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Abstract. Soliton equations whose solutions are expressed by Pfaffians are
briefly discussed. Included are a discrete-time Toda equation of BKP type, a mod-
ified Toda equation of BKP type, a coupled modified KdV equation and a coupled
modified KdV equation of derivative type.
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1. Introduction. A Pfaffian is the square root of an anti-symmetric determinant
of order 2n:

det jajkj1�j;k�2n ¼ ½pfða1; a2; � � � ; a2nÞ�
2:

We have, for example, for n ¼ 1

0 a12

a21 0

����
���� ¼ pfða1; a2Þ

2:

Hence

pfða1; a2Þ ¼ a12:

For n ¼ 2,

0 a12 a13 a14

a21 0 a23 a24

a31 a32 0 a34

a41 a42 a43 0

���������

���������
¼ ½a12a34 	 a13a24 þ a14a23�

2:

Hence

pfða1; a2; a3; a4Þ ¼ a12a34 	 a13a24 þ a14a23:

A square root of a determinant of a matrix M of order n which is a sum of a unit
matrix E and a product of anti-symmetric matrices A and B is expressed by a two-
component Pfaffian:
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det jEþ A� Bj ¼ ½pfða1; a2; � � � ; an; b1; b2; � � � ; bnÞ�
2;

where

pfðaj; akÞ ¼ ajk ¼ 	akj;

pfðbj; bkÞ ¼ bjk ¼ 	bkj;

pfðaj; bkÞ ¼ �j;k

and where �j;k is Kronecker’s delta symbol.
We have, for example, for n ¼ 3

Eþ A� B ¼

1 0 0

0 1 0

0 0 1

0
B@

1
CAþ

0 a12 a13

a21 0 a23

a31 a32 0

0
B@

1
CA

0 b12 b13

b21 0 b23

b31 b32 0

0
B@

1
CA

¼

1þ a12b21 þ a13b31 a13b32 a12b23

a23b31 1þ a21b12 þ a23b32 a21b13

a32b21 a31b12 1þ a31b13 þ a32b23

0
B@

1
CA:

Accordingly we find

det jEþ A� Bj ¼ ½	1þ a12b12 þ a13b13 þ a23b23�
2:

On the other hand using the expansion rule of the Pfaffian

pfðc1; c2; � � � ; c2nÞ ¼
X2n
j¼1

ð	1Þ j	1pfðc1; cjÞpfðc2; c3; � � � ; ĉcj; � � � ; c2nÞ;

we obtain

pfða1; a2; a3; b1; b2; b3Þ ¼ 	1þ a12b12 þ a13b13 þ a23b23:

Hence

det jEþ A� Bj ¼ pfða1; a2; a3; b1; b2; b3Þ
2:

The two-component Pfaffian plays an important role in expressing soliton
solutions of the coupled modified KdV equations and coupled modified equation of
derivative type described below.

We shall show that soliton solutions of the following equations are expressed by
Pfaffians.

(i) Discrete-time Toda equation of BKP type

Wmþ1
n 	Wm	1

n ¼ log
�2½expðWm

nþ1 	 Vmn Þ þ expðVmn 	Wm
n Þ� þ ð1	 2�2Þ

�2½expðWm
n 	 Vmn	1Þ þ expðVmn	1 	Wm

n	1Þ� þ ð1	 2�2Þ
;

Vmþ1
n 	 Vmn ¼Wm

nþ1 	Wm
n :
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(ii) Modified Toda equation of BKP type

d

dt
log

�þ Vn
�	 �ðIn þ In	1Þ

¼ In 	 Inþ1;

d

dt
In ¼ Vn	1 	 Vn:

(iii) Coupled modified KdV equation

@

@t
vj þ 6

X
1�j<k�N

cjkvjvk

" #
@vj
@x

þ
@3vj
@x3

¼ 0; j ¼ 1; 2; . . . ;N:

(iv) Coupled modified KdV equation of derivative type

@

@t
vj þ 6

X
1�j<k�N

cjkDxvj � vk

" #
@vj
@x

þ
@3vj
@x3

¼ 0; j ¼ 1; 2; . . . ;N:

We have the discrete KP equation

½z1 expðD1Þ þ z2 expðD2Þ þ z3 expðD3Þ� f � f ¼ 0

where D1;D2;D3 and z1; z2; z3 are bilinear operators and constants, respectively.
Soliton solutions to the discrete KP equation are known to be expressed by

determinants [1].
While the discrete BKP equation is expressed by

½z1 expðD1Þ þ z2 expðD2Þ þ z3 expðD3Þ þ z4 expðD4Þ�f � f ¼ 0

where D1;D2;D3;D4 and z1; z2; z3; z4 are bilinear operators and constants, respec-
tively, satisfying the relations

D1 þD2 þD3 þD4 ¼ 0;

z1 þ z2 þ z3 þ z4 ¼ 0:

Solutions to the discrete BKP equation are well parametrized by parameters a, b and
c which are the intervals of the coordinates l;m; n [2]. We rewrite the discrete BKP
equation using these parameters:

ðaþ bÞðaþ cÞðb	 cÞ�ðlþ 1;m; nÞ�ðl;mþ 1; nþ 1Þ

þ ðbþ cÞðbþ aÞðc	 aÞ�ðl;mþ 1; nÞ�ðlþ 1;m; nþ 1Þ

þ ðcþ aÞðcþ bÞða	 bÞ�ðl;m; nþ 1Þ�ðlþ 1;mþ 1; nÞ

þ ða	 bÞðb	 cÞðc	 aÞ�ðl;m; nÞ�ðlþ 1;mþ 1; nþ 1Þ ¼ 0:

Solutions are expressed by the Pfaffian [2,3]:

�ðl;m; nÞ ¼ pfð1; 2; 3; � � � ; 2NÞ;
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where the elements of the Pfaffian are

pfð j; kÞ � cjk

þ
Xn	1

s¼	1

½	jðl;m; sþ 1Þ	kðl;m; sÞ 	 	jðl;m; sÞ	kðl;m; sþ 1Þ�

and 	jðl;m; nÞ are a linear combination of exponential functions in discrete space

1	 ap

1þ ap


� �l
1	 bp

1þ bp


� �m
1	 cp

1þ cp


� �n
;

namely

	jðl;m; nÞ ¼
X



�j

1	 ap

1þ ap


� �l
1	 bp

1þ bp


� �m
1	 cp

1þ cp


� �n
:

2. Soliton equations generated by the bilinear BKP equation. The following are
well-known soliton equations generated by the discrete BKP equation.

(a) Sawada-Kotera equation

DxðDt þD5
xÞf � f ¼ 0;

u ¼ 2
@2

@x2
log f;

ut þ 15ðu3 þ uuxxÞx þ uxxxxx ¼ 0:

(b) Model equation of shallow-water wave

DxðDt 	DtD
2
x þDxÞf � f ¼ 0;

u ¼ 2
@2

@x2
log f;

ut 	 uxxt 	 3uut þ 3ux

Z 1

x

utdx
0 ¼ 0:

Here we add two more examples.
(1) Discrete-time Toda equation of BKP type.
Let

D1 ¼
3
2 �Dt; z1 ¼ 1;

D2 ¼ 	 1
2 �Dt; z2 ¼ 	1þ 2�2;

D3 ¼ Dn 	
1
2 �Dt; z3 ¼ 	�2;

D4 ¼ 	Dn 	
1
2 �Dt; z4 ¼ 	�2:

Then

½e�Dtþ
1
2�Dt þ e	�Dtþ

1
2�Dt 	 2e	

1
2�Dt

	 �2ðeDn	
1
2�Dt þ e	Dn	

1
2�Dt 	 2e	

1
2�Dt Þ� f � f ¼ 0;
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which is rewritten as

cosh 1
2 �Dt½sinh

2 1
2 �Dt 	 �2 sinh2 1

2Dn� f � f ¼ 0: ð1Þ

The bilinear form indicates that the 1-soliton solution is the same as that of the
discrete-time Toda equation

