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ENTIRE MEAN PERIODIC FUNCTIONS
P. G. LAIRD

Introduction. Let H denote the set of all entire functions of a single
complex variable equipped with the topology of convergence uniform on all
compact subsets of C, the set of complex numbers. Then an entire function f
is mean periodic if the subspace spanned by f and its complex translates is not
dense in H. It was shown by Schwartz [13, p. 922] in 1947, to whom this
definition is due, that any such function is the limit in H of a certain sequence
of exponential polynomials. Here, by an exponential polynomial is meant a
finite linear combination of terms u,e, : z — 2"e** where 7 is any non-negative
integer and « is any complex number.

In Section 2, a new transform is introduced that enables another proof of
this property to be given. This transform has properties resembling those of
the transform introduced by Kahane [5; 6] in 1952 and used by him to give a
simple proof of the main property of continuous mean periodic functions of a
single real variable. Our transform utilizes a convolution product of entire
functions that is described, along with other preliminaries, in Section 1.

Further properties of this convolution product and of entire mean periodic
functions are given in Section 3. As well, results concerning special cases of
systems of convolution equations considered by Malgrange [11] are alluded to.
These new properties resemble those of continuous mean periodic functions of
a single real variable discussed elsewhere by the author (Laird, [7; 10]).

Section 4 is concerned briefly with properties of mean periodic functions of
several complex variables that differ from results given in the first three
sections.
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proofs of Theorems 7 and 8 along with a recognition of the results due to
Professor B. Malgrange.

1. Preliminaries. Throughout this article, we shall assume, following
Schwartz [13], certain facts although some change in notation is made. Let H’
denote the dual space of the complex Fréchet space H. Any element of H'
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may be identified with at least one measure of compact support in the plane.
If L and M are two non-zero elements of H’, it is possible to define their
convolution L * M that is a unique non-zero element of H’. Moreover, H’
with the operations of addition and convolution is an integral domain with
identity 8 where 6(f) = f(0) for all f € H.

The Fourier-Laplace transform of an element L € H’ is defined as L(z) =
L(e_,). This transform is an isomorphism between H’(+, *) and the integral
domain comprising the set of entire functions of exponential type taken with
the operations of addition and pointwise multiplication.

If f is any entire function, we set f¥ : £ = f(—¢) and T,f: £ = f(z — &) for
any complex number z. Also, let W, denote the closed subspace of H spanned
by f and its complex translates. Then f is mean periodic in H if W, # H.
Schwartz [13] showed that his definition is equivalent to each of the following:

A. there exists a non-zero element of L of H’ for which L = f(z) = L(1,fV) =
0 for all complex z,

B. fis the limit in H of a sequence of exponential polynomials belonging to
a proper closed translation invariant subspace of H,

C. there is a sequence {a,} of complex numbers, not all zero, with

lim sup\'V|a_,,—] <oo and 2, a,D%(z)/n! =0 forall complex z,
n=0

and

D. the closed subspace spanned by f and its derivatives is distinct from H.

We may note that condition Ccorrespondswith L f = 0, L(z) = 32_¢a,5"/n!
and results by use of the Laplace-Borel transform of L(z). The only lengthy
proof of any of these statements is that of the necessity of condition B. Before
giving a new proof of this, we consider the convolution product of two entire
functions. Throughout, the term ‘locally uniform convergence’ will mean con-
vergence uniform on all compact subsets of C.

THEOREM 1. Let f, ¢ be two entire functions. Then

fegiz— | 1 - e

is an entire function. Moreover,
@) if {fa}, { 2.} are sequences of entire functions that converge, locally uniformly,
tof, g, then

fo ® go—f ® g locally uniformly as n — o,

and
(b) the equation w — w ® g = f always has a unique entire function as a
solution.

Proof. It is clear that f ® g is a function of z since for a fixed value of z,
f(z — £E)g(¥) is an entire function of £. That f ® g is an entire function follows
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from the fact that any entire function is the locally uniform limit of a sequence
of polynomials. With u,, : z — 2™,

Um o Un _ _ Umintl
(1) m'®n! (m +n + 1)!
and so {f, ® g,} is a sequence of polynomials when {f,}, {g,} are sequences of
polynomials. Moreover, if f, — f, g, — g locally uniformly, an application of
elementary estimates to

f®g—fn®gn=(f_fn)®g+fn®(g_gn)

on any compact subset of C shows that f, ® g, = f ® g locally uniformly on C
as n — 0. Hence f ® g is an entire function. As well, statement (a) is estab-
lished.

