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A B S T R A C T . After the very suggestive results of the early days, the theory of the solar 
dynamo has now entered a period of re-evaluation. It is clear that our initial expectations 
have been too high. I shall review some of the recent at tempts to formulate nonlinear and 
stochastic mode excitation theoretically. We now have evidence from synoptic observations 
that the solar dynamo features many periods. Periods both shorter and longer than the 
fundamental 22 yr cycle have been claimed. The phase stability of any of these periods 
is uncertain. The phase memory of the 22 yr period may be as short as ~ 10 cycles, but 
could also be much longer. Linear mean field theories permit only one marginally stable 
mode; they predict one period with an infinitely long phase memory. At t empts to explain 
multiperiodicity and finite phase memory effects fall in two categories: 
(1) . Nonlinear models. These feature a few nonlinearly coupled variables and may exhibit 
a multiperiodic or chaotic behaviour; (2) . If the number of relevant variables is very high, 
then the dynamo behaves stochastically. It has been argued that this takes the form of 
stochastic excitation of many dynamo modes (overtones). 

1. I n t r o d u c t i o n 

D y n a m o t h e o r y of t h e solar cyc le h a s m a d e a very rapid progress in t h e p e r i o d , 

say, 1965 - 1980 . M a n y m e a n field d y n a m o m o d e l s h a v e b e e n c o n s t r u c t e d dur ing 

t h a t t i m e w h i c h r e p r o d u c e d a n u m b e r of t h e bas i c features of t h e large-sca le solar 

m a g n e t i c field. A n u m b e r of p r o b l e m s h a d b e e n recogn i sed at a n ear ly s t a g e , t o o 

( m a g n i t u d e a coefficient, role of nonl inear i t i es , E - W o r i e n t a t i o n of b ipo lar s u n s p o t 

g r o u p s , e t c . ) , b u t there a p p e a r e d t o b e a g e n u i n e o p t i m i s m in t h o s e d a y s t h a t t h e s e 

w o u l d b e s o l v e d in d u e course . In t h e m e a n t i m e , ( l inear) m e a n field m o d e l b u i l d i n g 

is o u t of fash ion . A n d in re trospect it is clear tha t m u c h of t h e s u c c e s s e s of m e a n 

field theory , if very s u g g e s t i v e , were o n l y apparent , a n d t h a t our in i t ia l e x p e c t a t i o n s 

h a d b e e n p i t c h e d t o o h i g h . A s a resul t , d y n a m o t h e o r y of t h e solar m a g n e t i c field 

finds i tse l f in a p e r i o d of reappraisal . T w o causes c a n b e p i n p o i n t e d for t h e crisis: 

( 1 ) . T h e required increase of t h e angular s p e e d Ω w i t h decreas ing r is ne i ther f o u n d 

in se l fcons i s tent s imula t ions ( G i l m a n a n d Mil ler 1981; G i l m a n 1983; G l a t z m a i e r 

1 9 8 5 a ) , nor m e a s u r e d b y he l io se i smology (for a rev iew see H a r v e y 1988) . 

( 2 ) . T h e va l id i ty of m e a n field theory is subjec t t o a n u m b e r of res tr ic t ions w h i c h 

h a v e a l w a y s b e e n s o m e w h a t obscure . A s a resul t , m e a n field m o d e l i n g is of ten 

359 

J. O. Stenflo (ed.), Solar Photosphere: Structure, Convection, and Magnetic Fields, 359-374. 
©1990 by the IAU. 

https://doi.org/10.1017/S007418090004434X Published online by Cambridge University Press

https://doi.org/10.1017/S007418090004434X


360 

handled as an exercice in applied mathematics, w i th l i t t le regard for the physical 
restrictions and selfconsistency (the 'cookbook approach'). 

In recent years, attention has shifted from the convection zone to the boundary 
layer between convection zone and radiative interior as a more likely loeation for 
the solar dynamo (Spiegel and Weiss 1980; Galloway and Weiss 1981; Spruit and 
Van Ballegooijen 1982). A number of problems that beset a dynamo operating in 
the convection zone, among which in particular the wrong rotation curve mentioned 
under (1), may be defused in this way, see e.g. Glatzmaier (1985b). The arguments 
have been reviewed by Schüssler (1984), Stix (1987) and by Gilman et al. (1989). 
Dziembowski et al. (1989) report an inward decrease in Ω of about 20 nHz in a 
50000 km layer at r/R = 0.73. I f confirmed, this would provide a strong support 
for the idea of a boundary layer dynamo. 

I t is not my intention to discuss in detail the relative merits of specific dynamo 
models (see e.g. Parker 1987). The topic of dynamo mode excitation is more closely 
connected wi th the problems indicated under the heading (2) above. Kinematic αΩ 
dynamos are strictly periodic in time. The magnetic field behaves as the Phoenix, 
arising from the ashes of the previous cycle, continually rehearsing the very same act 
as before. Mode excitation in such dynamos is t r iv ial . There is one eigenmode wi th 
an infinite phase memory. Many authors have remarked that this is unsatisfactory, 
and one way out is to consider nonlinear theory. Another possibility is to no longer 
neglect the 'rest terms' in the dynamo equation, which act as random forcing terms. 
In this way, too, other modes may be excited. This topic is closely related to the 
question whether < B > is a two-scale average or an ensemble average. 

Let me give one example in support of my allegation that the restrictions of 
mean field theory are not always appreciated, and then move on to mode excitation 
proper. For locally isotropic turbulence v , the dynamo coefficients α and β are 

<* = -l€iJk ίΓάτ
 <Vi(t)VjVk(t-T)> ~ - < v V x v > r c / 3 ; (1.1) 

ß = I J T d T <V«W "ii* - r > - <v2> r c / 3 , (1.2) 

where r c is the correlation time of v. The gradient V j β contains two correlation 
functions of the type <a,-Vj 6j> which vanish, being isotropic tensors of rank 1. It 
follows that V/? = 0 and that a position-dependent β must necessarily be tensorial. 
A similar observation goes for a. The physical reason is that isotropic, inhomoge-
neous turbulence does not exist. The role of anisotropics in the turbulence has been 
emphasised by Rädler (1980; 1983); see also MofFatt (1983) and Schüssler (1984). 
An analysis of what errors ensue if we nevertheless employ a position-dependent 
scalar α and β is to my knowledge not available. A better known difficulty is that 
the validity of (1.1), (1.2) and the dynamo equation (2.1) below requires vrc/Xc <C 1 
(First Order Smoothing Approximation or FOSA; Xc = correlation length of v ) , 
while in reality VTC/Xc ~ 1. I shall have no opportunity to discuss attempts to go 
beyond FOSA, and refer to Stix (1987) for a review. I t is conceivable that problems 
such as these have added to the failure of mean field models, in the sense that there 
may exist as yet totally unknown and unexplored corners in parameter space. 
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2. Mode Excitation in Mean Field Theory 

T h e t r a n s p o r t proper t i e s of t h e m e a n field < B > are d e t e r m i n e d b y t h e d y n a m o 

e q u a t i o n . Its bas i c form is (MofTatt 1978; K r a u s e a n d Rädler 1980) : 

d t <B> = D <B> + F ; D = V χ (v 0 x + a - ß V x ) . ( 2 .1 ) 

Here, Vo is t h e m e a n flow, a n d a a n d β are re la ted t o t h e s ta t i s t i ca l proper t i e s of 

the t u r b u l e n t flow ν s u p e r p o s e d o n Vo as in (1 .1 ) a n d ( 1 . 2 ) . T h e m e a n i n g of <B> 

is n o t c lear. In t h e trad i t iona l two-scale approach (Moffatt 1978 , 1983; K r a u s e a n d 

Rädler 1980) <B> is a spat ia l or t i m e average over a n unspec i f i ed sca le in b e t w e e n 

the largest ( s ize or per iod d y n a m o ) a n d t h e smal l e s t o n e ( e d d y s ize or turn-over 

t i m e ) . T h e t e r m F col lects all u n w a n t e d t e r m s d u e t o t h e fact t h a t t h e averag ing 

opera tor < · > usua l ly d o e s not c o m m u t e w i t h V , 9*, e tc . F is genera l ly n e g l e c t e d 

o n t h e g r o u n d t h a t it is formal ly of order \C/R < 1 ( Ä = rad ius of t h e d y n a m o ) , 

but there are n o w ind ica t ions tha t F can b e large, see s ec t ions 5.1 a n d 6. 

