
ON PARTITIONS OF AN EQUILATERAL TRIANGLE 

R. L. GRAHAM 

Introduction. Let T denote a closed unit equilateral triangle. For a fixed 
integer n, let dn denote the infimum of all those x for which it is possible to 
partition T into n subsets, each subset having a diameter not exceeding x. We 
recall that the diameter of a plane set A is given by 

d(A) = sup p(a, b) 
a.beA 

where p (a, b) is the Euclidean distance between a and b. 
In this note we determined dn for some small values of n. Typical values of dn 

are given in Table I. These values were obtained by three methods. As would be 
expected, as the value of n increases, the complexity of the argument needed to 
obtain dn also increases. We begin with the simplest case. 

The box-principle technique. Consider the regular arrangement of 
(n + 1) in + 2)/2 points within T shown in Figure 1. Since any partition of T 

FIGURE 1 

into k < (n + l)(n + 2)/2 subsets must have some subset which contains at 
least two of these points (and consequently has diameter > l / w ) , Ave see that 
dk > \/n. On the other hand, by joining these points in the natural way 
(Figure 2) we obtain a partition of T into n2 sets of diameter 1/n. (In this 
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FIGURE 2 

paper it will never make any difference to which of the sets a limit point of two 
or more sets belongs.) Thus, in general we have dni < 1/n. Hence, if 

(1) n2 <k < (n + 1)(« + 2)/2, 

then 

(2) dk = 1/n. 

From this we obtain: 

d\ = d<i — 1, &4 = «5 = 2> d§ = -3. 

Unfortunately (or fortunately, depending upon one's point of view), (1) 
cannot be satisfied for n > 3 and this simple argument yields no further values 
of dn. 

A slight variation of this argument gives us dz. We consider the four points 
arranged in T as shown in Figure 3 (C is located at the centroid of T). Since the 

FIGURE 3 
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distance between any two of the four points is at least d = 1/V3, then in any 
partition of T into three sets, at least one of the sets must have diameter > d 
(thus showing that dz > d). On the other hand, the partition given in Figure 4 
(formed by joining C to the three side-midpoints) has no set with diameter yd. 
Consequently d3 = I / A / 3 . 

FIGURE 4 

With this value of dn the usefulness of this simple box principle is exhausted. 
To obtain further values of dn, we shall have to work a little harder. 

The cycling technique. We come now to a method which will eventually 
give us the values of dn for n = 6, 7, 8, and 12. To illustrate it, we first consider 
the case n = 7. 

With reference to Figure 5, we note that there exists (by continuity) a real 

FIGURE 5 
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number d such that if we go down the altitude of T a distance d (to the point P) 
and then go across to a side by a chord of length d (to the point Q), we are then 
exactly a distance d away from the nearer base vertex. (The fact that d happens 
to be equal to 1/(1 + \/3) is incidental.) Of course, P could have been located 
on any altitude and Q could have been chosen on either side. In Figure 6 we have 
drawn in all nine points we would obtain by taking all possible choices of P and 

FIGURE 6 

Q. The solid line segments have been drawn in between points whose mutual 
separation is d. The facts that p(Qi, Q2) = d, p(Ply P2) = d, etc., are immediate. 

Let us now assume that it is possible to partition T into seven sets Au 

1 < i < 7, each of which has diameter <d. All the points Pu Qù must belong to 
at least one of the Ak. Since the points Pitl < i < 7, all have mutual distance 
>d , they must all belong to different Ak. We can assume without loss of gener
ality that Pt e Au 1 < i < 7. Now p(Qu Pi) > d for i ^ 2 so that we must 
have Qi 6 A2. Similarly we find that Q2 6 -43, since p(Q2, Pi), i = 1, 4, 5, 6, 7 
and p(Q2, Qi) are all >d . Continuing in this way, we deduce that Qz Ç A5 and 
04 G Ai. We now note that each A t contains a point which is a distance > d 
from <2Ô and hence Qb cannot belong to any A {. This is a contradiction. Hence we 
must have di > d. 

Now we wish to show that d7 < d. Figure 7 gives us the surprising conclusion 
that d6 < d. Therefore we can conclude that d& = di = <i. 

