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Abstract. In this paper we make precise the relationship between local or pointwise
dimension and the dimension structure of Borel probability measures on metric
spaces. Sufficient conditions for exact-dimensionality of the stationary ergodic
distributions associated with a dynamical system are obtained. A counterexample
is provided to show that ergodicity alone is not sufficient to guarantee exact-
dimensionality even in the case of continuous maps or flows.

1. Introduction and statement of results

1.1. Introduction

In the study of chaos and dynamical systems there has been much interest in
measure-dependent definitions of dimension. Of particular interest is the notion of
local or pointwise dimension

a(x)=lim log w(B(x, £))/log ¢
e»0"

where u is an invariant occupation measure over the attractor and B(x, ¢) is the
closed ball of radius £ centred at x. The question of existence of the pointwise limit
and its possible relationships with other dimensions and quantities associated with
dynamical systems (such as information dimension and Lyapunov exponents) have
been discussed extensively in the literature. Young (1982) has shown that if the
pointwise limit exists and is u-a.s. equal to some constant « then a is in fact the
information dimension of the attractor. (Here information dimension is taken to
mean the infimum of the Hausdorff dimensions of all supporting sets for n.) Various
authors assume or conjecture the existence of a constant pointwise limit in the
systems under study (see, for example, Farmer et al., 1983 and Guckenheimer, 1984).
Young (1982) has shown that in the case of C? diffeomorphisms of surfaces a
constant pointwise limit does in fact exist and is related by formula to the Lyapunov
exponents of the map.

In this paper we first construct a general framework describing the relationship
between measures on metric spaces, Hausdorff dimension, and pointwise or local
dimension. This framework is an extension to general metric spaces of results
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obtained by Cutler (1986) and Cutler and Dawson (1988) for measures on finite-
dimensional Euclidean space. The key point here is that the pointwise or local
dimension map completely describes the distribution of u-mass with respect to
Hausdorff dimension. These results are then used to examine the relationship
between ergodicity and exact-dimensionality of measures. (A measure u will be
said to be exact-dimensional if its local dimension map is u-a.s. constant.) Eckmann
and Ruelle (1985) in their excellent review article on ergodic theory and chaos
incorrectly suggest that ergodicity plus u-a.s. existence of the pointwise limit is
sufficient to ensure that u is exact-dimensional. We provide a counterexample to
this (in §4) but establish sufficient conditions for ergodicity to imply exact-
dimensionality. These conditions are met by any ergodic differentiable dynamical
system.

1.2. Statement of main results

Let u be a probability measure on the Borel sets of a metric space X. Then there
exists an associated distribution £ on the extended real line [0, c0] which describes
the manner in which u-mass is distributed with respect to Hausdorff dimension.
(If i consists of a unit mass at the value a then u has no mass on sets of dimension
less than « but can be supported on some set of dimension a.) Furthermore if x € X
is selected randomly according to u then the nonnegative extended real-valued
function defined on X by

a(x)=liminflog u(B(x, £))/log ¢ (1.2.1)
e->0"

has distribution 4 on [0, c0]. (From this point on we refer to @ as defined in (1.2.1)
as the local dimension map of p. It is easy to see that & is a measurable function
since {x|u(B(x, £))=c} is a closed subset of X for each c.) Thus fi consists of a
unit mass at « if and only if & = a u-as.

If u is stationary and ergodic with respect to a mapping T:X~ X then u will be
exact-dimensional provided T satisfies a certain weak local Lipschitz condition at
p-almost all x. This condition is stronger than continuity (but weaker than differentia-
bility in spaces where such a notion is possible). An analogous result holds for
continuous-time dynamical systems. Moreover, if a continuous-time system arises
as the family of solutions to a differential equation dx/dt = f(x) then the condition
for exact-dimensionality is met whenever f(x) satisfies the standard conditions
required for existence and uniqueness of solutions.

2. Dimension distributions and the local dimension map
In Cutler (1986) the notion of the dimension distribution g associated with a measure
p on N-dimensional Euclidean space was introduced. Here we extend this idea,
with the necessary minor modifications, to general metric spaces.