S e p a r a t i n g t h e t i m e , <B> = b e x p ( A t ) , w e find from (2 .1 ) : 

D . b = Xb . ( 2 .2 ) 

Eq. ( 2 . 2 ) h a s a d i screte s p e c t r u m of e igenva lues λ η a n d e igenfunc t ions or ( e igen) -

m o d e s b n , d e t e r m i n e d b y t h e g e o m e t r y of t h e s y s t e m a n d t h e b o u n d a r y c o n d i t i o n s 

v ia t h e m a c h i n e r y of c lass ical m a t h e m a t i c a l phys i c s . T h e s o l u t i o n of eq. (2 .1 ) is 

<B> = Σ η Cnb„(r) e x p ( A n * ) . ( 2 .3 ) 

T h e c o n s t a n t s c„ are d e t e r m i n e d b y t h e init ia l cond i t i on . T h e m o d e c o n c e p t is 

s o m e w h a t a m b i g u o u s as o n e m a y a l w a y s c h o o s e a n o t h e r bas i s set { b ' n } . T h e e igen-

va lue p r o b l e m (2 .2 ) h a s b e e n so lved for a great var ie ty of different m o d e l s ( R o b e r t s 

1972; S t ix 1978 , 1981; Moffatt 1978; K r a u s e a n d Rädler 1980; R ä d l e r 1986a; Parker 

1979 , 1987 a n d references there in) . For an infinite , h o m o g e n e o u s d y n a m o 

R e λ - (ak Ail/2)1'2 - ßk2 , ( 2 .4 ) 

lm\~(akAil/2)1'2 . ( 2 .5 ) 

T h e m o s t i m p o r t a n t c h a n g e for a finite, i n h o m o g e n e o u s d y n a m o is t h a t t h e w a v e 

v e c t o r k is q u a n t i s e d a n d a p p r o x i m a t e l y equal t o 2 π / ( w a v e l e n g t h e i g e n m o d e ) . Fur-

t h e r m o r e , a a n d β are u n d e r s t o o d t o b e typ ica l va lues a n d Δ Ω = | V v o | ~ difference 

in a n g u l a r s p e e d in t h e c o n v e c t i o n zone; Δ Ω ^> ak is a s s u m e d ( α Ω a p p r o x i m a t i o n ) . 

A c c o r d i n g t o (2 .4 ) differential ro ta t ion a n d α-effect amplify , w h i l e t u r b u l e n t m i x i n g 

(β) d a m p s t h e m o d e . R e λ is a decreas ing series , see F ig . 1; i t s re la t ive p o s i t i o n 

w i t h respec t t o R e λ = 0 is d e t e r m i n e d b y t h e d y n a m o n u m b e r D: 

D = aAÜR%/2ß2 . ( 2 .6 ) 

R e A = 0 impl i e s (fci?©) 3 ~ D. M o d e s w i t h smal ler ( larger) k are u n s t a b l e 

( d a m p e d ) ; t h e smal l e s t k is a b o u t 2 π / ϋ © . T h e crit ical va lue of D is therefore of 
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FIG. 1. G r o w t h ra tes of t h e e igenmodes b n of < B > . Increas ing η m e a n s larger k or smaller 
'wave leng th ' . T h e zero level is de t e rmined by D. W h e n D=DC, t h e largest g rowth r a t e of 
< B > is zero (marginal ly s tab le d y n a m o ) . However , < B B > still has a l inear instabi l i ty 
sect ion 5.1). Righ t vert ical axis: < B B > can be m a d e marginal ly s tab le by decreas ing D 
typica l ly by a factor of o rder 1) so t h a t D<DC. In prac t ice th is m e a n s t h a t β is increased, 

as αΔΩ is fixed by (2 .5) . (after Hoyng 1988). 

t h e order of Dc ~ ( 2 π ) 3 . For s impl i c i ty I ignore t h e n e g a t i v e b r a n c h of D. J u s t as 

in a n y s y s t e m descr ibed b y a differential e q u a t i o n , a l so here t w o mode excitation 

m e c h a n i s m s m a y b e d i s t ingu i shed: 

(a). Instability (D > Dc). O n e or m o r e m o d e s h a v e R e A > 0. T h e s e t h e n grow 

s p o n t a n e o u s l y f rom no i se , unt i l t h e va l id i ty of (2 .1 ) breaks d o w n . A n i d e a of ten 

i n v o k e d in t h e c o n t e x t of m e a n field theor ies is t h a t 'nonl inear effects' c h a n g e t h e 

p a r a m e t e r s unt i l D = Dc (e .g . Β m a y reduce t h e he l i c i ty a n d h e n c e a ) . T h e fun-

d a m e n t a l m o d e is t h e n marginally stable a n d m a y b e e x c i t e d at a c o n s t a n t a m -

p l i t u d e . T h e p e r i o d is Ρ = 2 π / Ι π ι λ ~ ^ π ί ^ / α Δ Ω ) 1 / 2 . H e n c e , α Δ Ω is fixed b y 

requir ing Ρ = 2 2 yr , a n d β fo l lows from R e λ = 0. O v e r t o n e s h a v e shorter per iods 

a n d are n o t e x c i t e d as t h e y h a v e R e λ < 0. S u c h a d y n a m o w o u l d h a v e a s ing le fre-

q u e n c y a n d a n inf inite qua l i ty factor Q = ω/Δω, as t h e frequency u n c e r t a i n t y Δ ω 

is zero . H o w e v e r , t h e fine t u n i n g of D n e e d n o t b e s tab le . M a n y a u t h o r s a s s u m e 

t h a t D > 2 ? c , s o t h a t o v e r t o n e s are exc i t ed . C o m p l i c a t e d non l inear in terac t ions 

b e t w e e n m o d e s a n d t h e v e l o c i t y field m a y occur w h i c h restr ict t h e a m p l i t u d e s . In 

t h a t case t h e d y n a m o h a s several frequencies , e a c h w i t h a finite Q. 