To handle the case « = 8, a similar though slightly more complex argument 
is used. For this we let d now denote that unique distance determined by 
Figure 8. In this figure, the point P lies on the altitude of T. As before, by 
reflection and rotation, this configuration of points determines 24 points 
(counting the three vertices) in T shown in Figure 9. (The lines indicating the 
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FIGURE 7 

A 
/ \ / \ 

/ \ 
/ \ 

/ , \ 
/ d \ 

/ 
/ 

/ 
/ J ip 

/ . ^ ^ / i ^ 

FIGURE 8 

' P 4 
P9 

P l 3 ° 
^16 \ 

V P i , 

VPfi 
r 2 3 ° 

P 2 2 P17 P12 P 7 

FIGURE 9 

https://doi.org/10.4153/CJM-1967-031-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1967-031-x


PARTITIONS OF AN EQUILATERAL TRIANGLE 399 

interpoint distances of d have been omitted.) The points have been labelled so 
thatp(P,,P*+i) = dlork > 3 whilep(Pk,Pk+1) = 1 for* = 1,2. 

Let us now assume that it is possible to partition T into eight sets, A u 

1 < i < 8, each having diameter <d. We can suppose without loss of generality 
that P i G A i for 1 < i < 8. As in the case of n = 7, it now follows by geometric 
arguments that we must have: 

P 9 e ^ 4 , Pio£A5l P i i G ^ e , P i 2 e ^ 7 , 

P i sG^U, Put A*, Put A5, PueAB, 

PIT G A7, P i s G ^ s , P u G ^U P20 G ̂ U, 

P21 G A%, P22 G ^ 7 , P23 G ^ s , P 2 4 G ? . 

Since P24 is now too far from some point in each of the A u we have obtained a 
contradiction. We conclude that some At must have diameter >d. Hence 
ds > d. 

A partition of T for which the maximum diameter of any set is < d is given in 
Figure 10. (The reader will have no difficulty in verifying that all the sets have 

FIGURE 10 

diameter d.) Since d is readily determined to be equal to 

2 
1 + V3 + V(6V3) ' 

we have proved that 

2 
1 + V3 + V(6V3) 
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The final value of dn we obtain by this technique is dn. As in the two pre
ceding cases we first define d to be that distance determined by Figure 11. The 

FIGURE 11 

point P lies on the altitude of T. I t happens that d = 2 — \ / 3 , which is just the 
d that satisfies Figure 12 (where the points Q and Q' lie on the altitude of T). 

FIGURE 12 

Generating all the points in Figure 11 and Figure 12, we obtain Figure 13, 
which has 24 of these points (including the three vertices). The point C is the 
centroid of T. As before, the points have been labelled so that p(Pk, Pk+i) > d 
for 1 < k < 23. 

Suppose now that T can be decomposed into 12 sets A u 1 < i < 12, each 
having diameter <d. We can assume without loss of generality that Pt G A u 
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for 1 < i < 12. There are two possibilities for Pu, namely, Pu G A7 and 
Pu G A12. However, because of the symmetry of the configuration, we can 
assume tha t P13 G 4̂ 7. The remainder of the argument is straightforward : 

Pu£Ah PneAb} P 1 6 G ^ i o , PneAu, P18 G A*, 

P i 9 G ^ 4 , P 2 o G ^ 8 , P 2 i G ^ 9 , P 2 2 G ^ 5 , C G ? . 

I t is now easy to see t ha t the point C is a distance > d from some point in 
each of the Au\ < i < 12, which is a contradiction. Hence, we have d12 > J. 
Figure 14 shows a parti t ion for which d is the maximum set diameter. This 
concludes the proof t ha t d12 = 2 — \ / 3 . 

FIGURE 14 
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The inscribed polygon lemma. Before we can determine any other values 
of dn, we first need a lemma. It deals with the number of sets to which the 
boundary of T can belong. 