Let X be a metric space with metric d. If EcX, 0= a <00, and 8 >0, then the
a, 8-outer Hausdorff measure of E is defined by

H3(E)= Eigngsi El a(s)®, (2.1
d(S;)=6

where d(S) =sup {d(x, y) | x, y € S} is the diameter of S and the infimum in (2.1) is
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taken over all countable coverings {S;}; of E by subsets of X satisfying d(S;)=<é
for all i. (Such a covering is called a 8-covering of E.) If no 8-covering of E exists
(which may occur in a nonseparable space) then H3(E) = co.

The Hausdorff a-outer measure of E is then defined to be

H*(E)= lim H3(E). (2.2)

For fixed E, H*(E) is a decreasing function of « and corresponding to each set E
there exists a unique point a,, 0= a,=< 0, such that

ap=sup {0=a <o|H*(E) =00} =inf {0=< a <oo| H*(E)=0}. (2.3)

a, is called the Hausdorff dimension of E and denoted dim (E). A detailed discussion
of Hausdorff measures and dimension can be found in Rogers (1970).
By the Borel sets of X we will mean the o-field generated by the open sets of X.

THEOREM 2.1. Let i1 be a probability measure defined on the Borel sets of X. Then
there exists a unique probability distribution (i on the Borel sets of the extended real
line [0, ] such that 4([0, a])=sup {u(E)|E =X, E Borel, dim (E) = a} for each
O0=a=o0. Thus i([0, a) is the proportion of mass of u concentrated on sets of
dimension not exceeding a. We call i the dimension distribution of u.

Proof. The construction of u follows the procedure in § 2 of Cutler (1986) (see
pp. 1460-1462). The only change is that we must allow for the possibility & ({c0})>0
in metric spaces of infinite Hausdorff dimension. O

In Cutler and Dawson (1989) it was shown that when X =R" the local dimension
map & as defined in (1.2.1) satisfies

dim (D,)=a where D,={x|a(x)=a} and 2.4)
w(D)=4([0,a]) foreach0=a=co. (2.5)

As a consequence of (2.4) and (2.5) we conclude u(D,) = £([0, a]) and hence a&(x)
has distribution 4 when x has distribution . However the proofs of (2.4) and (2.5)
provided for the Euclidean case do not extend to more general metric spaces. The
key to the more general situation is provided by a Vitali covering theorem for
Hausdorff measures. If E = X, a Vitali covering of E will be a collection ¥ of closed
subsets of X such that for each xe E and each £ > 0 there exists Ve ¥ with xe V
and 0<d(V)<e.

THEOREM 2.2, (Vitali Covering Theorem): Let E <X and suppose V' is a Vitali
covering of E. Then there exists a finite or countable disjoint collection {V;); of members
of V" which, for given a > 0, satisfies either

(i) Xid(V)*=c or

(ii) H* (E\L'J V,-) =0.

Proof. The proof is that of Theorem 1.10(a) of Falconer (1985). Note that Falconer
states the result for R™ and under a measurability restriction on E but the proof
does not require any further conditions than those we have stated here. O
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LEMMA 2.1. Let u be a probability measure on the Borel sets of X. Then (2.4) holds.
That is, dim (D,) < a for each 0=< a < 00,

Proof. The case a = is immediate. Suppose 0= a <00 and let B > a be arbitrary
and finite. For each x< D, and each positive integer n there exists a family 3, ,
of closed balls centred at x or arbitrarily small diameter (and maximum diameter
not exceeding 1/n) such that log u(B(x, €))/loge=<p for each B(x, ¢)e B,,.
(This gives u(B(x, €)) = &® =272d(B(x, £))* since d(B(x, £)) =2¢.) The collection
Ve=U,. p, Bx.n is then a Vitali covering of D, and by Theorem 2.2 there exists a
disjoint sequence {V,;}; from ¥, such that either: (i) ¥,d(V,;)?=0 or
(ii) H?(D,\U; V,.;) =0. But since the V,,’s are disjoint and satisfy d(V,,)’ =<
2°u(V,.;) (by construction of ¥,) and u is a probability measure, we obtain

Td(V,)f=2°F u(V,;) =2 <.

