliton
solutions of the coupled modified KdV equations and coupled modified equation of
derivative type described below.

We shall show that soliton solutions of the following equations are expressed by
Pfaffians.

(i) Discrete-time Toda equation of BKP type

Flexp(Wyy = Vi) +exp(Vy = Wil + (1 = 26%)
Plexp(Wy — Vi) +exp(VjL, — Wil + (1 28%)
| A " wm.

n n = W1 —

I/VZH—l _ I/V:?n—l — 10g
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(i) Modified Toda equation of BKP type

d B+,
—log—————=1,— 1,41,
dt "B —al, + 1) +!
d

Elﬂ - anl - Vn.

(iii) Coupled modified KdV equation

d aV]' 83\)]' .
E\{,-+6|:1 Z cjkvjvki|a—)‘c+a—xé=0, j=12,...,N.
<j<k<N

(iv) Coupled modified KdV equation of derivative type

vy | v

a )
&\{/+6|:]</<Zk<ch,-ka\{,--vk:|a—x+$: 0, j=12,...,N.

We have the discrete KP equation
[z1 exp(D1) + z2 exp(D2) + zz exp(D3)] /- /=0

where Dy, D, D3 and zj, z;, z3 are bilinear operators and constants, respectively.
Soliton solutions to the discrete KP equation are known to be expressed by
determinants [1].
While the discrete BKP equation is expressed by

[z1 exp(D1) + z2 exp(D2) + z3 €xp(D3) + z4 exp(Dg)lf - f = 0

where Dy, D;, D3, D4 and zy, z3, z3, z4 are bilinear operators and constants, respec-
tively, satisfying the relations

Di+Dr+ D3+ Dy =0,
zZ1+ 24+ 2z3+24 =0.
Solutions to the discrete BKP equation are well parametrized by parameters a, b and

¢ which are the intervals of the coordinates /, m, n [2]. We rewrite the discrete BKP
equation using these parameters:

(a+b)a+)b—ot+1,mnt(,m+1,n+1)
+b+c)b+ac—a)yr(,m+ 1, m)r(l+1,mn+1)
+(c+a)c+b)a—Db)yr(l,mn+ Dr(l+1,m+1,n)
+@—0bb—-c)(c—a)yx(,mn)t(l+1,m+1,n+1)=0.

Solutions are expressed by the Pfaffian [2,3]:
(/,m,n) = pf(1,2,3,---,2N),
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where the elements of the Pfaffian are

pf(j, k) = cjx
n—1

+ Y (bl m, s+ Dl m, 5) — (1 m, )il m, s+ 1)]

§=—00

and ¢;(/, m, n) are a linear combination of exponential functions in discrete space

<1 - apﬂ>l(1 - bp“>m<1 — cpﬂ)”
1+ap,) \1+bp, 1+cep,)’

B 1—ap,\' (1=bp,\" (1—cp,\"
Al = Xu:ajﬂ(l + apu) (1 + bpy, lL+epu)

2. Soliton equations generated by the bilinear BKP equation. The following are
well-known soliton equations generated by the discrete BKP equation.
(a) Sawada-Kotera equation

namely

D(D;+DY)f [ =0,
82
u; + 158 + ury), + e = 0.
(b) Model equation of shallow-water wave

D.(D, — D/.D>+ D,)f-f=0,

82
o0

Uy — Usyy — ULty + 3ux/ u;dx’ = 0.

X

Here we add two more examples.
(1) Discrete-time Toda equation of BKP type.

Let
DIZ%SDlv lelv
DZZ—%(SD[, 22:—1+252,
Dy =D, —18D, z3=—8,
D4 = —Dn - %(SD[, Z4 = —52.
Then

[ ew,ﬁw, + e—w,%w, _2 e—gw,

_ 52(60,,—550, + o Dn=3Di _ 26_%5D’)]f~f= 0,

https://doi.org/10.1017/5S0017089501000040 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089501000040

SOLITON EQUATIONS 37

which is rewritten as
cosh 18D [sinh* 18D, — 8 sinh*1D,]f- f = 0. (1)

The bilinear form indicates that the 1-soliton solution is the same as that of the
discrete-time Toda equation

[sinh? 18D, — §?sinh*1D,]f- f = 0.

The bilinear equation (1) is transformed into the nonlinear difference-difference
equation in the ordinary form

Slexp(Wr + V™) + exp(V" — W] + (1 — 26%)
Sexp(Wn + V™ ) +exp(V™ | — W™ )]+ (1 —282)°

n—1
+1 m __ m wmn
VT - I/iii = "ntl T o

WzH-l _ W’:q—l — log

through a series of dependent variable transformations

" e
Amqb? = T;T,
An(ﬁ? = SZI»
AnS = W,
ASI =V,

where A is the forward difference operator defined by

Anfy =80 =10,
Ay =Fil =13

(2) Modified Toda equation of BKP type.