Consider the figure T(d) shown in Figure 15. For a fixed d < \, T(d) is 

FIGURE 15 

formed from T by deleting circular sectors of radius d from each of the three 
vertices of T. For an arbitrary point P on the upper arc of T(d)t let us determine 
the points Qlf . . . , Qn, Q\, . . . , Qf

n>, R, R'y 5, and 5 ' on the boundary of T(d) 
as shown in Figure 16. These points are determined simply by starting at P and 
marking off consecutive chords of length d along the boundary of T(d) until the 

FIGURE 16 
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base of T(d) is reached. We assume tha t 0 < 0, /3' < 7r/3. From the figure we 
have the immediate relations: 

(3) a + a' = TT/6, 

(4) 2d cos a + (n - \)d + 2d cos 0 = 1 , 

(40 2d cos a' + {nf - l)d + 2d cos p = 1. 

An easy calculation shows tha t the distance p (5, Sf) between the points 5 and 5 ' 
is given by 

(5) P ( 5 , 5 ' ) = 1 - 2d (cos 7 + cos Y 0 

= 1 - 2d{cos(7r/3 - P) + COS(TT/3 - 00} 

= 1 - d(cos p + cos /30 ~ V 3 d(sin 0 + sin ff) 

= d{cos a + cos a ' — V 3 sin 0 — \ / 3 sin 13' + §(w + « 0 ~~ !} • 

By (3), (4), and (40 , we can regard p(5, 5 0 as a function of a and write i t as 
F (a). We now s ta te a lemma. 

LEMMA. Suppose n = n' ; let I denote the set of values of a for which 0 < a < 7r/3 
and 0 < j8, /3' < 7r/3. 77&en -F(a) assumes a unique minimum on I for a = 7r/6. 

Proof. I t is easily seen t ha t 7 is an interval centred a t TT/6. T h e derivat ive of F 
on / i s given by : 

(6) F'{a) = d( - s i n a + sin a ' - V 3 cos /3 ^ - V 3 cos 0 ' ^ j . 

Since (3), (4), and (40 imply 

dp _ sin a dfif _ sin a' 
da sin 0 ' da sin (3 ' 

we have 

(7) 7?'(a) = d { s i n a ( V 3 c o t / 3 - 1) - sin a ' ( V 3 cot 0' - 1)}. 

Now, 0 < 0, 0' < TT/3 imply 

V 3 cot 0 - 1 > 0, V 3 cot 0 ' - 1 > 0 , 

while 0 < a < 7r/3 implies 

0 < sin a, 0 < sin a'. 

Also we note t ha t a > a ' implies 0 < 0' and hence cot 0 > cot 0' (for a Ç / ) . 
Therefore, fora G / , 

( < 0 , a < TT/6, 

F ' ( a ) < j = 0 , a = TT/6, 
[ > 0 , a > TT/6. 

This establishes the lemma. 
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If it happens that p(S, S') is an integral multiple of d, then we can think of 
these chords together with new ones drawn between 5 and S' as forming an 
inscribed polygon with sides of length d. An immediate consequence of the 
preceding lemma is the following lemma. 

INSCRIBED POLYGON LEMMA. Suppose that for an integer m there is an m-gon 
M with sides of length d inscribed in T(d) such that some vertex of M bisects an arc 
of T(d). Then any m-gon with sides of length d inscribed in T(d) has a vertex 
which bisects some arc of T(d). 

Applications of the Inscribed Polygon Lemma. We are now in a position 
to determine the remaining values of dn which we consider in this paper, i.e., 
dioj dn, du, and dn. The arguments used for each of these cases are quite 
similar and so only those for dn and di$ will be presented. 

We first consider dn- Let d denote the real number for which starting from an 
arc bisector of T(d) the consecutive chords of length d form an inscribed 7-gon; 
cf. Figure 17. 

FIGURE 17 

Suppose now that dn < d. By the Inscribed Polygon Lemma, the boundary 
of T(d) must contain points which belong to at least eight of the eleven sets 
into which T is partitioned. Since the vertices of T also belong to three of the 
sets (distinct from the sets which contain boundary points of T(d)), all eleven 
sets contain either a vertex of T or a boundary point of T(d). But the centroid 
of T is a distance of 

1 
2V3 

0.2887 , > 0.2712 
3V3 + V(24 + 6V3) 

= d 
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from the boundary of T(d) so that we reach a contradiction. Hence we must 
have du > d. In Figure 18, we give a decomposition of T into eleven sets each 
having diameter <rf. This completes the proof that 

du = 
3V3 + V(24 + 6V3) 

