ON DAMS OF FINITE CAPACITY
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1. Introduction

We shall consider the following mathematical model of dams of finite
capacity. In the time interval (0, co) water is flowing into a dam (reservoir).
Denote by x{#) the total quantity of water flowing into the dam in the time
interval (0, #). The capacity of the dam is a finite positive number 4. If
the dam becomes full, the excess water overflows. Denote by &(#) the total
quantity of water demanded in the time interval (0, #). If there is enough
water in the reservoir the demand is satisfied, if there is not enough water
the difference is supplied from elsewhere. Denote by #(¢) the content of
the dam at time £. %(0) is the initial content.

In many applications it is assumed that 6(u) = %, 0 < % < 0. In
this case there is a continuous release at a constant unit rate when the
dam is not empty.

If either the input {y(#), 0 < u < oo}, or the demand, {6(%), 0 < u < o0},
or both are stochastic processes and if we consider their separable versions,
then #(t), the content of the dam at time ¢, is a random variable for all
t = 0. The random variable %(t) is completely determined by #(0), by
E(u) = y(u)—0d(u) for 0 =< u =< ¢ and by 4. We always suppose that %(0)
and {é(#), 0 = u < oo} are independent.

We note that {£(»), 0 < u < oo} can also be interpreted as the process
describing the fluctuations of the level of the dam provided that the level
can vary in the interval (—o0, o), and {5(¢), 0 <t < oo} describes the
fluctuations of the level of the dam if the level can vary only in the interval
[0, ], that is, the excess water overflows and if necessary auxiliary water
1s used to ensure that the level never decreases below 0. This latter inter-
pretation permits us also to consider more general types of processes
{é(u), 0 = u < oo} than we mentioned above.

In this paper we shall find the limiting distribution of %(f) as { - o
when {£(u), 0 < u < oo} is a real-valued, separable stochastic process with
stationary independent increments for which the sample functions have no
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negative jumps and vanish at # = 0 with probability 1. In this case
{n(t), 0 =t < oo} is a Markov process. If we exclude the trivial case
P{&(u) = 0} =1 for u = 0, then the limiting distribution lim,_, , P{n(t) <z}
exists and is independent of the distribution of 5(0). We note that if
P{{(u) =20} =1 for all # =0, then lim,  P{n(¢) =%} =1 and if
P{s(u) < 0} =1 for all # = 0, then lim, ,, P{n(t) = 0} = 1 provided that
P{t{(u) = 0} < 1 for all % > 0.

2. The limiting distribution of the content of the dam

If we suppose that {£(#), 0 < u < oo} is a real-valued stochastic
process with stationary independent increments for which the sample
functions have no negative jumps and vanish at # = 0 with probability 1,

then

(1) E{e~35(u)} — P8

exists for Re (s) = 0 and the most general form of @(s) is given by
@) B(s) = as+ho?s'— fo (1~e—“~— 1122) dN ()

where a is a real constant, ¢2 is a nonnegative constant, N(z), 0 < x < oo,
is a nondecreasing function of « satisfying the requirements lim, , N (x) =0

and
1
(3) [la2aN(z) < oo.
We note that if
(4) [lzdN@) < =,

then (2) can be reduced to the following form
(5) ®(s) = as+3o?s2— f0°° (1—e=*)dN (z)

where, in general, the constant a is not the same as in (2).

We shall exclude the trivial cases mentioned in the Introduction and
suppose that P{&(#) > 0} > 0 and P{f(u) < 0} > 0 for all » > 0. If a
process {£(u), 0 = # < oo} has these properties, then we say that it belongs
to the class D. If @(s) is given by (2) and [jxdN(z) = oo, then
{(u), 0 < u < oo} belongs to D. If @(s) is given by (5), when necessarily
Jo 2 dN(z) < oo, then {£(u), 0 < u < oo} belongs to D if and only if either
62> 0or a>0and N{z) 0. (Cf. G. Baxter and J. M. Shapiro [1].)