(b). External forcing (D < Dc). In t h a t case all R e λ < 0 s o t h a t a c c o r d i n g t o 

( 2 . 3 ) , < B > —• 0. Subcr i t i ca l m o d e e x c i t a t i o n m a y occur if F in ( 2 . 1 ) is sufficiently 

large . F d e p e n d s o n ν a n d t h u s h a s in pr inc ip le t h e character of a r a n d o m forcing 

t e r m . W r i t i n g F = E / n ( t ) b n a n d < B > = Σ <£*(*) b*, a n d s u p p o s i n g for s impl i c i ty 

t h e e igen func t ions b„ t o b e o r t h o n o r m a l , w e find from ( 2 . 1 ) a n d (2 .2 ) : 
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ik = \k4>k + fk -+ < Β > = Σ* bt/0°°drexp(Àtr)/fc(i-r) . ( 2 . 7 ) 

H e n c e t h o s e m o d e s for w h i c h / * ^ 0 ( p o s s i b l y all m o d e s ) are e x c i t e d a n d e a c h 

w o u l d h a v e a finite Q ( f inite p h a s e m e m o r y ) . N o t e t h a t D < Dc p r o v i d e s m e r e l y 

a Jower limit for /?; t h e numer ica l va lue of β is n o longer fixed. N o t e further t h a t 

D < Dc d o e s n o t i m p l y t h a t nonl inear in terac t ions are u n i m p o r t a n t . 

A n o t h e r ex terna l forcing m e c h a n i s m w o u l d b e a rel ic field in t h e rad ia t ive 

core, w h i c h i m p o s e s a n o n z e r o b o u n d a r y c o n d i t i o n o n eq. ( 2 . 1 ) at t h e b a s e of t h e 

c o n v e c t i o n zone . T h i s b o u n d a r y c o n d i t i o n cou ld b e per iod ic , in w h i c h case t h e 

p h a s e s tab i l i t y of t h e d y n a m o at t h a t frequency m a y b e very h i g h . 

3. O b s e r v a t i o n s 

M a n y solar p a r a m e t e r s are n o w k n o w n t o vary w i t h t h e m a g n e t i c cyc le: l u m i n o s i t y 

( H u d s o n 1988; W i l l s o n a n d H u d s o n 1988) , t h e differential r o t a t i o n ( tors iona l osc i l la-

t ions ; H o w a r d 1 9 8 4 ) , m o d u l a t i o n s in t h e mer id iona l c i rcu la t ion ( R i b e s a n d Laclare 

1 9 8 8 ) , t h e s ize d i s t r ibut ion of surface m a g n e t i c flux ( Z w a a n 1 9 8 7 ) , a n d m a y b e t h e 

frequencies of solar osc i l la t ions ( G o u g h 1988a; Gel ly et al. 1988 ) . I shal l restrict 

m y s e l f b e l o w t o o b s e r v a t i o n s w h i c h p e r t a i n d irect ly t o d y n a m o m o d e e x c i t a t i o n . 

3 . 1 . VARIATIONS IN THE 22-YEAR PERIOD 

T h e 2 2 yr m a g n e t i c cyc le s h o w s fairly large var ia t ions in t h e p e r i o d l e n g t h s . F r o m 

t h e e p o c h s of s u n s p o t e x t r e m a ( A l l e n 1973) o n e finds 6Prm3/P ~ 0 . 1 , w h e r e Ρ = 

m e a n hal f cyc le per iod . A r e s u b s e q u e n t p e r i o d var ia t ions δ Ρ i n d e p e n d e n t , or is t h e 

cyc le ra ther a p a s s i v e a n d no i sy reflection of a h i g h Q osc i l la tor in t h e solar core? In 

t h e former case there w o u l d b e a progress ive loss of p h a s e m e m o r y ; in t h e la t ter case 

t h e p h a s e is l ocked a n d never far a w a y from t h e p h a s e of t h e core osc i l la t ion . L i t t l e 

progress h a s b e e n m a d e o n th i s o ld ques t ion . Yu le ( 1 9 2 7 ) s u g g e s t e d t h a t t h e p h a s e 

m e m o r y is finite. D i c k e ( 1 9 7 8 ) a n a l y s e d t h e e p o c h s of s u n s p o t n u m b e r e x t r e m a 

a n d c o n c l u d e d t h a t t h e d a t a ind ica te p h a s e locking . In a recent s t u d y , D i c k e ( 1 9 8 8 ) 

u p h e l d h i s p o s i t i o n . He a l so found t h a t t h e trans i t t i m e for m a g n e t i c flux t h r o u g h 

t h e c o n v e c t i o n z o n e is ~ 12 yr , w h i c h is i n d e e d of t h e order of t h e t u r b u l e n t diffusion 

t i m e cP/ß over t h e d e p t h d of t h e c o n v e c t i o n zone . However , G o u g h ( 1 9 7 8 , 1 9 8 1 , 

1 9 8 7 ) m a d e a very s imi lar ana lys i s of t h e s a m e d a t a a n d c o n c l u d e d h e c o u l d n o t 

d e c i d e e i ther way. If a n y t h i n g , h e found a preference for a r a n d o m walk in p h a s e . 

W h i t e h o u s e ( 1 9 8 5 ) argues t h a t b o t h m o d e l s are t o o s i m p l e , as h e f inds e v i d e n c e for 

systematic var ia t ions in t h e cyc le per iod . 

B a r n e s et al. ( 1 9 8 0 ) h a v e s i m u l a t e d year ly s u n s p o t n u m b e r s f rom n a r r o w b a n d 

G a u s s i a n no i se a n d o b t a i n e d a remarkable s imi lar i ty w i t h t h e t rue cyc le . O n a 

longer t i m e s c a l e t h e y a l so see pro trac ted s u n s p o t m i n i m a as d u r i n g t h e M a u n d e r 

M i n i m u m ( E d d y 1976 , 1983) . It appears t h a t t h e d a t a set (AD 1610 - p r e s e n t ) 

is n o t sufficient t o d r a w a conc lus ion regarding t h e p h a s e s tabi l i ty . U n f o r t u n a t e l y 

(for solar p h y s i c s ) , t h e P r e c a m b r i a n E l a t i n a s e d i m e n t d a t a are n o longer b e l i e v e d 

t o c o n t a i n a n e x t e n d e d solar cyc le chrono logy ( W i l l i a m s 1 9 8 1 , 1985; S o n e t t a n d 
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W i l l i a m s 1 9 8 7 ) , b u t are n o w a t t r i b u t e d t o lunar-induced var ia t ions in t ida l d e p o s i t s 

( W i l l i a m s 1989; S o n e t t et al. 1988) . T h e p h a s e s tab i l i ty of t h e 2 2 yr cyc le m a y 

u l t i m a t e l y b e d e t e r m i n e d b y a careful ana lys i s of t h e 1 4 C d a t a a n d of t h e 1 0 B e 

record d i scovered in Green land ic ice cores (Beer et al. 1988 ) . 

A d v a n c e d t e c h n i q u e s ex is t t o d a y t o d e t e r m i n e w h e t h e r a n irregular t i m e se-

ries is s t o c h a s t i c or c o n t a i n s a chaot i c a t t rac tor of l o w d i m e n s i o n ( S c h u s t e r 1988; 

A t m a n s p a c h e r et al. 1988) . For e x a m p l e , V o g e s et al. ( 1 9 8 7 ) h a v e a n a l y s e d t h e 

X - r a y var iabi l i ty of Her X-l a n d found an a t trac tor of d i m e n s i o n 2 < D2 < 3 in 

t h e l ightcurve . T h i s s u g g e s t s t h a t t h e under ly ing accre t ion proces s m a y b e m o d e l e d 

w i t h o n l y 3 non l inear ly c o u p l e d var iables (it d o e s n o t tel l w h i c h , t h o u g h ) . A t t r a c t o r 

d i m e n s i o n s h a v e b e e n d e t e r m i n e d from t h e s u n s p o t a n d 1 4 C records ( G i s s a t u l l i n a 

et al. 1989; O s t r y a k o v a n d U s o s k i n 1989) b u t t h e s e are n o t ye t very rel iable . T h e 

p r o b l e m is a g a i n t h e l e n g t h a n d qual i ty of t h e d a t a set ( S m i t h 1988) . 

