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EXTENSIONS OF CERTAIN RESULTS IN WALSH-TYPE
EQUICONVERGENCE

M.A. BOKHARI

Two sequences of rational functions are constructed from different expansions of
(¢ —1)7' and extensions of certain known results in the theory of Walsh-type
equiconvergence are sought.

1. INTRODUCTION

Let m, denote the class of all polynomials of degree < s over the field of complex
numbers. For a given ¢ > 1 and a fixed integer m > —1, let Rn4m denote the class
of all rational functions of the form p(z)/(z™ — o™), p(2) € Tnym. We denote by A,
p > 1, the class of all functions analytic in |z| < p but not in |z| < p, and consider the
following minimisation problems:

. 2
SNCIE S ORECITE
. -1 i B2
(P2) (2] omin 3 |f(w*)—r(e")]
where ¢ > 2 and w = exp(27ign).

It is known that for any f € A4,, the elements rpymn(z, f) and R, ., (2, f) of

Rn+m which respectively solves (P1) and (P2) are given by ((4.1) — (4.4), {2])

(L1) ol )= 5 [ MZAU 2)dt

2mi Jr (2" — o™)(t

and

(12)  Riymn(enf) = 5:5 /P = Uﬂ)(tf (_‘)z)(m — ; A;(t, 2)B;(t, o) dt

where T is the circle {t{{ =R, 1< R < p and

tm+1 _ zm+1 zm+l (tn—m—l — zn—m—l)

At 2) = , Aa(t, 2) =

{m+1
A;(t, z) — zn(tm-{»—l _ z'm+1)/tm+1 (tn _ 0—11)

(1.3) tt —o—n ,
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and

Bi(t, 0) = 0=~ B(4, o) — 116",

(14 Balt, ) = (1% = ") (o - 0™} (1 4 07%),
Bs(t, o) = (" — o) (t9" — o™ B(t, 7)),

with

" (t(q—l)n _ a—(q—-l)n) (1 _ 6—20)

B(t, o) = (t» —om)(1 - o—2g-1)n)

It has been shown in [2] that

nli—omoo{R:l-i-m,n(z’ f) - T""‘"‘v"(z’ f)}

(1.5) |z| < ptt? if o > p'te
T )zl ifo<plte

and that (1.5) extends the following theorem due to Rivilin [5]:

n—

o0 1 .
THEOREM A. Let f(2):= Y ajz? € A,, p>1 and Sa-1(z, f) = a;z). Let
i=0 i=0
Pn-1,4(2, ), 42 2, denote the polynomial of degree n — 1 of least squares approxima-

tion to f on the (ng)-th roots of unity. Then

(1.6) n]i_*moo{Pn—l.q(z’ f) = Sna(z, £)} =0, Viz| < p'*e.
Another generalisation of (1.6) is that for any positive integer £ > 1 and f € 4,,
we have
-1
L7 lm {pere(s )= 3 Swaslan N} =0, Vil < g8,
k=0

where Sn_1,x(z, f) = 5 1a,-.*_;wzj, k=0,1,...,£—1.
j=0

It may be noted that a classical theorem of Walsh ([9] p.153) which deals with
equiconvergence of certain sequences of polynomials is a special case for each of the
results (1.5) — (1.7). For further information on this topic we refer the interested reader
to [1, 3, 7].

Our object in this paper is to extend (1.5) in the spirit of (1.7). For this, we
construct two different sequences of help rational functions which lead us to obtain
a larger region of equiconvergence. These extensions are obtained from two different
expansions of (19 —1)7!.
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2. EXTENSION I

Our first extension is based on the following identity:

o0
(2.1) (-1 =" - - (1-e"™) T = Rty 0)
v=1
- _ —qn v—1
where F,(t,0)= (1—6)—,, v=1,2,....
@ o=
We define the rational functions
n+m .
(2.2) Tn+m,n(z, fL V)= Z (Si(v)e? /2™ — o™), v=1,23,...,
3=0
where
%ﬂ’ fp ﬂé‘-w”)iy(t’ O')f(t)dt, 0<j<m,
Ki(t, o Fy t,o .
(2.3) ¢i(v) = i Jr ¢m—:-(+j+2)(tn(_a—)-n)f(t)dt7 m+l<jsn—-1,