THEOREM 1. Let {§(u), 0 <« < oo} be a real-valued, separable stochastic
process with stationary independent increments for which the sample functions
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have no negative jumps and vanish at uw = 0 with probability 1. Suppose that
{(u), 0 = u < o0} belongs to the class D. Let

(6) E{e—sg(u)} — eudi(s)

for Re (s} = 0. Then the limiting distribution

(7) lim P{n(t) < z} = W(x)/W(h) o0o=x=<h)
t—o00

exists, 1s independent of the distribution of 1n(0) and
(8) [ =W (@)dz = 1/0(s)

for Re (s) > w where w is the largest nonnegative real root of @(s) = 0.
Before proving this theorem we shall give some examples for its
applications.

3. Examples

1. Suppose that &(u) = y(u)—u for 0 <u < 0o, where {y(u), 0 = u < o0}
is a separable stochastic process with stationary independent increments
for which almost all sample functions are nondecreasing step functions
vanishing at # = 0. The trivial case P{y(») = 0} = 1 for # = 0 is excluded.
For such processes

(9) D(s) = s— [ (1—e )N (z)
where
(10) jozdN@) < o.
In this case E{y(#)} = pu where
(11) pzfooode(x)
is a positive number (possibly o).
Now
(12) f:° e W (x)dz = 1/D(s)

for Re (s) > w. If p < 1, then w = 0, whereas if p > 1, then » > 0.
If p# 1, then by inversion we obtain that

[ 4P S ute
7@ i )
where d, P{y(u) =< u+z} = Plu+x < y(u) < utx+du}.

If P{y(u) < «} has a density function, then (13) reduces to

(13) W(x) =
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(14) W(z) =

ev” J‘°° oP{y(u) < u+tx} i
D' (w) 0 ox '
If x(u) is a discrete random variable, then (13) reduces to

etll(t

(15) W (=)

= — P{y(u) = u-+tx}.
@) oo, Pl }
If x < 0, then the right hand side of (13) is 0.
If p is a finite positive number, then we can also obtain W({x) in the
following way. If 0 < p <C o0, then

[Ny
(16) H*(2) = T —— (0 =2 < )
| Ny
is a distribution function of a nonnegative random variable and for
Re(s) =0
(17) D(s) = s[1—py*(s)],
where
(18) yHs) = [ el ().
Since
(19) | 1 1 § W% ()]
e == — n S n
O(s)  sll—pp*(s)] s %"

for Re (s) > o, by inversion we get that

(20) W) =3 p"H @),

n=0

where H} () is the n-th iterated convolution of H*(z) with itself; Hy (z) = 1
ifx=0and Hy(x) = 0ifz < 0.

Accordingly, if we know P{y(u) < «} for 0 < u < oo or H*(z), then
by (13) or by (20) we can find W (x). Now we shall consider some important
particular cases.

(i) Compound Poisson input. In (9) let
(21) N(z) = —A[1—-H(x)], (0 <z < o)

where 1 is a positive constant and H(x) is the distribution function of a
nonnegative random variable. Then

(22) D(s) = s—A[1—yp(s)],

where p(s) is the Laplace-Stieltjes transform of H(x). In this case
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23 Pl =z =3 e B, 0)

where H,(z) denotes the =n-th iterated convolution of H(x) with itself;
Hy(x) =1if x = 0 and Hy(z) = 0 if x < 0. Now p = A«, where « is the
mean of the distribution function H(x). If p is a finite positive number,
then by (16)

1 T
24) @) = [ 0-H@)y

for 0 < 2 < 0. By using (23) or (24) we can obtain W (x) by (13) or (20)
respectively.

This process has been considered before by J. Gani and N. U. Prabhu
[2] in the case when H{z) = 1 for £ = « and H(z) = 0 if z < « and by
B. Weesakul and G. Yeo [5] in the case when H(x) = 1—e™** for x = 0.

(ii) Stadle input. In (9) let

1
(25) ® =~ Fi—ae (0 <2< o)
where 0 << ¢ << 1. Then
(26) D(s) = s—s°.
In this case
Ve
(27) Pi(t) =2} = [ Lly)dy
for x = 0, where
® (—1)"1I'(nc+1) sin nczw
(28) o) =3 s
In particular,
29 x) = ———— ¢ V/4%
(29) fi (=) Vi
Now p = o and w == 1. Thus by (13)
e i a
(30) wa = 1= — [ 1. () o
1—c N ut’c ] utl®
for x = 0. We have also
5] xn(l—c)
31 Wix) = e
(31) @) ,go I'(n(1—c)+1)
for x = 0.
(i) Generalized stable input. In (9) let
c © dy
(32) N@) = — P(I_C)L o (0 <z < )
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where 0 < ¢ <1land g = 0. If u = 0in (32), we get (25). Then

(33) B(s) = s-+ur—(s-+u)°
and
(34) Pl(t) < zp = o [ em )y

for x = 0, where f,(x) is defined by (28). Now p = cu®t. If p %~ 1, then
W (z) is given by (13). If p is a finite positive number, then

(35) dH*(@) _  pi ) fe—w dy

= yc+l

de  I'l—c
and W(x) can also be obtained by (20).