3 .2 . OTHER PERIODICITIES 

T h e s u n s p o t d a t a sugges t a ~ 90 year a m p l i t u d e m o d u l a t i o n ( C o h e n a n d Lint ζ 

1 9 7 4 ) . Tree-r ing 1 4 C d a t a a n d 1 0 B e records ind ica te irregular m o d u l a t i o n s in the 

leve l of so lar a c t i v i t y w i t h a typ ica l t imesca l e of a few h u n d r e d years ( S o n e t t 1983a; 

S tu iver a n d B r a z i u n a s 1988; R a i s b e c k a n d Y i o u 1988) . In teres t ing n e w resu l t s h a v e 

b e e n r e p o r t e d o n short per iods . Stenf lo a n d Voge l ( 1 9 8 6 ) a n d Stenf lo a n d W e i s e n -

h o r n ( 1 9 8 7 ) h a v e d e c o m p o s e d t h e radial surface field Br in spher ica l h a r m o n i c s 

u s i n g 2 5 years of s y n o p t i c dai ly m a g n e t o g r a p h d a t a of M t . W i l s o n a n d K i t t Peak . 

T h e a d v a n t a g e of th i s t e c h n i q u e is t h a t t h e resul t s p e r m i t a direct c o m p a r i s o n w i t h 

theore t i ca l pred ic t ions . T h e p o w e r s p e c t r a of t h e a x i s y m m e t r i c spher ica l h a r m o n i c 

coeff ic ients ( m = 0 ) , F ig . 2 , s h o w a d e c o u p l i n g b e t w e e n e v e n a n d o d d /. T h e 22 

yr d y n a m o w a v e is a p p a r e n t l y a l inear c o m b i n a t i o n of o d d - / c o m p o n e n t s . T h e ab-

s e n c e of h igher h a r m o n i c s ind ica tes t h a t t h e (surface effect of t h e ) w a v e is a l m o s t 

s inuso ida l in t i m e . D e c o u p l i n g b e t w e e n e v e n a n d o d d / occurs w h e n α is a n o d d 

f u n c t i o n of c o l a t i t u d e 0; of ten α oc cos θ is a s s u m e d (Moffatt 1978 ) . T h e d a t a t h u s 

conf irm th i s t o b e bas ica l ly correct . Further conf irmat ion m i g h t c o m e f rom c o m -

p a r i n g t h e o b s e r v e d a m p l i t u d e s a n d p h a s e s w i t h theoret ica l o d d - / e x p a n s i o n s of t h e 

f u n d a m e n t a l m o d e . A n u n e x p l a i n e d feature is t h a t t h e p o w e r d i s t r i b u t i o n b e c o m e s 

a b r u p t l y irregular a b o v e / = 14. Stenf lo a n d Voge l ( 1 9 8 6 ) sugges t t h a t t h e p o w e r 

at e v e n / in F ig . 2 ind ica te s a resonant m o d a l s t ruc ture remin i scent of solar p - m o d e 

r idges . H o y n g ( 1 9 8 7 b , 1988) h a s in terpreted th i s in t e r m s of e x c i t a t i o n of d y n a m o 

w a v e o v e r t o n e s . T a k i n g k ~ 1/Rq o n e finds w i t h (2 .5 ) : 

ω ~ ( α Δ Ω ^ Λ ο ) 1 / 2 I1'2 , ( 3 .1 ) 

w h i c h descr ibes t h e p o w e r ridge in F ig . 2 fairly wel l for α Δ Ω ~ 1.7 x 1 0 ~ 4 c m s ~ 2 . 

T h i s is a ra ther large va lue a n d o n e m i g h t therefore s p e c u l a t e t h a t t h e p o w e r at 

e v e n / reflects d y n a m o w a v e s of a diffuse d y n a m o in t h e c o n v e c t i o n z o n e ( w h e r e α 

is l arge ) , as o p p o s e d t o d y n a m o w a v e s of a boundary layer d y n a m o w h i c h w e w o u l d 

t h e n see at o d d / a n d in t h e butterf ly d i a g r a m . S u c h an i d e a h a d b e e n a d v a n c e d 
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FIG. 2. Power s p e c t r u m of t h e ax isymmetr ic componen t of t h e solar radia l surface field. 
Each co lumn is i ndependen ty normalised; t h e average power in even / is a b o u t 5 t imes 
larger t h a n in odd /. (from Stenflo and Weisenhorn 1987). 

earl ier b y Sprui t et al. ( 1987) ; see a lso G o l u b et ai. ( 1 9 8 1 ) a n d D u r n e y ( 1 9 8 8 ) . 

Stenf lo a n d G ü d e l ( 1 9 8 8 ) report tha t there is in fact weak p o w e r at odd I w h i c h 

i n t e r p o l a t e s fairly wel l w i t h t h e p o w e r at e v e n I in F ig . 2 , a lbe i t at a s y s t e m a t i c a l l y 

lower frequency. Recent ly , G o k h a l e a n d Javara iah ( 1 9 8 9 a , b ) h a v e conf irmed t h e 

c o n c l u s i o n s of Stenf lo a n d coworkers us ing m a g n e t i c cyc le d a t a s i m u l a t e d f rom t h e 

G r e e n w i c h s u n s p o t d a t a , w h i c h cover a m u c h longer per iod . 

T h e i d e a t h a t t h e m a g n e t i c sector s t ruc ture a n d coronal ho l e s (Zirker 1977; 

H u n d h a u s e n 1977) m a y correspond t o n o n a x i s y m m e t r i c d y n a m o m o d e s is re la t ive ly 

o l d ( S t i x 1971 ) . T h e s e m o d e s , b e i n g o v e r t o n e s , are difficult t o e x c i t e in t h e l inear 

t h e o r y ( S t i x 1971; Räd ler 1986b; R u z m a i k i n et al. 1988 ) , b u t non l inear i t i e s or 

e x t e r n a l forc ing can in pr inc iple d o t h e j o b . O t h e r lower m a i n s e q u e n c e s tars are 

n o w b e l i e v e d t o p o s s e s s cyc les a n a l o g o u s t o t h e solar 11 yr cyc le ( V a u g h a n 1983; 

B a l i u n a s a n d V a u g h a n 1985) , w i t h per iods rang ing from 2.6 yr t o ^ 20 yr . Very 

a c t i v e s tars m a y h a v e m o r e t h a n o n e per iod or b e h a v e erratical ly . 

In s u m m a r y , w e h a v e several ind ica t ions t h a t t h e solar d y n a m o is m u l t i p e r i o d i c . 

In pr inc ip le , b o t h nonl inear effects a n d s t o c h a s t i c e x c i t a t i o n m a y a c c o u n t for t h a t . 

T h e p h a s e s tab i l i ty of t h e 22 yr per iod is no t wel l k n o w n . Its qua l i ty factor m a y b e 
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as s m a l l as Q = P/6Prm9 ~ 10, b u t cou ld a lso b e m u c h higher . T h a t w o u l d b e a 

s t r o n g i n d i c a t i o n for a n osc i l la t ing core. Li t t le is k n o w n a b o u t t h e p h a s e s tab i l i ty 

at t h e o t h e r frequencies , e x c e p t near per iods of 1.5 yr w h i c h h a v e Q ~ 10 ( F i g . 2 ) . 

T h e l o n g - t e r m a m p l i t u d e m o d u l a t i o n s m i g h t b e interference effects of o t h e r d y n a m o 

m o d e s w i t h p e r i o d s near 22 yr , b u t th i s is uncer ta in . Solar cycle- l ike p h e n o m e n a 

are c lear ly s e e n in o t h e r lower m a i n s equence s tars . 

4 . N o n l i n e a r m o d e e x c i t a t i o n 

N o n l i n e a r d y n a m o t h e o r y is a large top ic in i t s o w n right . In order of increas-

i n g c o m p l e x i t y w e m a y d i s t ingu i sh (a ) ' s imple ' m o d e l s , s u c h as d i sc d y n a m o s , (b ) 

non l inear m e a n field m o d e l s , a n d (c ) numer ica l MHD s i m u l a t i o n s . 

I shal l restr ict m y s e l f t o ( b ) , a n d refer t o Ga l loway ( 1 9 8 6 ) for a rev i ew of ( c ) . 

T h e earl iest non l inear m e a n field m o d e l ( L e i g h t o n 1969) e x p l o i t e d t h e i d e a of losses 

t h r o u g h m a g n e t i c buoyancy . S t ix ( 1 9 7 2 ) , J e p p s ( 1 9 7 5 ) , I v a n o v a a n d R u z m a i k i n 

( 1 9 7 7 ) , B r ä u e r ( 1 9 7 9 ) a n d Kleeor in a n d R u z m a i k i n ( 1 9 8 1 ) all s t u d i e d m o d e l s in 

w h i c h t h e α-effect is q u e n c h e d b y t h e m a g n e t i c field, b y a s s u m i n g t h a t α in (1 .1 ) 

is a decreas ing func t ion of | < B > |. T h e s e s t u d i e s s h o w e d t h e e x i s t e n c e of s tab le 

non l inear ( a n h a r m o n i c ) osc i l la t ions for D > Dc. A t D = Dc t h e s o l u t i o n bifur-

c a t e s f rom t h e nul l s o l u t i o n e i ther supercr i t ica l ly or subcr i t i ca l ly ( B r ä u e r 1980) . 

Y o s h i m u r a ( 1 9 7 8 a ) i n v e s t i g a t e d the q u e n c h i n g of b o t h α-effect a n d differential ro-

t a t i o n a n d f o u n d aga in o n l y o n e per iod . It is no t clear w h e t h e r t h e s e m o d e l s a d m i t 

i n d e e d o n l y o n e p e r i o d s ince t h e e x p l o r a t i o n of their p a r a m e t e r s p a c e s m a y h a v e 

b e e n ra ther i n c o m p l e t e . Y o s h i m u r a ( 1 9 7 8 b ) o b t a i n e d t h e first multimodal m e a n 

field m o d e l b y i n t r o d u c i n g a t i m e de lay in t h e non l inear coupl ing . A s ing le de lay 

t i m e p r o d u c e d a regular m o d u l a t i o n of t h e 22 yr cyc le , a n d w i t h t w o or m o r e dif-

ferent d e l a y t i m e s a m o r e chaot i c l o n g - t e r m m o d u l a t i o n resu l ted . T h e r e a s o n for 

t h e d e l a y is t h a t t h e Lorentz force p r o d u c e s a n acceleration a n d it wi l l t a ke s o m e 

t i m e before ν a n d V o , o n w h i c h all field regenerat ion d e p e n d s , h a v e c h a n g e d . A 

t i m e d e l a y therefore effectively increases t h e order of t h e e q u a t i o n s ( = n u m b e r of 

i n d e p e n d e n t var iab les ) . T h e early nonl inear work h a s b e e n r e v i e w e d b y S t i x ( 1 9 8 1 ) . 

M e a n field t h e o r y go t i tself e n t a n g l e d in t h e ne t of non l inear d y n a m i c s after 

Ze ldov ich a n d R u z m a i k i n h a d s h o w n h o w an a x i s y m m e t r i c α Ω d y n a m o w i t h non l in -

ear α-effect q u e n c h i n g c a n b e crudely m o d e l e d b y t h e Lorenz e q u a t i o n s ( R u z m a i k i n 

1981; J o n e s 1983; see a lso K r a u s e a n d R o b e r t s 1981) . T h e s e e q u a t i o n s are wel l -

k n o w n for p o s s e s s i n g c h a o t i c so lu t ions ( M a r t e n s 1984; Schus ter 1988 ) . T h e so lu-

t i o n is quas iper iod ic b u t occas iona l ly t h e trajec tory in p h a s e s p a c e l ingers for a l o n g 

t i m e near t h e or ig in . According ly , it w a s s u g g e s t e d t h a t t h e M a u n d e r m i n i m u m a n d 

o t h e r 'grand m i n i m a ' m i g h t correspond t o a s t r a n g e a t trac tor ( R u z m a i k i n 1 9 8 1 ) , as 

Y o s h i m u r a ( 1 9 7 8 b ) h a d d o n e impl ic i t ly before. T h i s idea w a s e l a b o r a t e d b y W e i s s 

et al. ( 1 9 8 4 ) w h o i n c l u d e d b u o y a n t losses a n d q u e n c h i n g of differential r o t a t i o n in 

a d d i t i o n t o α-effect suppress ion . T h e y der ived a 7 t h order s y s t e m of e q u a t i o n s 

w i t h t w o field var iables a n d t w o variables UQ a n d ω r epresent ing t h e c o n s t a n t part 

https://doi.org/10.1017/S007418090004434X Published online by Cambridge University Press

https://doi.org/10.1017/S007418090004434X


367 

0.0 0.5 1.Θ 1.5 2.0 

Time 

FIG. 3. But te r f ly d iag ram of t h e nonl inear d y n a m o model of Belvedere et ai . (1989) . O n 
t h e hor izonta l axis t i m e in un i t s of R2/ß (154 yea r ) . T h e magne t i c P r a n d t l n u m b e r is 0.1 
and D/Dc = 21 .3 . 

of t h e difTerential r o t a t i o n a n d t h e part oc exp(2ikx), respect ive ly . B o t h u>o a n d ω 

h a v e p h e n o m e n o l o g i c a l d a m p i n g coefficients vq a n d v. W e i s s et al. ( 1 9 8 4 ) o b t a i n e d 

the ir m o s t in teres t ing resu l t s for t h e 6 t h order s y s t e m w i t h vo = oo (ωο = 0 ) , a n d 

b u o y a n t lo s ses a n d α-effect q u e n c h i n g s w i t c h e d off. T h e y t h e n o b s e r v e a series of 

b i furcat ions as D increases f rom Z? c , a n d at e a c h a n e w frequency a p p e a r s in t h e 

s o l u t i o n . B e y o n d D/Dc = 3 .84 t h e so lu t ion is c h a o t i c (for u/ßk2 = 0 .5 ) , f ea tur ing 

irregularly m o d u l a t e d cyc les , a n d e p i s o d e s w i t h a l m o s t zero field. For D/Dc = 4 

t h e interval b e t w e e n s u c h 'grand m i n i m a ' is a b o u t 11 .5 average cyc le p e r i o d s . 