For part (b), let g®! = g be entire and g®™V) = ¢®" @ gforn = 1,2,3,....
If 7 is any positive number and if ¢ = sup {|g(z)| : 2 < r}, then

[g®™HD (2)| < clez*/n! < cer)"/n! for |z| S 7.

Thus, w, = f+f® g+ ...f® g® is a Cauchy sequence in H whose limit
w satisfies w — w @ g = f. If h is the difference between any two entire
solutions to this equation, then A = h ® g. So h = (h Q@ ¢g) @ g = h @ g&"
forn =1,2,3....Henceh = 0.

Remark. The above properties are analogous to the well known properties of
continuous functions defined on a half line (see, for example, Erdélyi [4]).
Also, if D*f denotes the #n-th derivative of f and if f, g are entire, then

(@) D' (f®g) = f(0)D"'¢ + Df(0) - D**¢ + ... D"'f(0) - ¢ + (D"f) ® ¢

2. A transform. Throughout this section, f will denote an entire mean

periodic function and L will denote a non-zero element of H' satisfying L = f =
0.

Definition. The transform of f is

v
k(e = EU2 L

We may compare this definition with the transform J(F) introduced by
Kahane [5; 6] for a continuous mean periodic function F of a single real
variable. If u is a non-zero measure with a compact real support such that
uwxF =0, and if F-(t) = F(t) for negative ¢ and is otherwise zero, then

J(F)(z) = fe‘i“(g* F=(t))dt/ fe'“’du(t).

As it can be shown that fe—i"(y * F)()dt = —u(F ® e,)Y, J(F)(z) cor-
responds to —K (F)(iz). As well, we may note that Delsarte [1; 2] used the
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expression u(F ® e,)Y to obtain the coefficients ¢; of a continuous mean
periodic function F whose formal expansion is Y cxe®‘. For such a function,
it can also be shown that c, is equal to the residue of the pole of the transform
K(F)(z) at z = ay.

It is necessary to show that K ( f ) is independent of the choice of non-zero L
satisfying L * f = 0. This is an immediate consequence of the following lemma
forif L, M € H andif L xf = 0, M *f = 0, then

L) - M(f®e) = M) - L(f®e,).

LEMMA 2. Let g be any enn;re function and let L, M be any elements of H'. Then
(B) LxM)(g®e)’ =Lz) Mg®e,) +L((Mxg) ®e,)’, and
(4) (L *M)(g ® ez)v = M(z) - L(g® ez)v + M((L+g) ® ez)v'

Proof. We have
(LxM)(g®e) " = LeM,lg ® e(—k—n)}] = LG (¢, z) where

—§=1
M,,{ f ez(—f‘ﬂ_o)g(e)do}
0

¢
e_ZEM(g ® ez)v + L e_ZE_NMﬂ{g(K& — n)}dy

=¥ M@®e) + (Mrg) ®e) ().

Thus, (3) is established. Formulae (4) follows from (3) and the fact that * is
commutative.

Gt 2)

From the next lemma, we see that the transform K(f) is a meromorphic
function that is the quotient of two entire functions of exponential type.

LEMMA 3. Let g be any entire function and let M be any element of H'. Then
h(z) = M(g ® e,)V is an entire function of exponential type.

Proof. By use of the linearity and continuity of M and @, one can show that
h is complex-differentiable at each point of the complex plane. So % is an entire
function. Since M may be extended to a measure having a compact support in
the plane, there exists positive constants ¢, T such that

|[M(w)| < c.sup {lw(n)|:|n| £ T} forallwe H.
Let o = sup {|g(@)| : |5l £ T}. Thenif |y| £ T,

(g ® e.)(n)| = aT exp (2[nz]) so |h(z)| = cal exp (27z))
for all complex z.

THEOREM 4. A necessary and sufficient condition that u.e, € W, is that
K(f)(z) has a pole at z = a of order exceeding n.