& [ Kl (), n<j<n+m
with ([2], (4.6))

Kj(t, o) = Bj(t, o) — (""" - 1)(t" — o™), i=12,3
where Bj(t, o) are given ir; (1.4). For v =0, we let
(2.4) Prtm,n(2, f, 0) := Pogm,n(z, f).
REMARK 1. From (2.1) we can rewrite

m n—1 n+m
;n-i-m,ﬂ(za fiv)= Zn i on {sz(u)zj + E Z(")zj + Z Ej(u)zj} ’

3=0 j=m+1 j=n

(v=1,2,3,...), so that using (1.3) we have

- 1 JWF(, ) <~ , '
(25) rn+m’ﬂ(z, f, V) = 2; A m(t_—;j ;A,(t, Z)Kl(t, O’)dt.
If we define
— -1
(2'6) Wn+m,n(za £, 8= z;n+m.n(za 5 V),
v=0

we have the first extension of (1.5) (see [2], Theorem 2.1) given by:
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THEOREM 1. Let m > —1, ¢ > 2 and £ > 1 be three fixed integers and let
o>1.IffeA,, 1 <p<oo,then

lzl < ptq+l ifo> ptq+1

(2.7) llm {Rn+m n.(l f) Watm, n(z’ 5 l)} =0, { 2| # o ifo< plq+1

the convergence being uniform and geometric on any compact subset of the regions
defined above. Moreover, the result is sharp in the sense that for each |z| = p'*+49,
there is an f € A, for which (2.7) does not hold.

PRroOOF: The difference in (2.7) can be written as

Rn+m n(z’ -f) ﬂ+m ﬂ(z f1 e)
-1

= R:;+m,n(za f) - Fn+m.n(za f, 0) - Z'Fn+m,n(zv f; V)-

v=1

Applying (1.1), (1.2), (2.4) and (2.5) to the above relation we obtain

n+m n(z f) n+m n(z; f’ e)
(2.8) Y3, 45t 2)Ki(t, 0) &
= omi / (

z" —om)(t —2)

ZF (t, o) f(t)dt.

Since § F(t,0)=(1—- (T_q")‘/ ((t"" ) M 1)) , we conclude (2.7) from
v=L

(2.8) after some computation. As usual, the function f(z) = (- pe"")—l , 060 < 2m,
shows that the result is sharp. 0

3. ExTENSION 11

Here we rearrange a double series in order to construct another sequence of help
o0 o0
rational functions. First, note that for an absolutely convergent series > 3 g(s, A)
s=1)i=1
and a fixed integer ¢ > 1, we have

9

3305 =33 gle, (G~ 1)g + 3)

=1 =1 =1 j=1 A=1

=333 g, (s - i)a+A)

A=1s=1 j=1

(3.1)
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oo oo

the last expression follows on writing the series Y, Y g(s, (7 — 1)g + ), for each fixed
=1 j=1

A, as shown below, and then on adding the terms along transverse diagonals as shown

below

g(1, ) +9(1,g+2)+9(1,2¢+A)+g(1,3g+A)+...

N / 7

+9(2, A)+9(2,g+2)+9(2,2¢+2)+9(2,3¢g+ ) +...
/ ./

+9(3,2) +9(3, 9+ 12) +9(3,2¢+2) +9(3,3¢+A) +...
7

+9(4,\)+9(4, ¢+ 2)+9(4,2¢+ )+ g(4,3¢+A) +...

+... .