M o d e l e q u a t i o n s s u c h as t h o s e of R u z m a i k i n ( 1 9 8 1 ) a n d W e i s s et al. ( 1 9 8 4 ) 

c a n m e r e l y g i v e s o m e ind ica t ion of t h e b e h a v i o u r of real d y n a m o s , s ince t h e spat ia l 

s t r u c t u r e h a s b e e n severe ly t r u n c a t e d . A s W e i s s et al. rea l i sed , t h e y h a v e o n l y 

m a r g i n a l l y s u c c e e d e d in th i s regard. C h a o s a n d 'grand m i n i m a ' a p p e a r o n l y for 

i / < i / o w h i l e phys i ca l ly i/ > i/o is e x p e c t e d . Moreover , t h e m o r e c o m p l e t e 7 t h order 

s y s t e m e x h i b i t s ju s t aper iod ic osc i l la t ions w i t h o u t p r o t r a c t e d m i n i m a . In h i n d s i g h t 

it is t e m p t i n g t o regard s u c h s tud ie s as a conces s ion t o fash ion . In t h o s e d a y s every 

r e s p e c t a b l e field of research h a d t o h a v e i t s o w n s t r a n g e a t trac tor . H o w e v e r , it t ook 

a l m o s t 5 years before m o r e c o m p l e t e s tud ie s were carried o u t . 

D e l u c a a n d G i l m a n ( 1 9 8 6 , 1988) formula ted t h e first m e a n field b o u n d a r y layer 

d y n a m o , featur ing a se l fcons is tent m e a n flow v o , b u t p h e n o m e n o l o g i c a l α-effect 

q u e n c h i n g a n d flux losses . T h e y found s t e a d y a n d t i m e - v a r y i n g s o l u t i o n s ( d e p e n d -

i n g v e r y sens i t ive ly o n t h e p a r a m e t e r va lues ) , b u t n o per iod ic d y n a m o w a v e s . T h e y 

c o n c l u d e d t h a t t h e m a g n e t i c field is u n a b l e t o g e n e r a t e sufficient shear t o dr ive a n 
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α Ω d y n a m o . S c h m i t t a n d Schüss ler ( 1 9 8 9 ) s t u d i e d a m e a n field b o u n d a r y layer 

d y n a m o w i t h e i ther α-effect suppress ion or flux loss , a n d c o n c l u d e d t h a t t h e la t ter 

is l ikely t o b e t h e m o r e i m p o r t a n t of t h e t w o . T h e y n o t e d t h a t t h e m o d e in w h i c h 

a d y n a m o f inds i tself m a y wel l d e p e n d o n i ts h is tory , s ince there are s o m e t i m e s 

severa l p o s s i b l e m o d e s for a g i v e n D. T h i s is a l so repor ted b y B r a n d e n b u r g et ai. 

( 1 9 8 9 ) a n d B e l v e d e r e et al. ( 1 9 8 9 ) , w h o argue t h a t th i s impl i e s t h a t there cou ld 

b e large differences in t h e d y n a m o p a r a m e t e r s (per iod , ac t i v i ty leve l ) of o t h e r w i s e 

very s imi lar s tars . T h i s is i n d e e d o b s e r v e d in la te t y p e s tars . H o w e v e r , it is not 

c lear if t h e s e c o e x i s t i n g so lu t ions are all s tab le . T h i s p o i n t h a s b e e n i n v e s t i g a t e d 

b y J e n n i n g s a n d W e i s s ( 1 9 8 9 ) . 

B r a n d e n b u r g et ai. ( 1 9 8 9 ) a n a l y s e d a m e a n field α Ω d y n a m o in t h e c o n v e c t i o n 

z o n e , i n c o r p o r a t i n g o n l y α-effect q u e n c h i n g , α = α 0 c o s ö / { l + < B > 2 } . T h e y found 

per iod ic s ing le m o d e so lu t ions , b u t unl ike t h e earlier works of J e p p s ( 1 9 7 5 ) a n d 

Y o s h i m u r a ( 1 9 7 8 a ) w h i c h c o n t a i n m u c h t h e s a m e p h y s i c s , a n overal l a m p l i t u d e 

m o d u l a t i o n w a s o b s e r v e d in certa in narrow intervals of αο · T h e field s t ruc ture is 

t h e n large ly d ipo lar , b u t c h a n g e s i n t o a q u a d r u p o l e w h e n t h e a m p l i t u d e is m i n i m a l . 

B e l v e d e r e et al. ( 1 9 8 9 ) e x t e n d e d t h e work of W e i s s et ai. ( 1 9 8 4 ) a n d i n v e s t i g a t e d a 

m e a n field d y n a m o in w h i c h t h e o n l y nonl inear i ty is a se l fcons i s tent var iat ion in the 

m e a n flow o n t o p of a g i v e n differential ro ta t ion . T h e e q u a t i o n s are t r u n c a t e d in 

r, b u t full θ d e p e n d e n c e is re ta ined . T h e e n s u i n g g a i n in c o m p u t i n g t i m e e n a b l e d 

a s y s t e m a t i c i n v e s t i g a t i o n of t h e t rans i t ion b e t w e e n t h e var ious t y p e s of so lu t ion . 

For D/Dc £ 4 .3 there is a s ing ly per iod ic so lu t ion , for D/Dc ^ 4 .3 m u l t i p e r i o d i c 

s o l u t i o n s a p p e a r o n s tage , wh i l e for D/Dc ^> 8.5 t h e s o l u t i o n features 'relat ively 

l o n g p e r i o d s of s tas i s , in terrupted b y inter ludes of cycl ical b e h a v i o u r ' , see F ig . 3 . 

It is c lear t h a t nonl inear m e a n field theory is st i l l in a very early s t a g e of 

d e v e l o p m e n t . T h e var ious s tud ie s d o not ye t s h o w a clear p a t t e r n of c o m m o n a l i t y . 

It is n o t k n o w n w h i c h of t h e nonl inear i t i es are t h e m o r e i m p o r t a n t o n e s , a n d the 

s o l u t i o n s are very s ens i t i ve t o t h e funct iona l form of t h e non l inear c o u p l i n g a n d / o r 

t h e va lues of p a r a m e t e r s . T h e m a i n defect is tha t t h e nonl inear i t i e s are i n t r o d u c e d 

p h e n o m e n o l o g i c a l l y , s ince d y n a m i c a l l y cons i s t ent expres s ions for their d e p e n d e n c e 

o n < B > are n o t avai lable . Inves t iga t ions t o der ive t h e s e funct iona l forms from first 

pr inc ip les are presen t ly of t h e u t m o s t i m p o r t a n c e (cf. M a l k u s a n d P r o c t o r 1975; 

Moffatt 1978; Ze ldov ich et al. 1983) . T h e fo l lowing i l lus trates s o m e of t h e p r o b l e m s 

ly ing a h e a d . Al l a u t h o r s cons ider ing a se l fconsis tent m e a n flow v 0 wr i t e t h e m e a n 

Lorentz force as < / ; > = { ( V χ < B > ) χ <Β>} , · / 4 π , w h i l e ac tua l ly 

< / i > = < ( V χ Β ) χ B > , / 4 π = V,· ( 2 Γ 0 · - Τ^)/8π . (4 .1 ) 

H e n c e , < / ; > d e p e n d s o n a h igher average Tij = <B{Bj>. B o t h e x p r e s s i o n s co inc ide 

if t h e fluctuating ßeld Β ' = Β — < B > is smal l , b u t t h a t is n o t t h e case in t h e S u n . 

O n l y w h e n hurdles s u c h as t h e s e h a v e b e e n t a k e n , m a y w e b e g i n t o i n v e s t i g a t e in 

deta i l t h ç re la t ions b e t w e e n t r u n c a t e d m o d e e q u a t i o n s a n d t h e full non l inear part ia l 

differential e q u a t i o n s , as h a s b e e n d o n e for e x a m p l e b y M o o r e et al. ( 1 9 8 3 ) a n d 

K n o b l o c h et ai. ( 1 9 8 6 ) in their s t u d y of t w o - d i m e n s i o n a l t h e r m o s o l u t a l c o n v e c t i o n . 
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5. M o d e e x c i t a t i o n b y e x t e r n a l forc ing 

Externa l forcing c o m e s in t w o variet ies: t h r o u g h b o u n d a r y c o n d i t i o n s or fluctua-

t ions in t h e turbu len t c o n v e c t i o n . I shal l briefly d i s cuss t h e former a n d t h e n deal 

w i t h t h e s e c o n d top ic . It h a s l o n g b e e n s p e c u l a t e d t h a t t h e ra d i a t i v e core of t h e 

Sun m a y c o n t a i n a relic m a g n e t i c field. If s u c h a field e x i s t s , it i m p o s e s a b o u n d a r y 

cond i t i on Β = B c o r e at t h e b a s e of t h e c o n v e c t i o n zone . T h e field wi l l b e s m e a r e d 

out b y t h e t u r b u l e n t d y n a m o , b u t there wil l b e a ne t po lar i ty a n d i n t e n s i t y a s y m -

m e t r y in t h e ac t i v i ty cycle: a l t ernate h a l v e s of t h e full 2 2 yr cyc le h a v e different 

a m p l i t u d e s . S o n e t t ( 1 9 8 3 b ) a n a l y s e d t h e s u n s p o t record from th i s p o i n t of v i e w a n d 

found a ~ 4 % i n t e n s i t y a s y m m e t r y . If c a u s e d b y a fossi l d i p o l e field, i t s s t r e n g t h 

w a s e s t i m a t e d t o b e less t h a n 0.6 G. L e v y a n d B o y e r ( 1 9 8 2 ) a n d B o y e r a n d L e v y 

(1984 ) a n a l y s e d k i n e m a t i c m e a n field m o d e l s w i t h a d ipo lar or q u a d r u p o l a r field 

i m p o s e d at t h e b a s e of t h e c o n v e c t i o n zone . T h e d y n a m o reduces t h e ex terna l ly 

v i s ib le m a g n e t i c m o m e n t b y a b o u t a factor 3 . T h e y a l so c o n c l u d e d t h a t t h e po lo ida l 

c o m p o n e n t of t h e relic field can b e n o m o r e t h a n a few g a u s s . P u d o v k i n a n d B e n e v -

o lenska ( 1 9 8 5 ) a t t r i b u t e t h e occurrence of 'grand m i n i m a ' t o a periodic B c o r e at 

the b o t t o m of t h e c o n v e c t i o n zone (P = 180 yr ) . 

P i d d i n g t o n ( 1 9 7 1 , 1976) a n d Layzer et al. ( 1 9 7 9 ) h a v e s k e t c h e d osc i l la tor the -

ories for t h e solar cyc le . P i d d i n g t o n v i sual izes a 22 yr tors iona l osc i l la t ion of t h e 

ent ire core w i t h t h e po lo ida l c o m p o n e n t of t h e field a c t i n g as a spr ing , w h i l e Layzer 

et al. s u g g e s t t h a t t h e osc i l la t ion is res tr ic ted t o t h e t rans i t i on layer b e t w e e n core 

a n d c o n v e c t i o n zone . A 22 yr per iod requires fields of ~ 100 G. Unfor tunate ly , a n 

a c c e p t a b l e m o d e l h a s never b e e n p r e s e n t e d (for a de ta i l ed cr i t ique I refer t o C o w l i n g 

1 9 8 1 ) , a n d it c o u l d b e w o r t h w i l e t o try a n d see if th i s c a n b e d o n e . It is after all 

n o t e x c l u d e d t h a t t h e ent ire S u n performs a 22 yr osc i l la t ion of w h i c h t h e m a g n e t i c 

cyc le is o n l y o n e m a n i f e s t a t i o n ( G o u g h 1 9 8 8 b ) . T h e d y n a m o in t h e c o n v e c t i o n 

z o n e c o u l d t h e n b e locked in t o th i s osc i l la t ion (e.g. b y a b o u n d a r y c o n d i t i o n ) a n d 

p r o d u c e a s o m e w h a t no i sy surface effect w h i c h h a s t h e s a m e Q as t h e driver . 

5 .1 . STOCHASTIC EXCITATION 

E x t e r n a l forc ing b y fluctuations in t h e turbu lence h a s rece ived m i n i m a l a t t e n t i o n . 

Parker ( 1 9 6 9 ) a n d L e v y ( 1 9 7 2 ) sugges t tha t a sudden burst in t h e cyc lon ic convec -

t i o n c a u s e s a j u m p in a , a n d s h o w e d t h a t th i s m a y i n d u c e a reversal of t h e ( m e a n ) 

g e o m a g n e t i c field. T h i s e x p l a n a t i o n is e s sent ia l ly ad hoc, a n d t h e c o n v e n t i o n a l w i s -

d o m of t o d a y is t h a t s u c h t h i n g s as reversals in a 2 d y n a m o s a n d aper iod i c i ty in α Ω 

d y n a m o s are c a u s e d b y nonl inear i t ies . However , e v e n in l inear t h e o r y t h e per iods 

of ad jacent cyc les of a n α Ω d y n a m o m u s t differ, as t h e rea l i sa t ion of t h e t u r b u l e n c e 

is different. It s h o u l d b e poss ib le t o formulate l inear m e a n field t h e o r y in t h e s a m e 

w a y as a scalar diffusion process , w i t h a c o n t i n u o u s loss of m e m o r y . 

T h i s p r o b l e m h a s b e e n taken u p b y H o y n g ( 1 9 8 7 a , b ) . T o b e ab le t o e v a l u a t e 

t h e effect of t h e fluctuations h i d d e n in F in eq. (2 .1 ) h e in terprè tes < · > as a n 

e n s e m b l e average . In t h a t case F = 0, s ince d%, V , e t c . , c o m m u t e exactly w i t h 

< · > . t T h e e n s e m b l e average is bes t u n d e r s t o o d l iterally, as a n average over m a n y 

https://doi.org/10.1017/S007418090004434X Published online by Cambridge University Press

https://doi.org/10.1017/S007418090004434X


370 

c o p y s y s t e m s , e.g. <q>rt = l i m j v { ^ t . </j(r ,£)}/ iV, w h e r e q is a n arbi trary phys ica l 

quant i ty , cf. K r a u s e ( 1 9 7 6 ) . F l u c t u a t i o n s n o w c a u s e phase mixing: Β evo lves 

i n d e p e n d e n t l y in e a c h s y s t e m a n d , in t h e case of t h e S u n , t h e ' copy s u n s ' will 

d i s t r i b u t e t h e m s e l v e s e v e n l y over t h e m a g n e t i c cyc le (after s o m e t i m e ) , w h e n c e 

< B > —» 0. H o y n g conc ludes tha t (1 ) o n l y a d a m p e d s o l u t i o n of ( 2 . 1 ) is phys i ca l ly 

m e a n i n g f u l , a n d (2 ) t h e e n s e m b l e average < B > h a s n o re la t ion w i t h observab le 

fields; in part icu lar , it is n o t equal t o t h e large-scale field. A c c e p t i n g a d a m p e d 

s o l u t i o n for < B > impl i e s decreas ing D so t h a t D < Dc. T h e f reedo m in β is u s e d 

t o r e m o v e t h e l inear ins tab i l i ty of < B B > (Parker 1979 , §17 .6 ) , see F i g . 1. T h e 

d a m p i n g t i m e of m o d e b n is in terpreted as a m e a s u r e of i t s p h a s e s tabi l i ty . For 

t h e d i p o l e m o d e of a s i m p l e a 2 d y n a m o w i t h c o n s t a n t α a n d β th i s t i m e is on ly 

~ 0 .15 i î 2 / / ? , less t h a n t h e t imesca l e for turbu len t diffusion t h r o u g h t h e sphere! It 

is a r g u e d t h a t t h e d ipo le c o m p o n e n t of Β m u s t rap id ly w a n d e r over t h e sphere , 

con trary t o t h e trad i t iona l v i ew w h i c h s u g g e s t s t h a t th i s a 2 d y n a m o p o s s e s s e s a 

c o n s t a n t field ( K r a u s e a n d Rädler 1980 , Ch . 14) . 