Let
Dy =1(8Dy + D)), 71 =1,
D, = %(8Dx —eDy), zp = —1 + Bée,
Dy =-D, — %(8Dx +€D,), z3 = —oe— Pe,
Dy =D, —1(8Dy — €D,), z4=ae.
Then

{ ADx+eD,) _ H8D—eD,)

D,—X6D,—eD,) _ 7D,,7§(5D,\+GD,)]

+ aele

+ B[ A0Di—eD)) _ efD,,f%(zSDx+eD))]}f. f=o0,

e

which is rewritten as
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267" 'sinh 18D, sinhleD, f, - £,
_ a(S_IEGD" Sil’lh%anf;ﬁLl 'ﬁ171
. lg[egao\.ﬁbv)ﬁlﬂ N e%((SDr—eD))fn fu]=0.

In the limit of small §, € we have
Dnyfn So=aDy fu1 - fuo1 + B(far1 fu—1 —. ;21)

The bilinear equation is transformed into the ordinary form

0 B+ Vy
—log————=1,— 1,44,
ox 28— ally+ Lin1) .
d

8_1/1 = Vn—l - Vm

y

through the transformation

f;1 — eSu,
82

Vn = A_a. S}’h
0xay

0
I, = P (Sn—l - Sn)v
X

which we call the modified Toda equation of BKP type.
The bilinear form of the modified Toda equation of BKP type

Dnyfn f;1 = anf;tJrl 'fnfl + ﬁ(.f;1+l.f;171 _.fﬁ)v
suggests that a new equation may be obtained by replacing the term

St fo1 =13
by
Dy fus1 - fu-1.-

We shall replace the term g;gx by D.g;- g in order to obtain a coupled modified
KdV equation of derivative type.
The well-known modified KdV equation

9 9 RX
— V467 —v+—v=0,
o T T aa

is transformed into the bilinear form

(D, +D)f-g=0,
Dif-f=2g,
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through the dependent variable transformation

V=-.

f

A coupled modified KdV equation is obtained by considering the following
coupled form of the modified KdV equations [4].

{(D,+D§)f.g_,:0, forj=1,2,---N, 2

Diff =23 ke CRE 8K

which is transformed into the ordinary form

9 v By
5"/*{ > ‘f/kV/Vk}a priall

The multisoliton solution to equation (2) is expressed by two-component Pfaffians

(4]:

f=rpf(a,a,---,ar,b1,by,---,by),
gj:pf(do,a1,az,-~-,aL,b1,b2,~--,bL,c_,»), forj:],z,...’N’

where the elements of Pfaffians are defined as follows

/1

d
pf(d,, a,) = @exp(m), forn=0,1,2,3,...,

pf(a/u a,) = Pu= Py exp(nu + ),
Pu+Do
pf(ay, by) = 8,00,
- b e B;
p(by. ¢j) = { Lo b e By
e 0, if b¢B

pf(otherwise) = 0.

A coupled modified KdV equation of derivative type is obtained by replacing the
coupling terms of the product form

crgigks (Cik = cxj)
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by coupling terms of derivative type

ckDxgj - gy (Cik = —cy)-
We obtain

{(D,+Di)f'~g_,:0, forj=1,2,---N, 3)
Dif-f=23 1 jopen CikDxg) - &k

which is transformed into the ordinary form

9 I Fv
Evj + 6|:1 Z C/k(D.x‘}_ll : Vk):| a_)é + K; =0,
<j<k<N
through the transformation
8
Vi = —.
f

The multisoliton solution to equation (3) is expressed in the same form as that of the
coupled modified KdV equation [5]:

f: pf(alﬂaZa"'aaL7blvb25”'abL)v
g[:pf(d()’alaaz’ ""aL7b15 b2, ""bL7 C/)a for]: 172’ ".7N9

where the elements of Pfaffians are the same as those of the modified KdV equation
except the element

_ Cik b, € B; )
U e S K R
is replaced by
_ Gk by € B; I
pf(b}u b\)) == pﬂ +pv ) {bv c Bk ) (C]k — ck])‘

In conclusion we have shown that soliton-solutions of the following equations are
expressed by Pfaffians.
(i) Discrete-time Toda equation of BKP type

Slexp(Wr — Vi) +exp(V — W] + (1 — 26%)
Slexp(Wnm — v ) +exp(Vr, — W D]+ (1 —282)°
VZH—I _ V;ﬂ - W W:

n+1

W:Jrl _ VVZFI — log

(i) Modified Toda equation of BKP type

d B+V,
—log—————=1,—1,.,
dt B —al, + 1, 1) +
d

Eln =V =V
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(iii) Coupled modified KdV equation

0 v, v ,
a[j"‘6|: Z CjijVk:|8 +§3] 0, j=1,2,...,N.

1<j<k<N

(iv) Coupled modified KdV equations of derivative type

d E)vj > v .
5\{j+6|:1 Z cik(Dyv; - vk):| +8x3 0, j=1,2,...,N.
<j<k<N
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