Hence (ii) must hold. Now setting V={")_ , V,.; we obtain

A G A CAEO R

by the countable subadditivity of H?. Writing D, = (D, \ V)u (D, n V) we conclude
H®(D,)= H?(D, ~ V). But foreach n {V,} is a 1/ n-covering of D, n V satisfying
¥,d(V,;)? =2” and hence H?(D, n V)=2f <. Thus dim (D,) < B. As B > a was
aribtrary we get dim (D, ) < « as claimed. O

To show that (2.5) holds we will need the following:

LeEmMMA 2.2. Let u be a probability measure on the Borel sets of X. Let 0= a <.
Suppose E = D* where D¥ ={x|a(x)=a}. If u(E)>0 then dim (E)=a.

Proof. The case a =0 is immediate so suppose a >0 and let 0 < 8 < a be arbitrary.
Then for each xe€ E there exists £(x)>0 such that 0<e=<e(x) implies
log w(B(x,€))/loge=p. Hence we can write E=J,_, E, where E,=
{x€ E|e(x)=1/n}. Noting that E, < E,, the assumption u(E)>0 then implies
there exists 8 >0 such that u(E,)> 6 for all sufficiently large n. Now fix n large
and let {S;}, be any 1/ n-covering of E. (If no such covering exists then dim (E) =00
and the theorem is trivially true.) If S;~ E, # ¢ choose x; € S;~ E,, and define the
closed ball B; = B(x;, d(S;)). Note that S; < B; and hence the collection of balls { B;}
must cover E,.. Now since x; € E, and d(S;)<1/n we obtain log u(B;) =< B8 log d(S;)
and therefore u(B;)= d(S;)". This gives the chain of inequalities

0<0<pu(E)=Tu(B)=Ld(S5)'= % d(S)",

which shows that Hf,,(E)> 6. Thus H?(E)> 6 and so dim (E)=a. O

Remark. A proof of Lemma 2.2 in the case X =R" has been given by Young (1982).
Related problems have also been studied by Billingsley (1960, 1961).

THEOREM 2.3. Let . be a probability measure on the Borel sets of X. Then both (2.4)
and (2.5) hold and hence the local dimension map &(x) defined in (1.2.1) has
distribution (i when x has distribution .
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Proof. From Lemma 2.1 we know (2.4) holds. To show (2.5) holds, let E be any
Borel set of X satisfying dim (E) < a. As 4 ([0, a]) is the supremum of the x-measures
of such sets E, (2.5) will be proved if we show u(E)=< u(D,). If @ =00 then D, =X
so there is nothing to prove in this case. Therefore we assume 0= a <co. Now we
can write E=(E n D,)uU(E\D,) and for each 8 > a we have (E\ D)< Dj}. Since
dim(E\Dg)=dim (E)<a <p it follows from Lemma 2.2 that u(E\Dg)=0. But
(E\Dg)1(E\D,) as Bl a and hence we must also have u(E\D,)=0. Thus u(E) =
p(En D,)=<u(D,) as required. 0

3. Sufficient conditions for exact-dimensionality in the ergodic case

The following lemma expresses the notion of continuity in a way which will allow
for easy comparison with the sufficient conditions of Theorems 3.1 and 3.2. As
before X is a metric space with metric d.

LEMMA 3.1. A function T:X - X is continuous at a point x if and only if there exists
R(e)=0 such that eR(£)]0 as )0 and d(T(x), T(y))< R(d(x,y)) d(x,y) forall y
in some neighbourhood of x.

Proof. Clearly the stated conditions imply continuity at x. To show the converse, if
T is continuous at x set

R(e)=(1/¢)sup {d(T(x), T(y))|yeX, d(x, y)<e}. O
We now consider the case of a discrete dynamical system.

THEOREM 3.1. Let the probability measure p be stationary and ergodic with respect to
a measurable mapping T :X > X. Suppose T satisfies the following condition:

(3.1) There exists R(x, €)= 0 such that, for u-almost all x,
(a) d(T(x), T(y))=R(x,d(x,y)) d(x,y) for all y in some neighbourhood of x,
(b) €eR(x, e)l0 as €l0, and
(¢) lim,., log eR(x, e)/loge=1.

Then p is exact-dimensional,

Proof. First note that, in view of Lemma 3.1, condition (3.1) is stronger than u-a.s.
continuity of T. Also note that without loss of generality we can assume R(x, €) is
uniformly bounded below by some constant y>0 (otherwise let Ii(x, £)=
max (v, R(x, €)) and note that (3.1.(a), (b), (c)) continue to hold with ﬁ(x, g) in
place of R(x, £)). This shows that (3.1.(c)) is simply a bound on the allowable rate
of increase of R(x, ¢) as & shrinks. In particular, (3.1) is weaker than requiring T
to be locally Lipschitz. (We say T is locally Lipschitz at x if there exists a finite
constant R(x) such that d(T(x), T(y))= R(x) d(x, y) for all y in some neighbour-
hood of x.) If X is a normed linear space and T is differentiable at x it is well
known that T is also locally Lipschitz at x.

To prove the theorem we will show that condition (3.1) implies that & is an
invariant function. If E < X then let I(E, y) denote the indicator function of E.
From ergodicity we can write, for u-almost all y:

w(B(x &) =lim =T I(B(x,e), T*() (32)
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and
W(B(T(x), ) = lim — 'S I(B(T(3), 8), T0)) (33)

Let A denote the subset of X for which (3.1.(a), (b), (¢)) hold. (By assumption,
w(A)=1.) Then for x € A we see that if T*(y) e B(x, ¢) then

d(T(x), T*"'(y)) = R(x, d(x, T*(y))) d(x, T*(y)) < eR(x, ¢).
Thus T*(y) € B(x, €) implies T**'(y) e B(T(x), eR(x, £)). In view of this and (3.2)

and (3.3) with 8 = ¢R(x, ), we conclude u(B(T(x), eR(x, €))) = u(B(x, £)). Con-
sequently for xe A we have

&(T(x))= limgpflog u(B(T(x), e))/log €
= limégflog n(B(T(x), eR(x, €)))/log eR(x, &)
=<lim (i){lflog p(B(x, €))/log eR(x, €)
= li:r-l)g{xf(log w(B(x, &))/log £)(log €/log eR(x, £))
= (li?l(i)pflog w(B(x, €))/log )( lir(l)1+ log £/log eR(x, €))

= a@(x).

Thus we have established
&(T(x))=a(x) u-as. (3.4)

Now since u is stationary with respect to T the distribution of &~ T is the
same as that of @ when initial conditions are selected according to u. This plus
the pointwise inequality (3.4) forces &> T=¢& u-a.s. Thus & is invariant, and
ergodicity now implies the existence of a constant a (possibly @ =) such that
a(x)=a p-as. O
The case of a continuous dynamical system is similar. We will need to modify
condition (3.1) slightly.
LEMMA 3.2. Let {T'}, t=0, be a semigroup of measurable mappings T':X > X with
stationary distribution p. If the semigroup satisfies

(3.2) There exists >0 and R'(x, €)=0 for each 0=t <8 such that, for u-almost
all x,
(a) d(T'(x), T'(y))=R'(x,d(x,y)) d(x, y) for all y in some neighbourhood of x,
(b) €R'(x, £){0 as |0, and
(¢) lim,_o. log eR'(x, e)/loge=1
then in fact for each t =0 there exists R'(x, €) such that (a), (b), and (c) of (3.2) hold.

Proof. We first show that if 0=< s, u < & then there exists R*"*(x, ¢) satisfying (3.2.(a),
(b), (¢)) for u-almost all x. Define R***(x, £) by

R"**(x,e)=R"(T*(x), eR*(x, £))R*(x, €).
Letting A ={x|R*(x, €) and R“(T*(x), ¢) satisfy (3.2.(a), (b), (c))} then stationarity
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and assumption (3.2) applied at the time points u and s imply #(A)=1. Now if
x € A then for all y in a sufficiently small neighbourhood of x we obtain

d(Tu+S(x)’ Tu+s(y)) = d( T"(T"(X)), Tu( TS()’)))

=R*(T*(x), d(T*(x), T*(y))) d(T*(x), T*(y))
using (3.2.(a))

=R"(T*(x), R*(x,d(x, y)) d(x, y))R*(x, d(x, y)) d(x, y)
using (3.2.(a) and (b))
=R""*(x,d(x, y)) d(x,y) by definition of R***.