S ince < B > is n o longer ind ica t ive for t h e field Β of t h e d y n a m o , H o y n g (1988) 

p r o p o s e s t o e x p a n d Β in t e r m s of t h e e igenfunct ions b n : 

Β = Σ„ b „ ( r ) . (5 .1 ) 

T h e coeff icients cn(t) d e t e r m i n e t h e e v o l u t i o n of large sca le fields ( s m a l l n) as wel l 

as s m a l l sca le fields ( n large) . For an α Ω d y n a m o like t h e S u n , e a c h cn(i) t u r n s out 

t o b e a quas i -per iod ic r a n d o m func t ion w h o s e m e a n p e r i o d a n d c o h e r e n c e t i m e are 

r o u g h l y g i v e n b y t h e e igenva lue λ η of b „ . T h e p o w e r s p e c t r u m of cn(i) is: 

'·<»> ~ τ < ^ > [ + r â r ^ l < 5 ' 2 ) 

w i t h 

ω'η ~ ωη = I m λ η ; δη ~ - R e λ η . 

H e n c e , all e i g e n m o d e s turn o u t t o b e exc i t ed , w i t h a finite f requency s tab i l i ty 

Qn = ωη/Δω'η ~ ω η / £ η , cf. s ec t ion 2 a n d F ig . 4 . T h e frequencies ω'η are shi f ted 

f rom the ir u n p e r t u r b e d p o s i t i o n ωη b e c a u s e t h e m o d e s are dr iven . A t present o n l y 

a n e s t i m a t e of t h e frequency s tab i l i ty of t h e 22 yr cyc le is avai lable , Q ~ 1 ( H o y n g 

1 9 8 7 b ) , w h i c h is so smal l tha t there w o u l d b e hard ly a per iod ic cyc le left. 

T h e t h e o r y is current ly b e i n g appl ied t o t h e solar d y n a m o a n d it s e e m s t o o early 

t o j u d g e i t s m e r i t s before tha t h a s b e e n done . A sal ient feature is t h e p o t e n t i a l l y 

v e r y dras t i c inf luence of t h e fluctuations. If th i s turns o u t t o b e t rue t h e n o n e m a y 

h a v e t o look for non l inear effects (ye t t o b e i n c l u d e d ) as a stabilising factor , t h e 

reverse of the ir t rad i t iona l role. A n o t h e r feature is t h a t t h e e igen func t ions b n h a v e 

los t the ir p r e t e n s i o n of represent ing t h e d y n a m o field; t h e y are jus t a (very h a n d y ) 

f Th i s is also t r u e if < · > is a longi tudinal average (Braginski i 1965a,b) . I conjec ture t h a t 
in th i s case t h e neglect of f luctuat ions a p p e a r s in t h e same way as it does for ensemble 
averages : a nonzero and finite < B > implies < B B > —• oo (Hoyng 1987b) . 
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FIG. 4. Left: a marginal ly s tab le l inear αΩ d y n a m o has D = Dc a n d possesses one 
frequency a n d Q = oo. Middle : according t o t h e l inear s tochas t ic t heo ry D<DC a n d all 
e igenmodes are exci ted , each wi th a finite Q; t h e frequencies ω'η a re sh i f ted from the i r 
u n p e r t u r b e d posi t ions ωη. R ight : inclusion of nonl inear effects fur ther changes t h e line 
shapes a n d pos i t ions , and very low frequencies may also a p p e a r . 

set of b a s i s func t ions . It r e m a i n s neces sary t o ident i fy e n s e m b l e averages s u c h as 

< c n ( t ) > , < | c n ( t ) | 2 > , w i t h t i m e averages c „ ( t ) , | c „ ( t ) | 2 , b u t s ince o n l y scalars are 

i n v o l v e d d e p e n d i n g o n t i m e , th i s is far less controvers ia l t h a n for B . 

6. D i s c u s s i o n 

In F i g . 4 , I h a v e s u m m a r i z e d m y v i e w o n t h e e v o l u t i o n of m e a n field d y n a m o 

theory . In t h e ear ly d a y s , t h e n o t i o n of marg ina l s tab i l i ty (D = Dc) w a s impl i c i t l y 

a c c e p t e d , for lack of be t t er . N e x t c a m e nonl inear d y n a m o s o p e r a t i n g at D > Dc. 

T h e s e fea ture in pr inc ip le m a n y nonl inear ly in terac t ing m a g n e t i c a n d fluid m o d e s . 

It h a s b e e n s p e c u l a t e d t h a t their large-scale d y n a m i c s c a n b e d e s c r i b e d a d e q u a t e l y 

w i t h v e r y few m o d e s o n l y a n d under t h o s e c i r c u m s t a n c e s a l o w d i m e n s i o n a l s t r a n g e 

a t t r a c t o r m i g h t e m e r g e . B u t if a n d w h e n th i s occurs is u n k n o w n , a l so f rom t h e p o i n t 

of v i e w of observa t ions . Theoret ica l ly , t h e m a i n o b s t a c l e is t h e lack of self cons i s t en t 

non l inear i t i e s . I h a v e p o i n t e d o u t an add i t iona l p r o b l e m , t h a t < B B > d iverges d u e 

t o t h e neg lec t of f luc tuat ions . In t h e s t o c h a s t i c e x c i t a t i o n p ic ture t h e d y n a m o w o u l d 

o p e r a t e subcr i t i ca l ly (D < Z? c ) , a n d < B B > n o longer d iverges . M a n y m o d e s are 

e x c i t e d a n d their e v o l u t i o n is coup led . T h e d i m e n s i o n of t h e re levant part of p h a s e 

s p a c e ( a n d of at tract ors) is very h igh . T h e s i t u a t i o n is a n a l o g o u s t o t h e c lass ical 

( l inear) t h e o r y of B r o w n i a n m o t i o n , a n d t h e theory m a y i n d e e d b e regarded as a 

l inear t h e o r y for t h e r a n d o m walk of an a d v e c t e d vec tor field. Of course , th i s i d e a 

m u s t st i l l b e t e s t e d in real d y n a m o m o d e l s . A l s o non l inear effects r e m a i n t o b e 

i n c l u d e d , a n d here w e face aga in t h e p r o b l e m of se l fcons is tency . 

In m o m e n t s of c o m p l a c e n c y o n e m i g h t b e inc l ined t o th ink t h a t d y n a m o t h e o r y 

h a s c o m e a l o n g w a y s ince t h e i d e a of a h y d r o m a g n e t i c d y n a m o first arose (Lar-

m o r 1 9 1 9 ) a n d t h e p ioneer ing contr ibut ions of C o w l i n g ( 1 9 3 4 ) , Parker ( 1 9 5 5 ) a n d 

S t e e n b e c k , K r a u s e a n d Rädler ( R o b e r t s a n d S t ix 1971) . B u t in fact I don ' t th ink 

it h a s . I be l i eve w e sti l l h a v e a m u c h longer w a y t o g o . 
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