With this obervation, we have
LEMMA 1. For |t| > 1 and o > 1 the following identity holds:

oo ¢
(3.2) (-1 = z Z F(,_1)g1a(t, 0)
=1 A=1

where

F‘(‘:—l)q-{»x(t’ 0’)
(33) -y ((a —)g +Ag+j - 2) (=o'

j—1 (tn — ¢,--n)('-i)sr’+f\q+j-1 ’

i=1
PROOF: It is easy to see the validity of the following expansion:

-1 Ag+s— )
(3.4) (9 — 1) Z Z ( ‘Is+~ 1 ) (tn(_a-";*‘”""

=1 2A=1

If we let g(s, A) = ("2 ((—U"‘)'_l)/((t" - u"‘)'\q+'—1) in equation (3.1),

then (3.2) follows immediately from (3.4) on observing that

97, (s—3)g+A) = ([(3 - j)q;_A]lq tI- 2) (tn — a(_:;[(_:)j);xlqﬂ—l :
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Now we define another sequence of help functions. Let

m+n
(3.5) Thimn(Z fiv)i= Y ) [(z"-o™), ©v=1,2,3,.
j=0
with
i o B2 o) f(t)dt,  0<j<m,
K3(t,o)F, (t,0
(36) C;(U) = 21rt fl‘ gm—:ij+3(tn(i,—)n f(t)dty m + 1 ] n - 1

Ks(t,o)F) (¢, .
i Jr e oo f(t)dt, n<j<n+m.

For v =0, we set
r:l.+m,n(z, fv 0) = rﬂ+m,ﬂ(z’ f)'

On using (1.3), an integral representation of r},,. (2, f,v), v > 1, is found to

be

1 fO)F (2, o)

(3.7) Ttm,n(2 f1v) = o— G oyt )ZA (t, 2)K;(t, o)dt.

For a fixed integer £ > 1, we set

-1

(38) Wr:+m,'n(z7 f’ e) = Zr:ﬂ-m,n(z’ f’ V)'

v=0

With the above notation, we can now prove

THEOREM 2. Let m > —1, ¢ > 2, and £ > 1 be three fixed integers and o > 1.
If feA,,1<p<oo, then
|z| < p£q+1 ifo> ptq+l,

(3.9)  lim {Roym n(z f) = Wit a(2 f, 0} =0, { lz| # o if o < ptatl,

the convergence being uniform and geometric on any compact subset of the regions
defined above. Moreover, the result is sharp.

PROOF: Asin (2.8), we use the relations (3.2), (3.7) and (3.8) to obtain

n+m n(z’ f) n.+m n(z f) e)
(3.10) = % %EA (t, 2)K;(t, o)dt

j=1
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where 7,(t, o) := Z Z sl o) — 2 F;(t,0) and T is the circle |t| = p; with

1< p; <p. Ifwewntel—l —aq+bw1tha 0,0<b< ¢g—1, then we have
oo ¢
Yelt, 0) =D Y Fipualt, 0) - Z 5 Fiyualt o) - zFaqH(t o)
=0 A=1 =0 =1
oo q 9
= 2 Z F:q+A(t1 d) + Z F:q+x(t, o).
s=a+12=1 A=b+1
that is,
(3.11) ve(t, @) = Z ZF(a+a)q+,\(t o)+ z Fioa(t, o).
=1 2A=1 A=b+1

Substituting the value of F;, (¢, o) from (3.3), we can write

9
Z Fa‘q-f-k(t’ d)

A=b+1

=(t"-o0"") ~ed’ i (t" - a_")—xq

A=b+41

ey (e reion . (—ommy

j=1 7 a-ﬂ)(l“”)j

If o > p%*! and |t| = p;, it is easy to see that

Z q+A(t d)

A=bd+1
< (g-b)(pp — o) TleTTEIN

_ .-n q’—l a Y42 .
y (m o ") Z((a )+ g+ l)p_,-,. ’

plan J

=1

for all n sufficiently large. Since aq + b+ 1 =: £, we obtain

(3.12) Z Fpialts 0) = 0(p7%").
A=b+1

It remains to estimate the double summation on the right side of (3.11). For this
purpose, we set