Thus (3.2(a)) holds for R** It is straightforward to verify that (3.2.(b) and (¢))
also hold. To complete the proof of the lemma we note that if 1 = 8 then there exists
0<s<48 and a positive integer k such that ¢t=ks and so the result follows by
induction on k. O

THEOREM 3.2. Let {T'}, t =0, be a semigroup of measurable mappings T' : X > X with
stationary, ergodic distribution u. If the semi-group satisfies condition (3.2) then p is
exact-dimensional.

Proof. The proof is similar to that of discrete case with sums replaced by integrals.
Let =0 be arbitrary. Then for u-almost all x and all s=0, T'"°(y)e
B(T'(x), eR'(x, £)) whenever T*°(y) € B(x, €). From this and ergodicity we obtain,
for pu-almost alt y,

Cu

R(B(T'(x), eR'(x, ) =lim - | I(B(T'(x), eR'(x,€)), T*(2)) ds

[

= lim 1" I(B(T'(x), eR'(x, €)), T""*(y)) ds

u=>© U Jjo

" u

=tim~ | I(B(x,e), T'(y)) ds

u->o Y J

= u(B(x, €)).
Now as in the proof of Theorem 3.1 it follows that & > 7' =& u-a.s. Thus & is an
invariant function and u is exact-dimensional. O

Remark. Suppose that dx/dt = f(x) is a differential equation such that for each x,
there exists a ball B(x,) and a constant K{x,) such that

If(x) =f)ll = K(xo)lx -yl forallx, y e B(x).

Then it is well known that for each x there exists a unique maximal solution
u, (1) =T'(x) (with u,(0) = x) and that the solution curves depend continuously on
the initial conditions to the extent that

1T (x) - T' ()| < exp (K(x))]|x =]

for all y sufficiently near x. Thus the generated dynamical system satisfies condition
(3.2).
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4. A counterexample

We construct a continuous function T:[0, 1]- [0, 1] and stationary, ergodic distribu-
tion u such that u has positive mass on two sets of different dimensions and the
pointwise limit

lim log u(B(x, £))/log ¢ exists u-a.s.
e»0"

The function T can be regarded as a special example of a shift map with respect
to some generalized expansion of points in [0,1]. Let r=2 be a fixed integer,
§=1{0,1,...,r—1}, and, for each positive integer n, let {a,;}, i=0,1,...,r, be a
partition of [0,1] i.e. 0=a,o<a,,<‘‘-<da,,-,<a,,=1. This splits {0, 1] into r
intervals of length d,,; = a,,;+1— a,;, i=0, 1, ..., r—1. Each point x €[0, 1] then has
an associated generalized expansion of digits from S with respect to these partitions.
We set the first digit I,(x) =i, if a,;, =x <a,, .. At the next stage each of the
preceding r intervals is split into r segments according to the second-stage partition
{a,.:}; to determine the second digit I,(x). We obtain the left-closed interval

{xlll(x) =iy, L(x)=i}= {xlal,i|+a2,iz di=x<ay,+a;.d;}

This procedure is repeated for each n to produce the expansion x =0 . i, iy -« - i,
(The usual r-adic expansion of numbers in {0, 1] is a special case of this with
a,; = i/ rforeach n and i.) Cutler (1988) has discussed a broader class of generalized
expansions where additionally the number of splits at the nth stage may vary with n.
We will let ¢,(x) ={y|L,(y) = I,(x), ..., I,(y) = I,(x)}. We also make the follow-
ing restriction:
inf infd,;=d>0. (4.1)

O0=i=r-1 n

Note that as a consequence of (4.1) each sequence of digits from S defines a unique
x €[0, 1]. (Equivalently, for each x, the diameter

d(c,(x))=d\ 1,0 Doty " " d. ;0 asn->00.)

The corresponding shift T:[0,1]->[0, 1] is the function mapping 0., i, i3 to
0.iyiyiy- . If the splits a,; do not depend on n it is possible to obtain a closed
form expression for T as a piecewise linear map. In the general case of n-dependent
partitions this is not possible but we still obtain the following continuity result.

THEOREM 4.1. The shift T is continuous at all points of [0, 1] except the initial interval
endpoints a, ,,...,a,,_,, 1.

Proof. Suppose first that x belongs to the interior of ¢,(x) for each n. Then, given
n, there exists £ >0 such that the interval B(x, ) < ¢,(x). Thus |y — x| < ¢ implies
L(y)=I(x) for j=1,...,n It follows then that L(T(y))=I(T(x)) for j=
1,...,n—1, and hence, from (4.1), | T(y) - T(x)|=<(1—d)""". Thus T is continuous
at x. If x is the lefthand endpoint of ¢,(x) for some n =2 (and for no smaller value
of n) we can write x=0.1i, - - - i, 00 where i, #0. Then T(x)=0.i,---i,00 and
it is clear that points immediately to the right of x map near T(x). Points immediately
to the left of x also map near T(x) due to the identity 0. ---i,—1r—1r—1=
0.---i,00 which follows from (4.1). Thus T is continuous at x. Continuity fails
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at the first-stage endpoints a, ; because T(a, ;) =0 while points to the left of a, ;
map near 1. O

The following theorem shows that local dimension can be calculated by taking limits
over the intervals c,(x).

THEOREM 4.2. Let u be any probability measure on the Borel sets of [0,1]
and suppose a family {a,;}.; of partitions satisfies (4.1). Define ay(x)=
liminf, . log p(c,(x))/log d(c,(x)). Then &,= & u-a.s. (In fact (2.4) and (2.5) hold
with &, in place of &.)
Proof. Note that for each x we have ¢,(x) < B(x, d(c,(x))) and so

&o(x) =lim inf log u(B(x, d(c,(x))))/log d(c,(x))

= a(x). (4.2)
(Consequently &, must satisfy (2.4).) We need only check that &, also satisfies (2.5)
to conclude &, = & u-a.s. To show (2.5) holds we need the analogue of Lemma 2.2
for &,. The proof of Lemma 2.2 with &, in place of & begins as the proof for &.
We have E < {x|do(x)=a}, u(E)>0, and 0<pB <a. Let £,(x)=d(c,(x)). Then
for each x € E there exists £(x) > 0 such that ¢,(x) < £(x) implies w(c,(x)) < £,(x)*.
Thus we have E =Uf=l E, where E,={xe E|e(x)=1/n} and 6>0 such that
u(E,)> 0 for all sufficiently large n. At this point we note that the collection of

intervals
€={c,(x)|xe[0,1],n=1,2,...}

is a complete bounded Vitali covering of [0, 1] (see Cutler (1988) for the definition
and discussion of a complete bounded Vitali covering). Thus from Theorem 2.2 of
Cutler (1988) it follows that the correct Hausdorff dimension is still obtained for
sets when the members of coverings are restricted to being members of 4. So let
{c;}; be any 1/ n-covering of E by members of 4. We then have the inequalities

0<u(E)= Y \ plc)=Y d(c)?

cnE,#

and hence we conclude dim (E)= g8 and therefore dim (E)= a as required. The
proof of (2.5) for &, then follows as in Theorem 2.3. O

Remark. By (4.1) and the argument used in (4.2) we can write

lim sup log p(c,(x))/log d(c,(x))

n-—»o0

=lim sup log u(B(x, d(c,(x))))/log d(c.(x))

=lim sup log u(B(x, £))/log ¢. 4.3)
e=0"

This plus Theorem 4.2 shows that if the pointwise limit
lim log u(c,(x))/log d(c,(x)) exists u-a.s.

then so does the pointwise limit lim, .o+ log u(B(x, €))/log .
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To construct distributions u which are stationary and ergodic with respect to the
shift T, let P be any probability measure on the space of one-sided sequences
Q= Hfil S with usual o-algebra ¥ generated by the cylinder sets. Then there is a
corresponding induced measure u = Py ' on the Borel sets of [0, 1]. If P is stationary
and ergodic with respect to the usual shift on the sequence space 2 then u will be
stationary and ergodic with respect to the shift T on [0,1] (¢(i, iz - )=
0.0, iris-- ).

To obtain a choice of u which is not exact-dimensional, set §=1{0, 1,2} and let
P be the distribution of a periodic Markov chain with state space S, transition matrix

010
P={4 0 3,
010

and time-0 distribution given by the unique steady state 7= (533). It follows that

P is stationary and ergodic with respect to the usual shift on (). Noting that P has
period 2 we choose an n-dependent family of partitions {a,;},; on [0, 1] which
takes advantage of this fact by possessing distinct behaviours for odd and even
values of n. Let 0< 8 < a <2 and set

a,, = a, a,,=1-a foroddn

a,,=p, a,,=1-p forevenn.
Clearly this partition satisfies (4.1) and thus Theorems 4.2 and 4.3 hold for the
corresponding shift T and measure u = Py "', Note that

if [[(x)=0o0r2, then d(c;,(x))=a"(1-28)" pu-as.

and d(c,_i(x))=a"(1-28)"" p-as. (4.9)
if I(x)=1, then d(c;,(x))=(1-2a)"B" pu-as.
and d(c,-(x))=(1-2a)"8""" pu-as. (4.5)

Now from the Shannon-McMillan-Breiman Theorem and the known entropy for
Markov shifts (see Billingsley, 1978) we obtain

},L’E‘c_l(’g plc(x))/n=(og2)/2 pu-as. (4.6)

In fact (4.6) is not difficult to compute directly without resorting to entropy since
explicit expressions along the lines of (4.4) and (4.5) can be obtained for p(c,(x)).
Consequently from (4.4), (4.5), and (4.6) we obtain

Qo(x) = lim log u(c,(x))/log d(c,(x))

_flog2/2loga™'(1-2B)"" u-a.s.when I,(x)=0o0r2
- {]og 2/21og (1-2a)”'B8™" u-as.when I,(x)=1.
This shows that the dimension distribution g =(1/2)8,, +(1/2)8,, where a,=
log2/2log a™'(1-28)"", a;=log2/2log(1-2a)~'B"", and §,,, 8., denote unit
masses at a, and «, respectively. Furthermore, appealing to the Remark following
Theorem 4.2, we see that the pointwise limit

(4.7)

ad(x)= lim+ log u(B(x, £))/log e exists u-a.s.

£-0
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Note. The map T discussed above has two points of discontinuity. This can be
modified to a completely continuous map T in the following manner: Let x =
0.i,iyiy+ -+ be a point in [0,1]. If i;=0 or 2 then define T(x)=T(x). If i,=1,
then T(x) is defined by a two-step procedure: first exchange all 0’s and 2’s in the
expansion of x (a mapping x- X) then apply T to the resulting point X, i.e.
f"(x) = T(X). It is not difficult to see that in sequence space this procedure also
defines a Markov chain with the same transition matrix P as the first procedure (so
the measure x on [0, 1] remains unchanged). It is also straightforward to verify
that the map T is continuous at all points of [0, 1].

Concluding remarks

(1) This example shows that the dimensional behaviour of a measure x depends
not only on ergodicity but on the degree to which the associated mapping T
separates nearby points in a supporting set for u.

(2) This same technique can obviously be extended to construct ergodic measures
with positive mass on k different dimensions by using a chain of period k and
appropriate partitions.

(3) If the chain is chosen to be aperiodic then u = Py~ will be exact-dimensional
for any choice of partitions satisfying (4.1). A finite aperiodic Markov chain
is mixing and from (4.1) and the 0-1 law there exists a finite constant ¢ such
that

lim infl 2 logd =c up-as.
n>co N ;7
The Shannon-McMillan-Breiman theorem then gives &(x)=h/|c| u-as.,
where h is the entropy of the chain. This shows that T has better behaviour
at points in the supporting sets of mixing distributions.
(4) Conditions (3.1)(a) and (3.2)(a) can be required to hold only for w-almost all
y in a neighbourhood of x. In fact further weakening of these conditions can
be done but may not be of any practical importance.

Acknowledgement. The suggestion that the map T might be patched to make it
continuous at all points was due to a participant of the 1990 Oberwolfach Measure
Theory Conference, whose name is regrettably not known to the author.

Note added in proof. Since the set of atoms of x has dimension 0, it can be temporarily
removed from D, in the proof of Lemma 2.1. Hence the balls in 93, , must have
positive diameter (thus validating the use of Theorem 2.2).
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