FIGURE 18 

FIGURE 19 

We conclude this section by showing that dn = 1/(1 + 2\/3) . To do this, we 
now let d denote the unique length such that consecutive chords starting from 
an arc bisector of T(d) form an inscribed 9-gon ; cf. Figure 19. 
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Assume that we can partition T into 15 sets each having diameter <d. 
Consider the three points A} B, C shown in Figure 20. The points A, B, C are 

FIGURE 20 

located on the altitudes of T at a distance 2d from the corresponding vertices. 
An elementary computation shows that 

p{A,B) = p(B,C) = P{C,A) =d 

and that these points are a distance d from the boundary of T{d). By the 
Inscribed Polygon Lemma, the boundary of T(d) must contain points which 
belong to at least 10 of the 15 sets. Hence the boundary of T(d) together with 
the three vertices of T contain points which belong to at least 13 of the 15 sets. 
This means that the points A, B, C belong to at most two of the 15 sets, which 
is impossible. Thus, we must have du > d. Figure 21 gives an elegant partition 
of T into 15 sets each having diameter d±5 = 1/(1 + 2 \ /3 ) . 

FIGURE 21 
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We point out in passing that the omitted arguments for dï0 and du correspond 
to similar arguments using inscribed 6-gons and 8-gons respectively. 

Concluding remarks. It may be noted that as n increases, more of the 
sets in optimal decompositions of Tare ''interior" sets, i.e., contain no boundary 
points of T. The presence of these sets makes it much more difficult to determine 
dn by the techniques demonstrated thus far. An extension of these ideas can be 
used to obtain du but the argument is somewhat involved and will not be 
presented here. 

It might be natural to conjecture that as n increases, the sets of an optimal 
decomposition of T tend to look more like regular hexagons of diameter dn. This 
would give 

d n ~ 2 / V ( 6 » ) . 

However, this conclusion is unwarranted since one notes that there are a 
continuum of ways to partition the plane into two classes of congruent sets of 
diameter 1 that their average area is | \ / 6 . An example is shown in Figure 22 
(the dashed lines correspond to unit diameters). 

FIGURE 22 

In Figure 23, we compare dn with 2/y/(§n). I t is tempting to conjecture that 
dn > 2/V(6w). If it were true that dn ~ 2/y/fSn), then it would follow that 
dn > 2/V(6tt) for all n. On the other hand, it is easy to show (by covering T 
with regular hexagons) that 

71 ^ V(24^ + 3) - 3V3 

for all n.\ I t follows from a theorem of Blaschke (1 ) that there exists a partition 
of T into n sets each of diameter < ^ . Hence, for all e > 0, if n is sufficiently 
large, then dn — 2/\/(6n) < e. Another question which arises is that of the 

fResults of Lenz (3, 4) show that V[(V3)/»ir] < dn < W2)/Wn\ for n > 2. 
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FIGURE 23 

TABLE I 

1 1 
2 1 
3 1/V3 
4 i 

2 

5 1 
2 

6 1/(1 + V3) 
7 1/d + V3) 
8 
9 

2/{l + V3 + V(6V3)( 
i 

10 
3 

1/2 V3 
11 1/{3V3 + V(24 + 6V3)| 
12 1/(2 + V3) 
13 3/{3 + 3V3 + V(24 - 6V3)! 
14 — 
15 1/(1 + 2V3) 

eventual strict monotonicity of dn. We note from Table I that dn = dn+i for 
n — 1,4, and 6. Is this phenomenon typical? 

We mention in conclusion that the preceding ideas can obviously be applied 
to regions other than equilateral triangles, although as far as the author knows, 
the extent to which this has been done is limited ; cf. (25, 6). 

https://doi.org/10.4153/CJM-1967-031-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1967-031-x


PARTITIONS OF AN EQUILATERAL TRIANGLE 409 

n=i n=2 n=3 

A 
n=4 n=5 n=6 

AAA 
n=7 n=8 n=9 

AAA 
n=io n=n n=i2 

AAA 
n = i3 n = i4 n = i5 

FIGURE 24. Optimal partitions of T. 
REFERENCES 

1. L. