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The dynamics of moving solids with unilateral contacts are often modelled by assuming
rigidity, point contacts, and Coulomb friction. The canonical example of a rigid rod with one
endpoint slipping in two dimensions along a fixed surface (sometimes referred to as Painleve
rod) has been investigated thoroughly by many authors. The generic transitions of that system
include three classical transitions (slip-stick, slip reversal, and liftoff) as well as a singularity
called dynamic jamming, i.e., convergence to a codimension 2 manifold in state space, where
rigid body theory breaks down. The goal of this paper is to identify similar singularities
arising in systems with multiple point contacts, and in a broader setting to make initial
steps towards a comprehensive list of generic transitions from slip motion to other types of
dynamics. We show that — in addition to the classical transitions — dynamic jamming remains
a generic phenomenon. We also find new forms of singularity and solution indeterminacy, as
well as generic routes from sliding to self-excited microscopic or macroscopic oscillations.

Key words: Contact dynamics, friction, rigid body dynamics, singularity, piecewise smooth
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1 Introduction

Slipping contact between solids is responsible for various important dynamic phenomena,
such as dynamic jamming, friction-induced vibrations, brake squeal, stick-slip, and sprag-
slip oscillations. For many engineering applications, it is crucial to understand and predict
the onset of these phenomena, as they are associated with impulsive contact forces,
mechanical damage, unwanted noise and intensive wear of the interacting surfaces (Butlin
and Woodhouse, 2013; Ibrahim, 1994; Kruse et al., 2015; Le Rouzic et al., 2013; Mo
et al., 2013; Sinou and Jezequel, 2007).

Moving solids with contact interactions are often modelled as rigid multi-body systems
with unilateral point contacts subject to Coulomb friction. Even within this simple
framework, it is an open question what kind of dynamic phenomena may occur during
slip motion and how they can be predicted. The only exception is the dynamics of one
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single point contact in two dimensions, which has been analysed in detail by several
authors. Such systems may undergo a singularity called dynamic jam during slip (Génot
and Brogliato, 1999), in addition to the classical slip-stick, slip reversal and slip-liftoff
transitions. The same systems may also exhibit other forms of contact dynamics such
as self-excited bouncing motion (a.k.a inverse chattering) (Nordmark et al., 2011) and
impulsive contact forces or “impact without collision (IWC)” (Anh, 2003; Zhao et al.,
2015) albeit transition into such modes does not occur during slip motion.

The goal of the present paper is to review these results and to investigate systematically
the generic transitions and singularities of multicontact systems. We perform a detailed
analysis of systems with two slipping point contacts in two-dimensional physical space,
and many new phenomena are discovered. Our new findings include

o the sudden onset of impulsive contact forces (i.e., IWC) blocking slip motion

e the onset of self-excited oscillations during slip, which may either remain microscopic,
or they may grow exponentially to a macroscopic scale

e convergence to two different types of codimension 2 singular manifolds where the
dynamics becomes ill-defined within rigid body theory. One of these singularities is
analogous to dynamic jamming, whereas the other one does not have an analogue in
the single-contact case.

We, then turn to systems with arbitrary number of point contacts and highlight some
general properties of the dynamic jamming singularity.

There are two classical ways to deal with the piecewise smooth character of rigid
unilateral contacts and Coulomb friction. The appealing mathematical framework of
complementarity problems and measure differential inclusions offers a unified approach
(Brogliato, 1999; Leine and Nijmeijer, 2004) or one can distinguish between various contact
modes (slip, stick, and separation) each of which implies different smooth behaviour. Since
our goal includes predicting and understanding transitions between various contact modes,
it is a natural choice here to follow the contact mode-based approach.

It is well-known that rigid body theory cannot be developed into a complete and
consistent modelling framework in the presence of contacts. Solution inconsistency and
indeterminacy have been known for a long time (Jellet, 1872; Painleve, 1895), and many
examples of this phenomenon have been found and studied more recently (Champneys and
Varkonyi, 2016). In addition, the solution may become ill-defined at attractive singular
points (Génot and Brogliato, 1999; Szalai and Jeffrey, 2014). The limitations of rigid
models can often be resolved by contact regularization: the rigid contacts are replaced
by compliant ones, and the behaviour of the regularized system is studied in the quasi-
rigid limit ¢ — O of a compliance parameter e. We will make extensive use of contact
regularization in the present paper.

In Section 2, we introduce our notation (Section 2.1) and review relevant results of
the contact mode-based approach and of contact regularization wherein we follow the
previous works Champneys and Varkonyi (2016) and Varkonyi (2017). We also introduce
a conceptual model system in Section 2.4 (inspired by a similar model system from
Nordmark et al. (2017)), which is used to illustrate certain phenomena by numerical
simulation as well as to construct examples of other phenomena analytically.
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Section 3 focuses on the transitions of systems with slipping contacts. Existing results
regarding the case of n = 1 point contact are reviewed first, and we also formulate a
theorem, which shows how and to what extent these systems stay away from those states
where rigid models become ill-defined. We then turn towards systems with n = 2 point
contacts where a detailed analysis of transitions is given. Finally, we discuss the case of
general n, and a theorem related to dynamic jamming is generalized to this case. The
paper is closed by a Discussion section, and by an appendix where some technical proofs
are presented.

2 Instantaneous behaviour of systems with sliding contacts
2.1 General formulation

We consider the motion of an autonomous mechanical system consisting of one or more
rigid elements in two dimensions, subject to any number of ideal constraints (i.e., bilateral,
frictionless connections) as well as n > 1 unilateral point contacts. We assume Coulomb
friction with given coefficients of friction at all contact points. We use lowercase letters
for scalars and vectors, whereas capital letters denote matrix quantities. The state of the
system is characterized by a vector of generalized coordinates ¢ as well as the generalized
velocities ¢. The continuous dynamics of such a system is given by a differential equation
of the form

4=1(q.q9) +Gr(q)ir + Gn(q)A (2.1)

where 4 € R” is a column vector of n non-negative normal contact forces 4; and Ay is a
similar vector containing tangential contact forces. The contact forces are determined by
unilateral contact constraints and by the friction model. (Note that the equation above is
not valid during impacts, since then the contact forces are impulsive.)

Let x;(q) and z;(q) denote tangential and normal coordinates of the point contacts such
that z; = 0 corresponds to a closed contact and z; > 0 to an open one, and z; = z; = X; = 0
means stick.

We will examine slip motion, which means that contacts are initially closed with non-
zero tangential velocity. We assume without loss of generality that Xx; > 0 for all i. Then,
the tangential contact forces 4,; become dependent on the normal forces 4; by Coulomb’s
law

Aei = —pi(q) i
(where p; is known and velocity-independent). In this case, (2.1) can be written as

4= f(g,9) + G(q)4 (22)

If the functions x;(q), zi(q), f(¢,q) and G(q) are known, then by using (2.2), one can
derive two sets of equations of the form

X =alq,q) + K(q)4 (2.3)
2 =b(q.q9) + P(q)4 (2.4)
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FiGure 1. Rod slipping at one endpoint.

describing the dynamics of the contact points. Here, z = [z(,23,...,24]7, x =
[x1,X2,...,x,]T. The vectors a,b € R" and the n-by-n matrices K,P depend on the
system in question. P is sometimes referred to as the Delassus matrix of the system.

Example: in the case of a rigid rod (Figure 1) of length 2/, mass m, radius of inertia p
under gravitational force mg, with one endpoint in unilateral contact with a flat, horizontal
surface, we can use the generalized coordinates ¢ = [x.,z., ¢]”. The equations of motion

are
Xe = —m " lul (2.5)
Fo=—g+m ] (2.6)
b =m"p A~ cos ¢ + usin @) (2.7)

and the contact coordinates can be expressed as

X =x,+1lcos¢ (2.8)

z=1z,—1Ising (2.9)

The Lagrange equations and the kinematics of the rod then imply (Génot and Brogliato,
1999)

a=—l¢p*cos ¢ (2.10)

b=I(¢*sing — g) (2.11)

K=m"! {—1 —|—lzp_z(—usinztf)—!—cosqﬁsin(ﬁ)} (2.12)

P=m""'[1+Pp~?cos’ ¢ — pcos¢sin ] (2.13)

where p is the coefficient of friction . Note that a,b, K, P are all scalars, for now n = 1.

In what follows, we denote the jth column vector of K,P by k; and p; and the ith
element of vectors a, b, kj, p; by a;, b;, kij, pij, respectively. We drop arguments like ¢, (1), g(t)
for brevity. We will use a lower index ;,; to denote initial conditions at some initial time
tinir < 0 and index ( for quantities evaluated at ¢+ = 0. Typically, we will choose initial
conditions in such a way that transitions from slip occur at t = 0.

Slip motion requires an initial state g, ¢inie Inducing zy,;; = Zipiy = 0, Xinie > 0 (Where
the inequality should be satisfied by all elements of vector x). In this situation, each
contact point may undergo sustained slip in the positive x; direction (contact mode S) or
liftoff (contact mode F). Stick and negative slip are not possible since X;,; > 0. Each one
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of these contact modes has a corresponding equality and an inequality constraint:

=0 (2.14)

2i=0 (2.15)
for S mode and

Ai=0 (2.16)

% >0 (2.17)

for F mode. The contact mode of a full system can be represented by an n-letter word
from the two-letter alphabet {S, F}. We can check the feasibility of all 2" contact modes
by solving (2.4) together with the n equality constraints, and by testing the inequality
constraints of the contact modes. The fact that we may find multiple or no feasible
contact mode is known as Painlevé paradox (Champneys and Varkonyi, 2016). This
kind of limitation of rigid models is the primary motivation for contact regularization
techniques introduced below.

2.2 Contact regularization

The non-uniqueness and non-existence of solution associated with rigid models is often
resolvable by contact regularization techniques. A regularized contact model allows small
penetrations z; < 0 at the contact points and assumes a certain relation between the contact
force and the penetration. Here, we will use a standard, linear, unilateral viscoelastic
contact law

. {0 if z>0 (2.18)

max((), —6_21(,‘21' — G_IV,'Z,') lf Zi < 0

where, k; and v; are scaled stiffness and damping coefficients, whereas € is a scaling factor.
Now we will say that a contact is closed if 4; > 0 (as opposed to z; = 0 in the rigid case).
Note that the contact model is smooth as long as the contact is closed.

Then, the analysis of a rigid model is replaced by the quasi-rigid limit ¢ — O of the
regularized model, which often yields deeper insight into the behaviour of the system. The
regularized model is a slow-fast system in which a,b, P,K evolve on a slow time scale,
and the internal dynamics of contacts (z,z) represents the fast subsystem. In Section 2
of the paper, we will focus exclusively on the fast dynamics and we do not even specify
the full slow-fast dynamics or the reduced problem. Then, in Section 3, we discuss sudden
transitions of the fast dynamics induced by the slow dynamics.

When all n contact points are closed (4; > 0 for i = 1,2,...,n), then the equations (2.4)
and (2.18) induce the fast dynamics:

I __ On In On,
g = [PK PN}g—F {b} (2.19)
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where ’ represents differentiation with respect to fast time © = e~ 't; 0, and I, are zero
and identity matrices of size n X n, 0, is a column vector of n zeros, and

k1 0 e 0 V1 0 0
. [2} K 0 k O 0 N 0 v» O 0
g=c¢€ s = R =
z
0 0k, 0 0 v,
(2.20)

Note that g is a rescaled vector depending on those variables, which represent motion
in the directions of the contact normals. Such a reduction is possible because the fast
dynamics of g decouples from all other components of the dynamics, including the
dynamics of x and its time derivative.

When the regularized model is used, we identify slip motion with motion during which
all contacts are closed and the fast dynamics remains stationary at the invariant point

[ ][]
§=7|-Pk -PN| |b
of the linear system (2.19). Such an invariant point may be asymptotically stable or
unstable depending on the eigenvalues of the coefficient matrix. Hence, regularization
shows that certain modes involving slipping contacts are unstable and do not occur in
practice, which can eliminate some forms of solution non-uniqueness.

As we point out later, contact regularization has other benefits as well. Most importantly,
we will encounter situations, when the invariant point is asymptotically unstable and z;
diverges towards —oo. Such an event induces rapidly increasing contact force ;. We will
identify this kind of behaviour with the IWC phenomenon of rigid models. Detailed

analysis of dynamics induced by diverging contact forces (similar to Zhao et al. (2015) in
the case of n = 1) is however beyond the scope of this work.

2.3 Systems with a single point contact

In the case of n = 1 (Champneys and Varkonyi, 2016), a, b, P, K, /. are scalars. Slip motion
means that

J=—b/P (2.21)

according to (2.4) and (2.14). Then, the feasibility condition (2.15) is satisfied if b and P
have opposite signs. Similarly, liftoff is feasible if b > 0. Since both b and P may have
any sign, either one, both or none of the two modes may be feasible (Table 1). The issue
of non-existence is resolved by considering a third type of solution involving impulsive
contact forces. Whenever P < 0, an IWC may occur: an impact occurs, which causes
instantaneous jump in tangential velocity into stick or reverse slip (Anh, 2003; Hogan
and Kristiansen, 2017; Zhao et al., 2015). The regularized contact model (2.18) predicts
rapid divergence of 1 to co in such situations, which is consistent with the assumption of
an IWC in the € — 0 limit.
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Table 1. Feasibility, and stability of contact modes and IWC in the case of one point

contact
b<0 b>0
P<0 IWC IWC liftoff slip (unstable)
P>0 liftoff slip (stable)
Paj-eeeeey ' p; L b
Vi B ;
P1j b,

FIGURE 2. Definition of the angles y; (i = 1,2) and f.

Stability analysis using regularized contact model reveals that slip is stable if and only
if P > 0, yet stability analysis is not able to eliminate non-uniqueness if P < 0 < b.

Example: the parameters b, P of the sliding rod (Figure 1) given by (2.11),(2.13) may
have either sign. In particular, b is always negative if ¢ is small, but may become positive
for large ¢, whereas P is always positive for small  and may have either sign if y is large.

2.4 Systems with two point contacts

In the case of two contacts, there are four possible contact modes: SS, FF, SF, and FS. The
feasibility and stability analysis of these systems was recently investigated by Varkonyi
(2017). The analysis reveals that, the most important model parameters are the angle f8
between vector b and the unit vector [1,0] (measured in the direction of [0, 1]), as well as
the analogous angles y; and y, associated with the vectors py, p» (Figure 2). The feasibility
of the four contact modes depends exclusively on these three parameters. For example,
FF motion (liftoff at both points) is feasible if by, b, > 0, i.e., if both points accelerate in
the absence of contact forces away from the contact surfaces. This can also be expressed
as 0 < f < m/2. Contact mode FS is feasible if we have positive contact force at point 2,
and positive normal acceleration at point 1 ie., if

—bz/pzz >0 (222)
by — patby/p2 >0 (2.23)

As we know from Section 2.3, the stability of FS additionally requires p,, > 0. These
conditions depend exclusively on the angles yq, f (Figure 3(a)). The feasibility and stability
conditions of SF are analogous.

For simultaneous slip at both contact points, the contact force is determined by (2.4):

J=—-P7 ' (2.24)
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FIGURE 3. Feasibility and stability of the contact modes SF (a) and SS (b). Grey areas or volumes
show feasibility and hatching marks regions where motion is also stable.

The feasibility condition (2.15) is satisfied exactly when —b is in the cone spanned by p;
and p,, which can be expressed in terms of the angles f3,y,y, as illustrated by Figure
3(b). The figure also shows the region of stability obtained by eigenvalue analysis. This
region will soon be analysed in more detail (see Figure 4 below).

The feasibility of IWC has also been examined in Varkonyi (2017). It was found that
there are three different types of IWC since point 1, point 2, or both points may exhibit
impulsive contact forces. Unlike in the case of n = 1, contact regularization does not yield
uniform answer with respect to the feasibility of IWCs: in certain cases, the feasibility
of the IWC may depend on the stiffness and dissipation coefficients kg, kj, vy, v, of the
regularized contact model.

The stability analysis of the contact modes via contact regularization yields the following
results:

(1) the stability of the SF and FS modes is determined by 7,7, and it is independent
of any other parameter. The same is true for SS in a large range of y1,y;;

(2) in certain ranges of y,y,, the stability of the SS mode may also depend on the
model parameters kq, ks, vy, v2;

(3) stability of any mode is independent of f.

Finally, (Varkonyi, 2017) shows that the regularized model predicts unusual forms of
contact dynamics in some ranges of y1,7,, f§, including limit cycles of the fast dynamics,
and self-excited exponentially growing oscillations. A comprehensive list of such dynamic
phenomena is not known.

2.5 An illustrating example

We will illustrate several types of dynamic behaviour by analytical investigation and
numerical simulation of a conceptual model system with n = 2 contacts. Our model
captures the algebraic structure of the equations of motion, but does not correspond to a
specific mechanical system.
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FIGURE 4. The range of angles f, yi, 72, where the SS contact mode is feasible and stable. Note
that the intersection of the coordinate axes is shifted from O for better visibility. The exact location

of the curved surfaces S1, S2 depends on |pi|,|p2|, k1, k2, vi, and v» The figure shows the case

|p1| = |p2| = ki = 1, ko = 10, vi = v, = 0. For more information about possible variations of the
stability boundaries, see Figure 5.
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FIGURE 5. Projection of Figure 4 to the y; — 7, plane (dark grey area), possible locations of the
projection if parameters |pi|, ki, v; are varied (light grey area), and subdivision of the L1 surface
(solid lines and two-digit numbers).

We have seen that P is a function of ¢ whereas b may additionally depend on 4¢.
Similarly to the equations (2.3)—(2.4), developed for the dependent variables x and z, we

can also develop a set of expressions for P and b by using (2.2) and the chain rule. In the
present paper, we do not explicitly construct such equations for any system, but we note
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FIGURE 6. Crossing the L1 surface in numerical simulation of the model system introduced in
Section 2.5. L1 is crossed at t = 0 in region 13 (a), 14 (b), or 46 (c). The diagrams show z;(solid
curve) and z; (dashed curve) versus time ¢. Circles mark the liftoff (1 = 0) of the contact points.
The corresponding model parameters and initial conditions are given in the appendix.

that they can always be written as

P = 4i(g,9) (2.25)
b = a3(q,q) + As(q,4)4 (2.26)

where the functions 4, 435 € R>*2, a, € R? are system-specific. For example, the values
of Ay,0, A3 corresponding to a frictional impact oscillator originally introduced by Leine
et al. (2002) are shown in Appendix B of Nordmark et al. (2017).

For the sake of illustration, we will now consider the case when A4y, o, A3 are constants:

P=u (2.27)
b=oy+ A3 (2.28)

This model system can be combined with the rigid contact model, where we have 1 =0
in F mode and 1 is given by (2.24) in S mode. Then the equations (2.27)—(2.28) decouple
from all other equations of motion, thus we are able to investigate the dynamics of P
and b in isolation. This system will be used to demonstrate the onset of some phenomena
analytically. Alternatively, we can also combine (2.27)—(2.28) with the regularized contact
model. Then, the equations (2.4), (2.18), (2.27), and (2.28) decouple from all other equations
of motion. We will use this system to illustrate our findings by a series of numerical
simulations (Figures 6-10). In each figure, we show the time history of z; and z, with
circles denoting liftoff and landing at one of the contact points. In some of the figures, the
time history of the angles f, y; is also shown. The model parameters and initial conditions
used in these simulations are given in the appendix.

3 Generic transitions from slip

The main goal of the paper is to identify and to give a qualitative description of generic
transitions and singularities of a system, which is initially in slip mode. Clearly, such
events occur when the actual contact mode of the system becomes either unfeasible or
unstable. In what follows, we begin with the n = 1 case, where existing results are reviewed

https://doi.org/10.1017/50956792518000062 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792518000062

788

—_
o

2,(),2,(1)

6]

%10

P. L. Varkonyi

%1078

0.05

%1078
0 L
= %
[V}
N-\
=2|
N'_ Z
2
4t
0 0.05 0.15 0.2

FIGURE 7. Crossing the S1 surface in numerical simulation of the model system. Panel (a) shows
inverse chattering and (b) is a magnified detail of the same diagram. (c) is an example of simultaneous
liftoff at both contact points, whereas (d) shows liftoff at point 1 accompanied by the onset of an
IWC at point 2. (e) shows converges to a microscopic limit cycle of the fast subsystem and (f) is a

magnified detail of the same diagram.
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time
(@) (b)

FIGURE 8. Illustrations of the statements of Lemmas 1 (a) and 2 (b). Solid curves indicate the

evolution of the angles y;. The dashed curves show the evolution of the angle § + n for various

initial conditions. The SS mode is feasible and stable in the grey areas. Filled circles mark the
attractive singular points.

x10°

156+

-0.01 0 0.01 0.02

FIGURE 9. Numerical simulation of the double liftoff singularity. Left: § 4+ n (dashed curves) and y;
(solid curves) versus time for four different initial conditions. Right: z; (solid curve) and z, (dashed
curves) in the same simulations.
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0.05 -0.04 -0.02 0 0.02
t t

FiGURre 10. Numerical simulation of dynamic jamming. Left: f + n (dashed curves) and y; (solid
curves) versus time for eight different initial conditions. Right: z; (solid curves) and z, (dashed
curves) in the same simulations.
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and some new results are also presented. This is followed by detailed analysis for n = 2
and some results for general n.

3.1 Transitions of systems with a single point contact

Assume now that a system with a single point contact undergoes slip motion with non-
zero velocity and this mode of motion is feasible and stable. As we know from Section
2.3, this means

X1 >0 (3.1)
b<O0<P (3.2)

Since X{,b are functions of all state variables (¢ and ¢) and P depends on ¢, all three
variables vary over time.

A sudden transition occurs, if one or several of the conditions (3.1)—(3.2) break down.
There are two trivial transitions. First, reaching the border x; = 0 means transition to stick
or slip reversal. Moreover, Nordmark et al. (2017) show using regularized contacts that
this transition is in some cases immediately followed by exponentially growing bouncing
motion of z, which is termed by those authors reverse chatter. The second simple option
is reaching the liftoff manifold b = 0, where slip becomes infeasible and the contact lifts
of. It is tempting to declare that crossing P = 0 (where slip again becomes infeasible) is
also a generic event. Nevertheless P = 0, which we will refer to the Painlevé manifold,
corresponds to a singularity of the contact force according to (2.21). What happens instead
was uncovered first by Génot and Brogliato (1999). They studied the problem of a sliding
rod, and found that as P approaches 0, the large contact force induces large acceleration
of the rod. The value of b is a function of the velocity ¢, whereas P is independent of it. In
the case of the rod, b rapidly increases in response to large contact forces and thus it may
approach b = 0. Thereby, the system may converge to the codimension 2 manifold given
by b = P = 0. We will refer to this as the Génot—Brogliato manifold. Here, the contact
force is left ill-defined by (2.21). Local analysis of the system near the Génot-Brogliato
manifold reveals that it attracts an open set of initial conditions, and the contact force
diverges to infinity, which inspired the name dynamic jamming of this phenomenon. What
happens beyond that point is a subtle question, which was only partially uncovered by
using asymptotic analysis and geometric singular perturbation techniques (Kristiansen
and Hogan, 2017; Nordmark et al., 2017).

The local analysis of the rod was extended in unpublished work by Nordmark, Dankow-
icz, and Champneys (see also Figure 13 in Champneys and Varkonyi (2016)) to general
systems with a single point contact. They found that the Génot-Brogliato manifold is often
attractive and the contact force may or may not diverge to infinity when approaching it.

These local results suggest that the P = 0 boundary is never crossed by systems with
n =1 away from the Génot-Brogliato manifold. Nevertheless, a global extension of this
result has never been published. Here, we give a formal proof of this property:

Theorem 3.1 Assume that a mechanical system with a single point contact is initially in slip
mode, in a state with b < 0 < P, furthermore, P is Lipschitz with respect to q and K, a, b
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are continuous functions of their arguments. Then slip motion of the system may not reach
a state where P =0 <b

The proof of this statement is based on the observation that crossing the boundary
would induce a 1/x type singularity in the contact force, which is non-integrable. This
implies that the contact force would eliminate slip motion for any finite initial tangential
velocity. The detailed proof is given below.

Proof by contradiction:

Assume that the system is launched at t;,; < O and a state with P = 0 > b is reached
at time t = 0.

The velocity ¢ is a continuous function of time during impact-free motion, hence |§| has
a global maximum ¢,,,, over the closed interval ¢ € [t;,;;, 0]. This means that the following
bound applies to P:

0 < P(q(1)) < L]q(t) = go| < Limax(—1) (3.3)

where £ is a Lipschitz constant of P. This relation shows that the contact force (2.21)
undergoes an f(x) = 1/x type singularity.

Next, we investigate how the tangential velocity of the contact point varies in response
to the singular contact force. The tangential acceleration of the contact point can be
expressed according to (2.3), and (2.21) as

X=a+K2i (3.4)
=a—KP'b (3.5)

This can be rearranged as
Px=Pa—Kb (3.6)

implying
(PX)|i=0 = Py ao — Kobo <0 (3.7)
~—
0

where the index ¢ refers to values at t+ = 0. The last inequality holds because Ky < 0
follows from Py = 0, since any external force must cause an acceleration, whose scalar
product with the force vector is positive (unless the force is directly opposed by a hard
constraint).

The right-hand side of (3.6) is continuous, thus there exists a time t; sufficiently close
to 0 such that for all t; <t <0, PX is strictly negative with some finite bound E:

Px<—-E<Q (3.9)

https://doi.org/10.1017/50956792518000062 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792518000062

792 P. L. Varkonyi

Then, we can combine this with (3.3) to obtain

x<-—-P'E (3.9)
E —1

— —t 3.10

< Eqmax( ) (3.10)

This bound involves a non-integrable singularity, which means that the variation of X in
the time interval [tq,0] is unbounded. In other words, for any positive sliding velocity at
t1, x = 0 is reached for some t < 0. Then, a slip-stick transition occurs, contradicting the
initial assumption that the system slips until ¢ = 0. O

We can summarize the results of this subsection as follows. There are four generic
transitions from slip: transition to stick or slip reversal (possibly followed by inverse
chattering); liftoff; and the dynamic jamming singularity. Crossing the Painlevé manifold
P = 0 is impossible, i.e., such systems never evolve into states suffering from Painlevé
paradox except for the codimension 2 Génot-Brogliato manifold. Notice that the last
result required the Lipschitz property of P. This is violated if the friction coefficient
jumps abruptly, in which case a system may slip into a state subject to Painlevé paradox
away from the Génot-Brogliato manifold.

3.2 Transitions of systems with two point contacts

As before, we assume that the system under consideration is in slip state initially with
non-zero tangential velocity at both contact points, furthermore, slip motion is feasible
and stable. In the next subsection, we find all generic boundaries at which feasibility and
stability can be lost. Then, the remainder of the section focuses on the question: what
happens after reaching each of these boundaries?

3.2.1 Feasibility and stability boundaries

Reaching zero tangential velocity is an obvious violation of feasibility. In addition to that,
detailed analysis of Varkonyi (2017) shows that we have feasibility and stability if the
system parameters f5, y1, 72 are in a certain range (Figure 4). This range is bounded by
five smooth surfaces as follows:

(1) two planar liftoff boundaries 1.1, L2 given by f +n =y, (L1) and f + n = y; (L2).
One of the contact forces 11 and 1, becomes zero at each of these surfaces.

(2) the Painlevé boundary P given by |y — 7;| = m, where matrix P is singular, and the
(degenerate) cone spanned by p; and p, is a full line. Here, the contact forces (2.21)
become infinitely large.

(3) the stability boundaries S1, S2, which are curved surfaces composed of straight lines
parallel to the f axis. The coefficient matrix of (2.19) has a pair of purely imaginary
eigenvalues along these surfaces, and thus slip motion becomes unstable. The exact
locations of these surfaces depend on parameters |p;|,k;, v; but they always lie within
the boundaries shown in Figure 5.
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There are three additional curves along the boundary, which deserve special attention as
they are associated with singular behaviour:

(1) the line sections GB1,GB2 are at the intersections of L1 and L2 with P. As we will
see, these are analogous to the Génot-Brogliato manifolds of the single-contact case.

(2) the line L12 is at the intersection of the liftoff manifolds L1 with L2 and it is given
by f + m =y; = 7,. Along L12, P is singular and the cone spanned by p; and p; is
a half-line.

Slip motion persists until one of the feasibilility or stability conditions is violated. In
what follows, we analyse the consequences of crossing each of the boundaries listed above.

3.2.2 Reaching zero tangential velocity

The system may undergo slip-stick transition or slip reversal, if the tangential velocity
at one or both contact points drops to zero. Note that simultaneous zero crossing is
generic in the presence of certain kinematic constraints, as for example in the case of a
single rigid object with two point contacts. Similarly, to the case of a single point contact
(Nordmark et al., 2011), it is likely that the regularized contact model sometimes predicts
self-excited bouncing motion resembling inverse chattering in this situation; however, we
do not examine this possibility in the present paper.

3.2.3 Crossing L1

As we have seen, the contact force A; becomes zero at L1, ie., contact point 1 lifts
off, while point 2 continues to slip. We can now test the feasibility and stability of the
FS mode. The result depends on where the L1 surface was crossed. Figure 5 shows a
subdivision of L1 into regions marked by two-digit numbers. The numbers refer to a
classification scheme introduced by Varkonyi (2017). The meaning of the labels is not
explained here. Within ranges 23,12,13,41,42,31, the feasibility conditions (2.22)—(2.23) are
satisfied, and we also have py; > 0, i.e., slip motion on contact 2 is feasible and stable
(see Section 2.3). Thus, we conclude that the system undergoes an SS—FS contact mode
transition. This scenario is illustrated by numerical simulation in Figure 6(a).

In contrast, if L1 is crossed in region 14 or 46, then we have p;y < 0 < by, implying
that slip at contact point 2 is feasible but unstable. According to Table 1, the fast
dynamics of point 2 may evolve either towards liftoff or towards an IWC (as long as
contact 1 is separated). The unstable slip mode of point 2 corresponds to a saddle point
of the fast contact dynamics, and its stable manifold separates the basins of attractions
of liftoff and IWC. In order to determine, what happens to our system at this point,
one should find the dynamic state of point 2 when point 1 lifts off to see within which
basin of attraction it lies. Unfortunately, this simple approach is inconclusive here since
it is straightforward to show that contact point 2 is exactly at the saddle point (which is
part of the separatrix between liftoff and IWC). Hence, the analysis of the fast dynamics
itself does not enable us to decide, in which direction the system evolves from here.
The indeterminacy can perhaps be removed by considering the full slow-fast system. The
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full system evolves initially along the critical manifold corresponding to motion in SS
mode. This manifold is probably off the separatrix between liftoff and IWC in the full
slow—fast system. Nevertheless such a detailed analysis is beyond the scope of the present
paper. Instead, we perform numerical simulations using the system introduced in Section
2.5. Our results suggest evolution towards liftoff whenever the L1 surface is crossed in
region 14, and towards IWC in region 46 (Figure 6(b)—(c)). Proving or refuting that the
opposite scenarios (liftoff in region 46 and IWC in 14) are impossible remains an open
question.

In those two cases, which did occur in the simulations, the fate of the system can be
deduced analytically:

e If point 2 evolves towards liftoff and we are in region 14, then the gradually decreasing
contact force /1, and the negative signs of p»i,p2 imply that both contact points
have increasing normal accelerations and eventually contact point 2 also liftsoff. Then,
by, by > 0 imply that the FF mode persists, i.e., the system undergoes SS—FF transition.

e If point 2 evolves towards IWC, and we are in region 46, then py; > 0 implies that the
large contact force lifts up contact 1, i.e., it remains in separation. In this case, an IWC
develops at point 2, while point 1 is in F mode. IWC means that slip motion at point
2 stops rapidly, after which contact 2 may jump into separation with non-zero velocity.

The results related to region 46 are particularly interesting, because Theorem 3.1 and
other results from Champneys and Varkonyi (2016) imply that a system with a single
point contact never exhibits an IWC inside the Painlevé regime (P < 0). Nevertheless, we
see here that the analogous statement does not hold for systems with two point contacts.
That is, we uncovered a generic mechanism, which does not occur in previously studied
simple model systems.

3.2.4 Crossing S1

We have seen that the system matrix of (2.19) has a pair of purely imaginary eigenvalues
at S1. As the system crosses the stability boundary, the invariant point of the regularized
fast dynamics corresponding to the SS mode becomes unstable and z; and z, exhibit
gradually growing harmonic oscillations. Soon, one of the two points will liftoff. Beyond
liftoff, the regularized contact law switches between the two cases of (2.18) and it is not
immediately clear what is going to happen. It can be shown that the FS and SF contact
modes are either inconsistent or unstable, and FF is inconsistent except for a relatively
small region within the S1 surface where 0 < f < m/2. During systematic numerical
simulations, we found four different behaviours (Figure 7):

(1) rapidly growing oscillations with repeated impacts and liftoff at both contact points
((Figure 7(a—b))). The figure shows a regular oscillating pattern where the amplitude
of the oscillation grows roughly by a factor of 10 in each cycle of the oscillation and
thus only the last two cycles are visible.

(2) transition to FF mode ((Figure 7(c))). The figure shows that z; and z, become
positive and continue to grow rapidly.
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(3) IWC at point 1, while point 2 liftsoff ((Figure 7(d))) The figure shows that z;
becomes positive and continues to grow rapidly, while z, simultaneously diverges
towards minus infinity.

(4) limit cycle of the fast dynamics involving repeated liftoff and re-establishment of
the contacts. This behaviour tends to occur when 0 < y, < n/2 and f§ 4+ © is close
to y. The results depicted in Figure 7(e—f) show oscillations of slowly growing
amplitude (rather than exact limit cycles), since a finite value of ¢ was used in the
simulation.

It is possible that other qualitatively different phenomena may also occur. The first
scenario listed above appears to an external macroscopic observer as self-excited bouncing
motion of increasing amplitude, i.e., inverse chattering (Nordmark et al., 2011). The last
one appears as sliding combined with sustained microscopic, high-frequency vibration.
Similar phenomena are known to lie behind brake squeal (Kinkaid et al., 2003).

3.2.5 Crossing L2 or S2

These scenarios are equivalent of the cases of crossing L1 and S1 with the only difference
being that the roles of contact point 1 and 2 are reversed, furthermore, the roles of regions
14 and 31, of 13 and 41, and of 23 and 46 are also reversed.

3.2.6 Crossing P

Matrix P is singular along the surface P, hence (2.24) shows that the contact forces
diverge to infinity unless vector b is a linear combination of the column vectors p; (which
is satisfied at the GB1, GB2 lines). This property of surface P, and lines GB1, GB2 makes
them similar to the Painlevé manifold and the Génot-Brogliato manifold in the case of
one point contact. This similarity suggests that a generalization of Theorem 3.1 is true for
two contacts as well. Indeed we will present a general theorem for system with arbitrary
n in Section 3.3, which implies that P is never reached away from the GB1, GB2 curves.
The codimension 2 curves are investigated below.

3.2.7 Attractive codimension 2 manifolds

We have seen that the contact force has singularities at the codimension 2 manifolds
L12, GB1, and GB2. In other words, the right-hand sides of the governing equations
are discontinuous at these points. In such situations, the solution may be non-unique
forward and/or backward in time. As a consequence, it is theoretically possible that any
of these codimension 2 manifolds can be reached in finite time from an open set of initial
conditions. In what follows, we construct conceptual examples to demonstrate that all of
these manifolds may be reached from generic initial conditions, and we also investigate
the consequences of such a transition.

Crossing L12 (double liftoff singularity): L12 is at the intersection of two liftoff bound-
aries, which inspires the name proposed for this phenomenon. We consider the system
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(2.27)—(2.28) with ideally rigid contacts. Then, by (2.24) the system becomes

P =4, (3.11)
b=uo,— AP b (3.12)

The dynamics of P is determined uniquely by the choice of

,mz[gl H,mz[? ﬂ (3.13)

This choice implies that the angle y; grows while y, decreases and both angles become
equal to m/2 at t = 0. In addition, we choose the values

”:[3"%:[35} (3.14)

Assume now that the system has an initial state at some t;,; < 0, where the system
is initially in SS mode. Furthermore, the system parameters are within the region of
feasibility and stability of SS, i.e.,

Nn<p+mrn<p (3.15)

where f and y; are the angles illustrated by Figure 2. As we approach t = 0, the gap
between the y; and y, angles shrinks to 0. Nevertheless,

Lemma 1 For any initial condition satisfying (3.15) at ty,;; < 0, the same condition is not
violated as long as t < 0 and thus the system remains in SS mode until reaching the L12
manifold at t = 0.

In the proof, we show that whenever § 4+ m© = 7, the resulting contact force causes f
to increase faster than y;, whereas in the case of § + m = v,, the resulting contact force
makes f§ decrease faster than y,. This mechanism keeps ff + m in the shrinking interval
(v1,72) until the L12 manifold is reached at t = 0 (Figure 8(a)). The detailed proof, given
in the appendix, borrows ideas from Génot and Brogliato (1999). We apply a singular
rescaling of time and show that the L12 manifold turns into an attractive invariant point
of the rescaled dynamics. We note that the proof of Lemma 1 does not rely on the specific
values of A4y, A3,a, chosen above, hence the mechanism illustrated by this example may
occur in many systems.

At the L12 manifold, the contact force 4 becomes undefined due to the singularity of
P, and the dynamics of b given by (3.12) becomes ill-defined. The indeterminacy may be
resolvable by contact regularization, nevertheless such an analysis is beyond the scope of
the present work. For the sake of illustration, we show examples of numerical simulation
using regularized contact in Figure 9. The results confirm that angle f + m remains in
the shrinking interval (y,7,) until the singularity is reached. After crossing the singularity
contact 1 liftsoff, while 2 remains in slip state for some initial conditions. Shortly thereafter,
contact 1 becomes active again, and it exhibits rapidly increasing contact force (indicating
the onset of an IWC), while contact 2 liftsoff. For other initial conditions, contact 2 liftsoff
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and contact one enters an IWC directly. This behaviour appears to be qualitatively similar
to one of the possible scenarios during the dynamic jamming singularity of the slipping
rod reported by Nordmark et al. (2017).

Crossing GB1 (dynamic jam): we again consider the system introduced in Section 2.5
with rigid contacts. This time, we choose

-1 -1 0 0 0 05 0.5
Al—[o 0}, PO_[—I J, 062—{0}, A3—{0 0} (3.16)

Then, the angle y; decreases while y, increases, and we have y; =y, + n = 3n/2 at t = 0.
Furthermore,

Lemma 2 For any initial condition such that the system is in SS mode at time ty;; < 0 and
0 < B+ 7 <7y, the SS mode persists until t = 0, where the angle f converges to 3n/2, i.e.,
the system reaches the GBI manifold.

The proof is based on the observation that large A causes by to converge towards 0 rapidly
(Figure 8(b)). Technically, the proof is very similar to that of Lemma 1 and it is again
given in the appendix.

Upon reaching the GB1 or GB2 manifold, the contact force again becomes ill-defined
due to the singularity of P. Systematic investigations of what happens after this point
is beyond the scope of the paper. Based on lessons learned from the single-contact case
(Kristiansen and Hogan, 2017; Nordmark et al., 2017), we expect that the regularized
system exhibits liftoff, or impulsive contact forces. Numerical simulations (Figure 10)
are consistent with our findings and expectations. Depending on the initial conditions,
solution trajectories converge to f = n/2 or 3n/2 at t =0, i.e., the system is attracted by
the GB1 or by the GB2 manifold. In the first case, contact 1 lifts off, whereas both ones
lift off in the second. Further simulations (not shown) indicated that impulsive contact
forces are possible, furthermore, the initial liftoff is often followed by additional mode
transitions, similarly to the results of Figure 9 and to numerical results of Nordmark et al.
(2017) in the case of n = 1.

3.3 Dynamic jamming of general systems

We have seen previously that the boundary of the region of feasibility and stability of slip
motion includes the codimension 1 Painlevé surfaces, where P =0 (n = 1) or detP =0
(n = 2). Nevertheless general points of these surfaces are inpenetrable to the systems. In
addition, we have also seen that some codimension 2 surfaces with detP = 0 may become
attractive in turn. In what follows, we generalize Theorem 3.1 to systems with arbitrary
number of point contacts in two dimensions and thus show that the inpenetrability of the
Painlevé surfaces is a general property in contact mechanics of planar systems.

Assume that a mechanical system with n point contacts initially undergoes slip motion
at all contact points with x; > 0. Similarly to the case n = 2, slip motion must be feasible,
which means that —b must be in the cone spanned by the column vectors of P.

First, we define the Painlevé manifold as follows:
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Definition 3.2 The Painlevé manifold in the state space consists of those points where P
is singular and the cone spanned by column vectors of P is a full (n — 1)-dimensional
space.

If we approach a generic point of the Painlevé manifold in state space transversally,
the cone spanned by the column vectors of P gradually grows and converges to an
n-dimensional half-space. When crossing the manifold, the cone collapses to an (n — 1)-
dimensional space and then it turns inside out, i.e., it becomes a half-space again. Because
of this property, slip motion is feasible on exactly one side of the Painlevé manifold,
hence the Painlevé manifold may form a boundary of the range of feasible and stable slip
motion in state space.

Next, we define the Génot—Brogliato manifold as follows:

Definition 3.3 The Génot-Brogliato manifold is a submanifold of the Painlevé manifold
including those points where b is contained in the (n — 1)-dimensional space spanned by
the column vectors of P.

It is easy to show that by approaching the Génot-Brogliato manifold in a direction

transversal to the Painlevé manifold, one of the contact forces in slip mode dictated by

(2.21) converges to 0. Hence, the Génot—Brogliato manifold contains those points within

the Painlevé manifold, which are at the verge of liftoff (in full analogy with the n = 1 case).
Now, we can state the following theorem:

Theorem 3.4 If P is Lipschitz with respect to q and a,b,K are continuous function of their
arguments, then the system never reaches the Painlevé manifold except for points of the
Génot—Brogliato manifold.

The proof is highly similar to that of Theorem 3.1 but involves some additional technical
steps. We present the proof in the Appendix.

4 Conclusions

In this paper, we investigated singularities and transitions of mechanical systems with
frictional point contacts during slip motion. We found that the presence of two (or more)
point contacts induces several dynamic phenomena, which are not possible in previously
studied single-contact systems. Slip motion may terminate due to destabilization or loss
of feasibility. In both cases, various transitions may occur, including liftoff at one or both
contact points, self-excited microscopic limit cycle oscillations, or exponentially growing
macroscopic oscillations, as well as IWC. The last three transitions are not possible in
the single-contact case. The list of phenomena is not comprehensive, as other types of
behaviour may be possible. On the other hand, the author believes that the patterns found
by this study occur frequently in systems with any number of contacts and thus they are
of practical interest.

We also demonstrated that two different types of singularity are generic in the case of
n = 2. The first one occurs when a system converges to a codimension 2 manifold, where
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the associated matrix P is singular and simultaneously the system is at the boundary
of liftoff at one contact point. This singularity is essentially identical to the previously
uncovered dynamic jamming singularity of single-contact systems first described by Génot
and Brogliato (1999). Based on earlier results, we expect that the contact force may or
may not diverge to infinity, and passing the singularity may be followed by impulsive
contact forces or liftoff at one point. A second type of singularity occurs when the system
converges to another codimension 2 manifold, which is at the boundary of liftoff at both
contact points. The double liftoff singularity is a novel phenomenon. Here, the contact
force does not diverge to infinity, nevertheless the system shows indeterminacy at the
point of passing the singularity. Either one of the contact points may liftoff, while the
other contact may continue to slip or exhibit impulsive contact forces. The underlying
mechanism and the induced indeterminacy are both similar to the well-known two-fold
singularity of Filippov system (di Bernardo et al., 2008).

The analysis was based on the assumption of a piecewise linear, regularized contact
model with two parameters (k;, v;). The phenomena uncovered in the paper did not rely
on choosing special values of the parameters k;, v; of the model, hence they appear to be
generic. The assumption of linearity was motivated by its simplicity, but it is not crucial
either. In the case of a non-linear contact model (such as Hertz law), the stability of
contact modes can be investigated after linearization, and the result of the analysis is
often independent of the presence or the exact form of non-linearity (Champneys and
Varkonyi, 2016). Hence, we believe that the uncovered phenomena also occur in systems
with non-linear contacts.

This paper leaves many questions open for future work. Our aim was to provide a
general overview of generic transitions, and we skipped the detailed analysis of these
transitions. Open questions include

e detailed description of the dynamics after crossing the liftoff manifold within region 14
and 46

e comprehensive list of transitions for n = 2 (or more) contacts after crossing the stability
boundaries and conditions under which they occur

e general characterization of the double liftoff and dynamic jamming singularities for
non-linear systems with n = 2 (or more) contacts

Also, we did not present real examples of the most interesting transitions and singularities.
It was demonstrated that these singularities occur in a conceptual model, nevertheless
finding real-world examples will be subject of future work.
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Appendix A Parameters and initial conditions of the numerical simulation

In all simulations, we use € = 10~%, k; = ky = v{ = v, = 1. In the first set of simulations

(Figures 6 and 7), we have
0 0 0
SRS
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Table A 1. Parameter values and initial conditions of the numerical simulations
Figure number event att =0 Py Ay bo
. . c0s(0.487) cos(0.52m) 0 1 cos(1.52m)
Figure 6(a) crossing L1 {sin(0‘48n) sin(0.52r) 0 0 sin(1.52r)

transition to FS

. . cos(0.1mt)  cos(1.057) 0 0 c0s(0.05m)
Figure 6(b) crossing L1 { . . .
transition to FF sin(0.1m)  sin(1.057) 0 1 sin(0.05m)
. . cos(1.9m)  cos(1.95m) 0 0] cos(0.95m)
Figure 6(c) crossing L1 Lin(lgn) sin(1.95m) 0 —I 5in(0.957)
transition to IWC -
. . [cos(1.7240m)  cos(0.2m)] 0 0] -1
Figure 7(a,b)  crossing SI sin(1.7240m)  sin(0.2m)|  |—1 0 0
inverse chattering - - -
. . [cos(0.1403m)  cos(1.1m)] 0 —1] c0s(0.05m)
Figure 7(c) crossing S1 . . .
transition to FF | sin(0.1403m)  sin(1.1m) | 0 0] sin(0.05m)
. . [cos(1.8597m)  cos(1.97)] 0 O] c0s(0.88m)
Figure 7(d) crossing S1 sin(1.85971)  sin(1.97) 1 0 sin(0.88m)
IWC L ot -
. . [cos(1.4m)  co0s(0.3597n)] [0 O] cos(1.3m)
Figure 7(ef)  crossing SI sin(1.41)  sin(0.3597r) 1 0 sin(1.3m)
microscopic L 40t .
oscillation

which means that b is constant throughout the simulation. The values of parameter 4;
are shown in Table A 1. The simulations are launched at t;,;; = —0.01 (which allows initial
transients to relax before t = 0), and the initial conditions of P and b are chosen in
such a way that transitions from slip occur exactly at t = 0. We show in Table A 1, the
critical values Py and by at t = 0, which determine initial values P;,; and b;,; uniquely.
The remaining initial conditions are z;; = 0 and z;,; = —Pm_i[1 b, which corresponds to the
stationary values during sustained slip motion.

In a second set of simulations, we illustrated that systems may reach the codimension
2 singular manifolds (Figure 9-10). Here, we chose the same values of e, k;,v;, and o, as
before. We used the values of Py, Ay, A3 given by (3.13), (3.14), (3.16), tii; = —0.05 and
several initial conditions bj;;.

Appendix B Proof of Lemma 1

Let us introduce the notation J; = y; — n/2, B = B + n/2. In the new variables, the
feasibility and stability of the SS mode requires 7, > f > 7, the L1 manifold is given by
7, = B and the L12 manifold by 3, =7, = f = 0.

https://doi.org/10.1017/50956792518000062 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792518000062

802 P. L. Varkonyi
From (3.13) we deduce

—t t
P[] @
implying
tan(y,) = ¢ (B2)
d _
“(tany) = —1 (B3)
(tany,) =t = —tan7, (B4)
where ’ denotes differentiation with respect to singularly rescaled time s, given by d/dt =
|t] - d/ds.
At the same time, the equations (3.14), (3.12) yield
[t 0
b= { 0 0} b (BS)

Hence, b, is constant and the derivative of b; with respect to rescaled time can be
expressed as

b = —2b, (B6)

This equation can be rearranged as
(b1/b2)" = —2(b1/b2) (B7)
(tan B)’ = —2tan(p) (B8)

Equations (B4) and (B8) show that the point f = 73 = 0 is an attractive invariant
point of the singularly rescaled dynamics, furthermore, whenever f§ = 75, then the variable
B approaches 0 faster than 7. Hence, trajectories of the dynamics never cross the L1
surface inside out. It can be shown in a similar fashion that trajectories never cross the
L2 surface inside out, which completes the proof.

Appendix C Proof of Lemma 2

We again introduce 7, and f8 as in the proof of Lemma 1. Then, the SS mode is feasible
and stable as long as 0 > 7, > f, the L1 surface is given by 7, = f8, and the GB1 manifold
by 7, = f = 0. By applying the same rescaling of time, we arrive to a pair of equations
similar to (B4) and (B8):

(tan7,)’ = — tan7, (C1
(tan B)’ = —0.5tan f + O(r?) (C2)

We can conclude again, that § = 7, = 0 is an attractive fixed point. Nevertheless in this
case, f§ converges to 0 slower than 7, whenever they are equal, which means that the L1
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surface is never crossed by trajectories from inside out, and the SS mode persists until the
GBI1 manifold is reached.

Appendix D Proof of Theorem 3.4

Assume that the system is launched at t = t;,; < 0 and a state on the Painlevé manifold
but away from the Génot—Brogliato manifold at time ¢ = 0.
The contact force given by (2.24) can be expressed as

). = —det(P) " 'adj(P)b (D1)
= det(P)~'2 (D2)

where adj(P) is the adjugate matrix of P. Being on the Painlevé manifold implies that
det(Py) =0 (D3)

Being on the Génot-Brogliato manifold would mean that despite the singularity of P,
there exists a scalar 4 satisfying PyA + bp = 0. Then, this equation can be multiplied by
adj Py on the left to obtain

adeoPo}t—i-adeobo =0

—— —

=detPoI=0 =To
(where I is the identity matrix) to conclude that Ay = 0. Since rank(Py) = n — 1 implies

rank(adj(Py)) = 1, the equation above also implies that not being on the Génot-Brogliato
manifold is equivalent of

T0#0 (D4)

We will use this identity later on.

The velocity ¢(t) is a continuous function during impact-free motion, hence |¢| has
a global maximum ¢,,,, over the closed interval t € [t;;;,0]. In addition, P is assumed
to be Lipschitz with respect to g, which means that det(P) is also Lipschitz continuous
function of ¢q. Let £ denote a Lipschitz constant of det(P). The two properties above can
be combined with (D 3) to obtain

|detP(q(1))| < det(Po) +L]q(t) — go| < Limax(—1) (D5)
0

which shows that the contact force (D 2) has a 1/x type singularity.

Next, we examine how the tangential velocity of the contact points varies in response
to the singular contact force. The tangential acceleration of the contact points can be
expressed according to (2.3) and (D 2) as

X=a+K -det(P)"'7 (D 6)
where the second term inherits the singularity at t = 0. We can rescale this equation as

det(P)x = a - det(P)+ KA D7)
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where all terms on the right-hand side of the equation are continuous functions of time,
hence det(P)X is also continuous. In the limit t — 0, we have

lll’I(l) det(P)x = K()Z() (D8)
t—

It is straightforward to prove that the vector Koly is not the zero vector, ie., there is a
scalar 1 < j < n such that

lim det(P); # 0 (DY)
t—

Due to the continuity of function det(P)X; we can choose a time t; sufficiently close to 0
such that det(P)X; is bounded away from 0 with some bound E:

|det(P)%j| > E >0 (D 10)
We rearrange this equation as
|%;| > E - |det(P)™| (D 11)
and by using (D 5), we arrive to
E —1
Xl > —t D12
‘ ]‘ CQmax( ) ( )

This bound involves a non-integrable singularity, which means that the variation of x
in the time interval [t,0] is unbounded. In other words, for any positive sliding velocity
Xj(t1), either x; = 0 is reached for some t < to, or X; grows unbounded. The first scenario
means that a slip-stick transition occurs, whereas the second is impossible due to the
bounded mechanical energy of the system. We conclude that the system may not slip until
t=0.
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