(iv) Gamma input. In (9) let

*® a
(36) N) = _f e ;”-’ (0 <z < o)
where p is a positive constant. Then
(37) ®(s) = s—log (1+ -s—)
n
and
3 P{(t) < LT
8 v(t) < e —v
(39) 0 S0 =g [
forx = 0. Now p = 1/u and
dH* © 4
(39) =) = ,uf e
dx p Y

for > 0. Both (13) and (20) can be used to obtain W(x).
This process has been introduced by P. A. P. Moran [2], but he did
not give the limiting distribution for finite dams.

2. Suppose that {£(#), 0 < u < oo} has stationary independent in-
crements and @(s) is given by (2) with ¢2 =0 and N(x) = —1/x for
0 <z < oo. Then

(40)  B(s) = as— f * (l—g—“‘__

sx |\ dx
1+x2) — = s[a—1-y+log s],

x2
where y = 0.5772157 - - - is the Euler constant. Now o = ¢!~*~* and
1 ® (wz)¥t!

(41) We =) Tars ™

forz = 0.
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3. Suppose that {§(#), 0 < # < oo} is a Brownian motion process with
E{é(u)} = au and Var {£(#)} = o%. Then

E(u)—ou } 1 f’ 2
42 P{i——— <3} = —— evi2d
(42) { Vetu Vernl_o Y
and
(43) D(s) = —as+3o?st
Now w = 0 if « < 0 and w = 2a/¢? if « > 0. Since
had 2 1 o? 1
44 W (x)dr = ——— = — - —
(44) ,[, ¢ (z)dz s(o%s—2a) « [0'28—-2oc s]
for Re (s) > w, we get by inversion that for x = 0
1 2 .
(45) W(x) = — (%17 —1) if a#0,
o
and
(46) W (x) = 2x/o? if a=0.

4. A discrete storage process

First we shall prove an auxiliary theorem.

LemMMmA. Let ;, j = 0,1 2,---, be a probability distriburion with ex-

pectation
(47) y =2 in
i=0
(0 =y < ) and generating function
(48) n(z) = 3 m;
i=0
for |z| = 1. If my > 0, then the solution of the following system of linear
equations
k
(49) 0, = .Z(,”;Qk—,-ﬂy k=01,2"--,
=i
is given by the generating function
< Qo2
50 =
(50) kgl Q" = ~ 0 —

which is convergent if |z| < O where z = & is the smallest nonnegative real
root of m(z) = z. If y < 1, then 6 = 1, whereas if y > 1, then 0 < é < 1.
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Proor. If y < 1 and =, > 0, then n(z) = z has exactly one root z =1
in the unit circle 2| <1 (z = 11is a simple root if y <<land z=11is a
double root if y = 1). If y > 1, then z(z) = z has two roots z = 1 and
z =40, where 0 << 4 < 1, in the unit circle |2| < 1. This can be proved
directly or by using Rouché’s theorem. If we form the generating function
of (49), then we get (50) and (50) is convergent if |z] << 4.

Now we define a storage process in the following way. Let
{v(#), 0 =< u << 0} be a Poisson process of density A and let »,, vy, **,7,, "
be a sequence of mutually independent and identically distributed random
variables with distribution P{», =j} ==;, 1 =0,1,2,---, and let {»,}
be independent of {v(#), 0 =<u << w0}. Set N, = v;+vy+---+v, for
n=1,2---and Ny = 0. Define é(u) = N,,y—v(u) for 0 =< u < o0. Then
{£(u), 0 < u < oo} is a compound Poisson process. Now consider a store
which may contain 0, 1, 2, - - -, m items. Let 5(0) be the initial stock size.
Suppose that starting from its initial value the stock size varies according
to the process {£(#), 0 < u < o}; however, the stock size cannot increase
over m or decrease below 0. That is, an overflow may occur if the store
is full and demands are not satisfied if the store is empty. This is the discrete
version of the dam process defined in the Introduction. Denote by #(t)
the stock size at time ¢, and suppose that #(0) and {£(u), 0 < u < o0} are
independent.