Proof. Suppose that K(f )(z) has a pole at z = a of order exceeding #, and,
that L is any element of H’ satisfying L * W, = {0}. Then L *f = 0, L(2)
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has a zero at z = a of order exceeding # and, from

n

(5) Lx Uny = Z anDkI:(a’) * Un—k€ay
=0
L xu,e, = 0. Hence u,e, € W,.

Conversely, suppose that L *f = 0 and wu,e, € W,. From (5), D*L(a) = 0
for k=0,1,...n If L(f ® e,)" is non-zero, the proof is complete; if not,
define M by M(g) = —L(g ® e_,) for each g € H. By the linearity and con-
tinuity of L and ®, M € H'. As well, M(z) =L(z)/(z —a) and so L =
M#(Ds — ad). So D(M = f) = aM = f showing that M xf = ce,. Since ¢ =
M*f0) = L(f®e)” =0, M«f=0.

If M(f® e,)" is non-zero, the proof is completed at this stage. Otherwise,
the order of the zero of M(f @ e,) is one less than that of L(f ® e,)¥ at
z = a. Continuation of this process yields after a finite number of steps the
existence of an N € H' with N +f =0 and N(f ® e,)" # 0. Hence, when
uneq € Wy, K(f)(z) has a pole of order exceeding # at z = a.

As a consequence of the above theorem, the following definition is consistent
with the definition of Schwartz [13] of the spectrum of an entire mean periodic
function.

Definition. The spectral set, S,, of an entire mean periodic function f is the set of
poles of K(f)(z). The spectrum, A;, is the set of pairs (ax, px) where a, € S;and
D 1S the order of the pole of K(f)(2) at z = ay.

THEOREM 5. If K(f ) is entire, then f = 0.

Proof. As usual, let L be a non-zero element of H' with L * f = 0. Since K (f )
is the quotient of two entire functions of exponential type, K(f ) is also of
exponential type when it is entire (see, for example, Kahane [6, p. 135]).
Then K(f)(2) = M(z) for some M € H' and so L(f® e,)Y = N(z) where
N =Lx*M. Lettingh =L x(f ®e,),

Dh=LxD(f®e,) =Lx*(f+2 ®e,) =zh

Thus & = h(0)e, and as h(0) = N(z), L * (f ® e,) = N *e,. By the linearity
and continuity of L, N, *, ®, it follows that L * (f ® u,e,) = N *u,e, for
n=12....5Lx*(f® g) = N g where g is any polynomial and so also
when g is any entire function.

From L*(f® g) =L xM=xg, we obtain Lx* (f9" ® g) =L xM® g
and then L(f?" ® e,)Y = L(z)(w(z))"forn = 1,2, ...where w(z) = M(z) =
K(f)(z). As f%" — 0 locally uniformly, L(z) - (w(z))" — 0 as n — 00 showing
that if L(z) # 0, |w(z)| < 1. Since the zeros of L are isolated, |w(z)| < 1 for
all complex z. So, by Louiville’s Theorem, w(z) is a constant, say c.

Thus w(z) = M(z) = c6(z) and then L * (f ® g — cg) = 0 for all g € H.
If ¢ 5% 0, and w is any entire function then by Theorem 1, g may be chosen so
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that f @ ¢ — cg = w. Hence L *+w = 0 for all entire functions w showing
L = 0. As this is a contradiction, ¢ = 0 and then L * (f ® g) = 0 for all

g6 H
If we now suppose that f 5 0, then f(0) ## 0 or there is a positive integer %
for which D*f(0) % 0 but D*f(0) = Ofor k = 0,1, ..., n — 1. In either case,

L+ (f® g) = 0 vyields after differentiation # 4 1 times
L« [Df(0)g + (D"'f) ® gl =0

for all g € H. Again, by Theorem 1, it follows that L * w = 0 where w is any
entire function and so L = 0. As this is a contradiction, we see f = 0 when
K(f) is entire.

CoOROLLARY. Let L * f = 0 where f # 0 and L is a non-zero element of H'.
Then there exists a non-zero N € H' suchthat L * (f @ g) = N*gand N(z) =
L(f®e,) forall g€ H.

THEOREM 6. An entire mean periodic function, f, is the limit of a sequence of
exponential polynomaals {f,} C W,.

Proof. Let W denote the closed translation invariant subspace spanned by
the exponential polynomials belonging to W,. To show that f € W, it suffices
to show that if M is any non-zero element of H' with M % W = {0}, then
Mxf=0.

Choose and fix a non-zero element L of H’ for which L «f = 0. Put b =
M * f so that L x h = 0. By use of Lemma 2,

Lh®e) = L*xM)(f® ez)vA— L) - M(f®e)
=M@z - L(f®e) — L(z) M(f @ e)”
and so

K(h)(z) = M(z) - K(f)(z) — M(f ®e,)".

Since M = W = {0}, we see by Theorem 4 that M (z) - K(f)(z) is entire.
Thus K (k) (z) is entire so by Theorem 5, h = 0. Hence f € W.

3. New properties. With addition and the convolution product defined in
§ 1, it is apparent that H is a commutative ring and an algebra over C. More-
over H has no non-zero divisors of zero. To see this, let f, g€ H, f® g =0
andg # 0. Then, f(0)g + (Df ) ® g = D(f ® g) = 0andasg =0if f(0) # 0
by Theorem 1, one has f(0) = 0. Inductively, D*f(0) = 0 for»n =0,1,2,...and
since f is entire, f = 0.

That H can be shown to have no non-zero divisors of zero in a manner that
avoids the use of Titchmarch’s convolution Theorem [14] was known to Rubel
[12] who also recognized that this ring would form the basis of an operational
calculus, similar to that of Mikusinki's convolution quotients of continuous
functions on a half line (see, for example, Erdélyi [4]).
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We now show that H has a single descending chain of ideals, where an ideal
I of H is a subspace of H that contains f ® g whenever f € I and ¢ € H.
A similar property holds for a ring of exponential polynomials (Laird, [9]).
Here, the degree of an entire function f is zero if f(0) # 0 and #n if D¥/(0) = 0
fork =0,., ...n — 1 with D*f(0) = 0. (If f = 0, then f has infinite degree.)

THEOREM 7. (a) Let f, g be entire functions and g # 0. Then a necessary and
sufficient condition for the integral equation w ® g = f to have an entire function
as a solution is that the degree of f exceeds the degree of g.

(b) Let I be any non-trivial 1deal of H. Then I = X, where X, = {g € H:
degree g = n} for some positive integer n.

Proof. The necessity of condition (a) is due to the fact that if w and g are
entire functions and g £ 0 then the degree of w ® g exceeds the degree of g.

Conversely, let g have degree m and suppose that the degree of f exceeds m.
If m =0, then g(0) # 0, f(0) = 0 and by Theorem 1, there exists an entire
function w satisfying g(0)w + w ® Dg = Df. On integration of this equation,
we obtain

gw®e+w® (¢e®Dg) =e®Df=f—f(0)e=f or
w®g=f where e:z—1.

If m is positive, let @ = D™g(0) so a % 0. Then, by Theorem 1, an entire
function w can be found with

aw + w @ D"tlg = DmHIf,
On repeated integration, with

D*f(0) = 0 = D¥¢(0) for E=0,1...m —1 and D™f(0) =0,
we obtain w ® g = f.

For (b), let I be any non-trivial ideal of H. Also let m be the smallest degree
of all functions in I so I C X,,. Choose and fix g to be an element of I with
degree m. Then g(z) = > F-ng,;7’/j! and g, # 0.

Let & be any element of X, with k(z) = > 5-.k,27/j!. Then h — h,g/gn has
degree exceeding m so that it is equal tow ® g for some w € H by (a). Thush
belongs to the ideal I showing that X,, C I. Hence X, = I.

If I contains an element f with f(0) # 0, then m = 0 and I = H. Otherwise
I = X,, for some positive integer m.

The next theorem concerns the transform 7°(f) of an entire function f
defined by

T(f)@E) = 2% £ when f(2) = ZO 1/
J= 1=
THEOREM 8. Let f be an entire mean periodic function. Then

K(f)(z) = T(f)(1/z2).
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Proof. Choose a non-zero element L of H' satisfying L = f = 0. Let

I:(z) = i a,2"/n! sothat Lxf(z) = i a,.D"f(2) /n!

n=0
With L «* D*f = 0 and f = > yofu2"/n!,
(6) 2 Gufaym/n!l =0 form =0,1,2,....
n=0
Now
L(f®e) =Lx(f®e)0)

el

= Z_% a.D"(f ® ¢.)(0)/n!

0+ 2 @y ZO f]-Z"""l)/n! (using (2))

= Z 3" E Jr—k—1a/n\.
k=0 n=k
Also

T(f)(1/2)L () = i Fa i a8 /n!

=L(f®e) + 2_% g 2_:0 Anfuim/ !

=L(f®e)
from (6). The result then follows from the definition of K(f ).

This also shows that K ( f ) (z) is none other than Borel’s form of the Laplace
transform of f.

The transform 7" has other properties. It is clear that it is a linear map and
from (1), T'(tty, ® u,) = T (un) - T(t,). Hence T(f ® g) = T(f) - T(g) for
all f, ¢ € H and so 7 is an isomorphism between H (4, ® ) and a subalgebra
of the ring of formal power series in one indeterminate.

For the remainder of this section, M H will denote the set of all entire mean
periodic functions.

THEOREM 9. MH 1s a subalgebra of H and

(a) the transform K is a monomorphism from MH into the field of meromorphic
functions, and

(b) if f € MH and if h is any exponential polynomial, then fh € MH.

Proof. Letf,g € MH and let L, M be non-zero elements of H' with L = f = 0,
M+g=0. Also let a, b€ C. As LxM # 0 and L * M * (af + bg) = 0,
af + bg € MH. From the Corollary to Theorem 5, L * (f ® g) = N % g for
some N € H’' whence L * M * (f ® g) = 0. Hence MH is a subalgebra of H.
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That K is a homomorphism from MH to the field of meromorphic functions
can be shown by two applications of Lemma 2 that give

(L * M) ((af +bg) ® e,)" = aM(z) - L(f ® e.) + bL(3) - M(g ® e,)"
and
L«M(fO®g ®e) =L(f®e) - M(g®e,) .

Alternatively, this property of K is a consequence of the preceding theorem
and remarks.
For part (b), since MH is a subspace of H, it suffices to show that u,e,f €
MH when f € MH. In turn, this reduces to showing that «f and e¢,f € MH.
Let L, and L, be elements of H' defined by L;(w) = L(uw) and L,(w) =
L(e,w) for each w € H. Then

Lxuf(z) = L((z — u)T.f )V = 2L xf(z) — L1 = f(2),
SO

LxLxuf=—LxL;*xf=0,
and

(Lo * ef ) (2) = L(eT(eaf )V) = €L xf(z) = 0.
As L = L and L, are non-zero, uf and ¢,f € MH.

COROLLARY. If h is any exponential polynomial, then K (h)(z) is a rational
Sfunction of z.

Proof. The proof is a consequence of K(e,)(z) = 1/(z — a) and ¢2®+) =
Unee/ 1.

Remark. It would appear, following the remarks of Schwartz [13, p. 927],
that the pointwise product of two entire mean periodic functions need not be
mean periodic. A specific example is given by the two mean periodic functions
exp (exp 1az), exp (exp 1B8z) where a, 8 are real and incommensurable. The
product of these functions is

h(z) = 25 2

As{am + Bn:m,n = 0,1,2,...}isaset of real numbers with infinite density,
h is not mean periodic.

m'n'exp (lamz + 1Bnz) m,n =0,1,2,.

THEOREM 10. Let f, g be entire mean periodic functions. Then

(@) if g # 0 and +f w is an entire function satisfying w @ g = f, then w is
mean periodic, and

(b) the solution tow — w ® g = f is mean periodic.
Also, if J is any non-trivial ideal of MH, then J = Y, where YV, = {f € MH:
degree of f = n} for some positive integer n.
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Proof. Let L, M be non-zero elements of H' with Lxf =0, M +g = 0.
If w ¢ Handif g # 0, by the Corollary to Theorem 5, there exists a non-zero
element N of H’ for which M * (w ® g) = N *w. Hence L * N *w = 0 and
as L * N # 0, w is mean periodic.

The equation w — w @ g = falways has an entire solution and is equivalent
tow® (e —gQ®e) =f® e FromTheoreml,e — g ® ¢ # 0. Alsoe — g ® e
and e ® f are mean periodic and so w is mean periodic.

A necessary and sufficient condition for w ® g = f to have an entire solu-
tion has already been given in Theorem 7. This, along with the details of the
remainder of Theorem 7 holding for MH in place of H shows that the ring
MH(+, ®) has a single descending chain of ideals.

The final results of this section are concerned with systems of equations.
Here, reference to a mean periodic vector will mean a vector whose components
are entire mean periodic functions.

THEOREM 11 For the system of equations
w' (z) = Aw(z) + f(z) with w(a) = b,

where A is a constant n X n matrix and f is a n-vector whose components are
entire functions, a necessary and sufficient condition that w be mean periodic is
that f is mean periodic.

THEOREM 12. Let A (2) be an n X n matrix whose elements are entire functions
with a complex period c. Let f be an n-vector whose j-th component is of the form
g;h; where each g; is an exponential polynomial and h; is an entire function with
complex period d;. If each d; is a real, positive and rational multiple of ¢, then all
entire solutions to the system of equations

w'(2) = A(z)w(z) + f(2)

are mean periodic in H.

THEOREM 13. Let f be a mean periodic vector and G = {gu} be an n X n matrix
whose elements are entire mean periodic functions. Then the system of equations

'wf";lgﬂc@wk:fj G=12,...n)

has a unique mean periodic solution.

THEOREM 14. Consider the system of equations

s

[Aw'(z — a;) + Baw(z — b))] = f(2)

i

=0

where
i) forj=0,1,...m, A;, B, are n X n matrices of complex numbers with
Ay = I, the unit mairix,
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(ii) ap = 0, ai, as, ... an are non-zero complex numbers lying in a sector
{z = re" : |0 4+ a| < 7/2} for some fixed o and bo, by, . . . by are any complex
numbers, and,

(iii) the components of the n-vector f are entire functions.

Then (a) the homogeneous equation has at least ome non-zero enmtire mean
periodic solution,

(b) of f is mean periodic, then all solutions that are entire are also mean periodic,
and,

(c) if any entire solution w is mean periodic, then f is mean periodic.

The proofs of the above four theorems are given in a thesis of the author or
are akin to the proofs of similar theorems for continuous mean periodic func-
tions of a single real variable (Laird [8, Chapter 5] or [7; 10]). They are
therefore omitted. However, it may be noted that the major conclusion of
Theorem 14, part (b), is a special case of Proposition 8 given by Malgrange
11, p. 318].

4. Several variables. It is natural to enquire as to how many of the previous
results are valid for entire mean periodic functions of several variables. These
functions have been considered by Ehrenpreis [3] although our tentative obser-
vations hold also for the indefinitely differentiable functions of several real
variables discussed by Malgrange [11].

We let E denote the space of entire functions of #» complex variables and
equipped with the topology of convergence uniform on all compact subsets of
Euclidean complex n-space. Then f € E is mean periodic if the subspace
spanned by f and its translates is not dense in E; this being equivalent to the
existence of a non-zero element .S of the dual space of E satisfying a convolution
equation S * f = 0. Since this dual space is an integral domain, the set of all
such mean periodic functions is a subspace of E.

When f, g are any entire functions of # complex variables, their convolution
may be defined as

rose = [ [ [ e - veou

where z = (21, 23, . . . 2,) and & = (&, &, . . . £,). The method of proof used in
Theorem 1 may be adapted to show that f ® g is entire.

It is well known that a linear partial differential equation with constant
co-efficients may have solutions that are not exponential polynomials (i.e.,
finite linear combinations of terms 2,712,522 . . . 2, exp (@121 + @222 + . . . 4,2,)).
However, it is possible to give a simple characterization of an exponential
polynomial of # variables by

LEmMmA 15. Let g € E. Then g is an exponential polynomial if, and only if,
there exists n non-zero linear partial differential operators Py, P, ... P,, where
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each Py has constant coefficients and only involves the partial derivatives with
respect toz;and P.g = 0fori=1,2,....n.

Proof. If ¢ € Eand Pyg = 0, then gisafinitesum of terms 4 (22, 23, . . . 2,)21¢ X
exp (az;) where ¢ is any non-negative integer and « is any complex number.
With Pyg = 0, P,A = 0 and so each 4 is a finite sum of terms B (23, 24, .. - 2,)22? X
exp (azz). Continuing in this manner, we find that with P;g = 0 forz = 1, 2,

. m, so g is an exponential polynomial.

The converse portion of the proof is obvious.

Using this characterization, we have

THEOREM 16. Let f, g, b € E where f is mean periodic and g, h are exponential
polynomials. Then f @ g is mean periodic and ¢ @ his an exponential polynomial.

Proof. Let P,g = 0 for7 =1, 2, ... n where each P, is as in Lemma 15.
Then, with D; = 4/0z,

Di(f® g)(e) = j;z...ﬁ"f(zl,gz,...z,,)g(o,zz—22,...zn—£n)
X dty ... dE, + f @ Digle),
piren@= [ [T % piet.

X D1k—j_1g(01 20— f2,. .. 2 — E)dE ... dE + [ ® Di'g(2)

and as P, is a linear operator in D; with constant coefficients,

(7) Pl(f ® g)(Z) = ﬁ” P j:)z" ; Aleljf(Zh 52, “ e En)

X Dllg(O,ZQ - 527 e %y En)d&"z . d£n+0

where 4 ,, are constants. Next,
23 2n )
D,Pi(f® g)(z) = fo N fo Z A Df (21, 29, E3, - . - &)

XDllg(OIOIZ:i—EIh-'-Zn—En)d£3~--d£n+ﬁ) ...ﬁ

X Z AleIJf(zly 527 “ .. En)D2Dllg(O, Z9 — 52, e 8y — En)dEQ “ .. dgn
whence, by use of Pyg = 0,

PZPI(f ® g)(z) = \/; P j:) Z Bjj’ll’DljD2jj(Zl) 22, E3y LRI En)

X Di'D>"g(0,0,25 — &, .. . 2, — £)dEs . . . d&,

where Bj; ;v are constants. Continuing in this manner and using P,g = 0
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for: =1,2,...n, we finally obtain

Po...PoPi(f®g)(E) = X Cin. D "D ... D, ()

where Cj,,...;, are constants. Rephrasing this relation, we have
(Pn...PaP)ox (f®g) =T=f

where (P, ... P2P1)d and T are elements of the dual space of E. If f is mean
periodic with S * f = 0 where .S is a non-zero element of the dual space of E,
soalsois Iy = S* (P,...PyP1)s. With T, x (f ®@ g) = S*T »f = 0, we see
that f ® g is mean periodic.

Now let & be another exponential polynomial with # non-zero linear partial
differential operators, Q;, each with constant coefficients only involving partial
derivatives with respect to z; and satisfying Q4 =0 for . =1, 2, ..., n.
From (7), replacing f by &, we find

Q1P1(h ® g)(z) = j:)“ e f:" ; AthxD1jh(21y £, ... &n)

X Dllg(oy 29 — E?y o8y — En)df2 . dEn

so that Q1P1(k ® g) = 0. In alike manner, it may be verified that Q.P;(k ® g)
=0fort =2 3,...naswell asti = 1. As each Q,P; is non-zero, Lemma 15
entails that » ® g is an exponential polynomial.

We note that the proof of Theorem 9, part (b) could be extended to show
that the pointwise product of an exponential polynomial with a mean periodic
function in E is mean periodic.

Since the remaining remarks are negative in nature, they shall be confined
to entire functions of two complex variables, z, w.

If f(z, w) = 2z¢® and g(z, w) = 2we*®, then f, g are mean periodic in E as
Dy *f = 0, D16 * g = 0 where D; = 9/9z, D, = 9/0w. However, their point-
wise product, fg, is not mean periodic since the subspace spanned by fg and
its partial derivatives includes the pointwise product of any polynomial with
fg and so is dense in E.

Hencef ® g(z, w) = (e#* — 1)(¢** — 1) is not mean periodic. A consequence
of this is that the Corollary to Theorem 5 and the first part of Theorem 9 does
not hold for functions of several variables.

No transform appears to be yet available for mean periodic functions of
several variables. If e(z, w) = 1 and if S = D:§ with S * ¢ = 0, a modification
of the transform introduced in § 2 to

K(f)(zw) =S(f®exp (3,w)"/S(zw) with exp (z,w) (¢ n) =

exp (z£ + wn)
is inadequate, simply because,

S(e ® exp (z,w))Y = (Di(e? — 1)(e” — 1)) ,0:= = O.
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