½sinh2 1
2 �Dt 	 �2 sinh2 1

2Dn� f � f ¼ 0:

The bilinear equation (1) is transformed into the nonlinear difference-difference
equation in the ordinary form

Wmþ1
n 	Wm	1

n ¼ log
�2½expðWm

nþ1 þ Vmn Þ þ expðVmn 	Wm
n Þ� þ ð1	 2�2Þ

�2½expðWm
n þ Vmn	1Þ þ expðVmn	1 	Wm

n	1Þ� þ ð1	 2�2Þ
;

Vmþ1
n 	 Vmn ¼Wm

nþ1 	Wm
n ;

through a series of dependent variable transformations

f mn ¼ e	
m
n ;

�m	
m
n ¼ Tm

n ;

�n	
m
n ¼ Smn ;

�mS
m
n ¼Wm

n ;

�nS
m
n ¼ Vm

n ;

where � is the forward difference operator defined by

�m f
m
n ¼ �	1½ f mþ1

n 	 f mn �;

�n f
m
n ¼ f mnþ1 	 f mn :

(2) Modified Toda equation of BKP type.
Let

D1 ¼
1
2 ð�Dx þ �DyÞ; z1 ¼ 1;

D2 ¼
1
2 ð�Dx 	 �DyÞ; z2 ¼ 	1þ ���;

D3 ¼ 	Dn 	
1
2 ð�Dx þ �DyÞ; z3 ¼ 	��	 ���;

D4 ¼ Dn 	
1
2 ð�Dx 	 �DyÞ; z4 ¼ ��:

Then

fe
1
2ð�Dxþ�DyÞ 	 e

1
2ð�Dx	�DyÞ

þ ��½eDn	
1
2ð�Dx	�DyÞ 	 e	Dn	

1
2ð�Dxþ�DyÞ�

þ ���½e
1
2ð�Dx	�DyÞ 	 e	Dn	

1
2ð�Dxþ�DyÞ�gf � f ¼ 0;

which is rewritten as
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2�	1�	1 sinh 1
2 �Dx sinh

1
2 �Dy fn � fn

	 ��	1e�Dy sinh 1
2 �Dx fnþ1 � fn	1

	 �½e
1
2ð�Dxþ�DyÞfnþ1 � fn	1 	 e

1
2ð�Dx	�DyÞfn � fn� ¼ 0:

In the limit of small �; � we have

DxDy fn � fn ¼ �Dx fnþ1 � fn	1 þ �ð fnþ1 fn	1 	 f 2nÞ:

The bilinear equation is transformed into the ordinary form

@

@x
log

�þ Vn
�	 �ðIn þ Inþ1Þ

¼ In 	 Inþ1;

@

@y
In ¼ Vn	1 	 Vn;

through the transformation

fn ¼ eSn ;

Vn ¼
@2

@x@y
Sn;

In ¼
@

@x
ðSn	1 	 SnÞ;

which we call the modified Toda equation of BKP type.
The bilinear form of the modified Toda equation of BKP type

DxDy fn � fn ¼ �Dx fnþ1 � fn	1 þ �ð fnþ1 fn	1 	 f 2nÞ;

suggests that a new equation may be obtained by replacing the term

fnþ1 fn	1 	 f 2n

by
Dx fnþ1 � fn	1:

We shall replace the term gjgk by Dxgj � gk in order to obtain a coupled modified
KdV equation of derivative type.

The well-known modified KdV equation

@

@t
vþ 6v2

@

@x
vþ

@3

@x3
v ¼ 0;

is transformed into the bilinear form

ðDt þD3
xÞf � g ¼ 0;

D2
x f � f ¼ 2g2;
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through the dependent variable transformation

v ¼
g

f
:

A coupled modified KdV equation is obtained by considering the following
coupled form of the modified KdV equations [4].

ðDt þD3
xÞf � gj ¼ 0; for j ¼ 1; 2; � � �N;

D2
x f � f ¼ 2

P
1�j<k�N cjkgjgk;

�
ð2Þ

which is transformed into the ordinary form

@

@t
vj þ 6

X
1�j<k�N

cjkvjvk

" #
@vj
@x

þ
@3vj
@x3

¼ 0;

through the transformation

vj ¼
gj
f
:

The multisoliton solution to equation (2) is expressed by two-component Pfaffians
[4]:

f ¼ pfða1; a2; � � � ; aL; b1; b2; � � � ; bLÞ;

gj ¼ pfðd0; a1; a2; � � � ; aL; b1; b2; � � � ; bL; cjÞ; for j ¼ 1; 2; � � � ;N;

where the elements of Pfaffians are defined as follows

pfðdn; a�Þ �
@n

@xn
expð�Þ; for n ¼ 0; 1; 2; 3; . . . ;

pfða
; a�Þ �
p
 	 p�
p
 þ p�

expð
 þ �Þ;

pfða
; b�Þ � �
;�;

pfðb
; b�Þ � 	
cjk

p2
 	 p2�
;

b
 2 Bj

b� 2 Bk

� �
;

pfðb
; cjÞ �
1; if b
 2 Bj;

0; if b�=2Bk

�
pfðotherwiseÞ � 0:

A coupled modified KdV equation of derivative type is obtained by replacing the
coupling terms of the product form

cjkgjgk; ðcjk ¼ ckjÞ
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by coupling terms of derivative type

cjkDxgj � gk; ðcjk ¼ 	ckjÞ:

We obtain

ðDt þD3
xÞf � gj ¼ 0; for j ¼ 1; 2; � � �N;

D2
xf � f ¼ 2

P
1�j<k�N cjkDxgj � gk;

�
ð3Þ

which is transformed into the ordinary form

@

@t
vj þ 6

X
1�j<k�N

cjkðDxvj � vkÞ

" #
@vj
@x

þ
@3vj
@x3

¼ 0;

through the transformation

vj ¼
gj
f
:

The multisoliton solution to equation (3) is expressed in the same form as that of the
coupled modified KdV equation [5]:

f ¼ pfða1; a2; � � � ; aL; b1; b2; � � � ; bLÞ;

gj ¼ pfðd0; a1; a2; � � � ; aL; b1; b2; � � � ; bL; cjÞ; for j ¼ 1; 2; � � � ;N;

where the elements of Pfaffians are the same as those of the modified KdV equation
except the element

pfðb
; b�Þ � 	
cjk

p2
 	 p2�
;

b
 2 Bj
b� 2 Bk

� �
; ðcjk ¼ ckjÞ;

is replaced by

pfðb
; b�Þ � 	
cjk

p
 þ p�
;

b
 2 Bj
b� 2 Bk

� �
; ðcjk ¼ 	ckjÞ:

In conclusion we have shown that soliton-solutions of the following equations are
expressed by Pfaffians.

(i) Discrete-time Toda equation of BKP type

Wmþ1
n 	Wm	1

n ¼ log
�2½expðWm

nþ1 	 Vmn Þ þ expðVmn 	Wm
n Þ� þ ð1	 2�2Þ

�2½expðWm
n 	 Vmn	1Þ þ expðVmn	1 	Wm

n	1Þ� þ ð1	 2�2Þ
;

Vmþ1
n 	 Vmn ¼Wm

nþ1 	Wm
n :

(ii) Modified Toda equation of BKP type

d

dt
log

�þ Vn
�	 �ðIn þ In	1Þ

¼ In 	 Inþ1;

d

dt
In ¼ Vn	1 	 Vn:
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(iii) Coupled modified KdV equation

@

@t
vj þ 6

X
1�j<k�N

cjkvjvk

" #
@vj
@x

þ
@3vj
@x3

¼ 0; j ¼ 1; 2; . . . ;N:

(iv) Coupled modified KdV equations of derivative type

@

@t
vj þ 6

X
1�j<k�N

cjkðDxvj � vkÞ

" #
@vj
@x

þ
@3vj
@x3

¼ 0; j ¼ 1; 2; . . . ;N:
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