THEOREM 2. If my > 0, then

(51) lim P{y(f) < £} = Q4/Q0n
t—>00
for k=0,1,--- m, where Q,, k=0,1,2,---, is defined tn the Lemma with

an arbitrary Qy %~ 0. The limit (51) is independent of the distribution of n{0).

Proor. Now {5{t), 0 < ¢ << oo} is a Markov process with state space
I ={0,1,---, m} If we suppose that =, > 0, then it can easily be seen that
lim,,, P{n(t) < k} = Qy exists and is independent of the distribution of
7(0). Fort Z0and 2= 0,1, - -, m—1, we have

k

(62) Pln(t+u) =k} = (1—2u)P{n(t) < k}+iu 3 7, P{n(t) = k—]+1}4-0(u)

=0
and P{n(t) =< m} = 1. If we form the limit £ — oo in (52), then it follows
that

(53) Q: = ,-g, T Q;f—j+1

for k=10,1,-+-, m—1 and Q} = 1. If we compare (49) and (53), then
we can conclude immediately that QF = Q,/Q,, for £ = 0, 1, - - -, m. This
completes the proof of Theorem 2.
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5. Proof of Theorem 1

Consider the process {£(x#), 0 = u < oo} introduced in Section 4.
However, we suppose that the probabilities z; (j = 0, 1, 2, - - -) also depend
on 1. We use the notation 2{"), 2™ (z) and Q{" indicating this dependence.
Also we use the notation {£,(#), 0 =< # < oo} for the corresponding process.
It is easy to see that we can choose the distributions {z{", j = 0, 1, 2, - - -}
and a normalizing factor, say «/4/4, such that, as 2 — co, the finite dimen-
sional distributions of the process {«,(#)/v/A, 0 < u << o0} converge to
the corresponding finite dimensional distributions of the process {&(#)
0 < # < oo} defined in Theorem 1. For if we denote by #* (z) the generating
function of {z¥, § = 0, 1, 2, - - -}, then for Re (s) = 0

(54) E{e 5w} — qua),
where
(55) Dy (s) = AetnM (e~)—1],
and we can choose the distributions {nf’.’\’} such that
oS
56) - lim @ —) =@
o) ,\glolo A (\/ A (s)

for Re (s) = 0, where &(s ) is defined by (2). Hence the statement follows.
If we denote by {#,(#), 0 < u < oo} the storage process corresponding
to {&,(#), 0 < u << oo} and suppose that

m = [+/4 hfa] and 5,(0) = [4/25(0)/a],

then we can conclude that as 2 — oo the finite dimensional distributions
of the process {an,(#)/4/4, 0 = u < o} converge to the corresponding
finite dimensional distributions of the process {5 (%), 0 < % < oo} considered
in Theorem 1.

Accordingly we can conclude that for 0 <z < %

(A)
k

(57) lim P{n(t) < x} = lim o

t—o00 A->00

whenever & = [4/A z/a] and m = [4/A #/a]. Thus,
(68) lim P{y(t) < x} = W(z)/W (k)

t—o0

for 0 < x < /4, where
(/\)

(59) °°8_st( z)dx = lim — 020: e—ka/VA _ g — Y0
: : " ()

0 A—00 \/}» A—>00 \/l
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If we choose Q" = 4/A/«, then we get
(60) [ =W @)dz = 1/(s)

for Re (s) > w, where ®(s) is defined by (2). This completes the proof
of Theorem 1.

NoTtE. Finally, we would like to note that the limiting distribution of
the content of the dam can also be expressed in the following way

(81) lim Pip(t) Sz} = P{l(u) <z for 0 = u =< 0(h—2x)}

for 0 < x < %, where
(62) O(x) = inf {u : §(u) < —x and 0 < u < o0}

and O(x) = oo if £&(u) > —= for all # = 0. (See reference [4].)
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