_(rat+(a+1)g® +v -2 (o=
(3-13) h(v, p) = ( v—1 (t U_,,)»q+(¢+l)q’+v—1 :
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It remains to estimate the double summation on the right side of (3.11). For this
purpose, we set

_(ra+(a+1)g’ +v—2 (—e) !
(3.13) Al )= ( v—1 (t» - a.-n)#q+(a+1)q’+v—l )

Then using (3.3), we can rewrite

co 49

(314) Z Z F’(*a+a.)q+k(t1 0) =hL+ I,

=1 =1
where

=Y 3" h(, (s~ 5)a+ ),

=1 A=1 j=1

co oo s+g+1

L:=) Y Y h(,(s—jg+2).

=1 A=1 j=s+1
Recalling the identity (3.1), we obtain

3N h(s, 2)

=1 A=1
(tn — a_n)(n+l)q’ = (tn - a-—n)xq

o~ (Ag+(a+1)g* +s5-2 - \*7!
XZ( s—1 " —o" "

=1

oo -n _ Xq+(a+l)q’)
n -n —(a+1)¢? n -n —a\q( o ) (
= (" - " 1+ -7
O AR DI el (B

U‘ﬂ
so that
(3.15) I = t~(@4ne (gam _ 1)1 = o prlerine-en),
Further, we notice that
o g g+l
(3.16) L:=Y "33 h(i+s —jg+1)
s=12=1j=1

where in view of (3.13)
h(j +s, —jg+ )

_ ((—ia+Ng+(a+1)g* +j+s-2 (—o—my 7t
= (—jg+A)g+(a+1)g?2 -1 P T
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g a+l . 2, .
i - (A-jglg+(a+1)g” +j+s-2y . ial i
Since d(s) := ’\§=1 ‘§=1 ( O ia)at(ati)el -1 ) is a polynomial in s of degree at most

(a+1)¢* — 1, it follows that for all n sufficiently large, the function
[od
3. d(s)(t® — o ™)"" is analytic for |t| > 1 ([4], Lemma 2). Thus, there is a constant
=1

¢o independent of n such that

(3.17) Z d(s)(t” - a_")_' < cp.

Since o > p%*! and |t| = p1, it follows from (3.16) and (3.17) after some elementary
algebra that for sufficiently large n

- 3_
(3.18) II2| < cop™™ 0¥V (o} —o7™) T T

Recall that £q := (ag+ b+ 1)g < (a + 1)¢*. Therefore, combining (3.11), (3.12), (3.14)
and (3.18), we observe that

(3.19) [7e(2, 0)] <€ i—‘q , for all sufficiently large n,
1
where ¢* is a constant independent of n. Using (3.10) and (3.19), an analysis of the
kernels A;(t, 2) K;(t, o), 7 =1, 2, 3, shows that
e * * n T
lim {ma‘x an-f-m,n(z’ f) - Wn+m,n(z’ f’ [)I}I/ < ptq+1 .
1

L — 00 |z|=r

When o < p%*! a similar analysis of 7,(¢, ) and A;(t, z) - K;(t, o) gives us
nlLI!;o{R;+m'n(Z, f) - W;+m,n(za f, E)} =0,
for all z with |z| # 0.

The sharpness of the result can be seen by considering

flz)=(=- pe‘.a)_1 where 0 < 6 < 27.
0

REMARK 2. Theorems 1 and 2 are also valid when ¢ = 1 and m = —1 (see (2],
Remark 3.1). Therefore, a result of Saff-Sharma ([6], Theorem 3.1), under the condition

m = —1, is a special case of Theorem 1.

REMARK 3. If we fix m = —1 and let ¢ — oo in either of Theorems 1 and 2, we get
an extension of Rivlin’s result given in (1.7). This follows from the fact that (see (2.1),
(3.5)) for all integers n > 1, v 2 0,

im 73 n(z2, f,v)= im r;_, (2, f,v) = Sn-1,u(2, f),
o —00 o —00

where Sn_1,,(2, f) is described in (1.7).
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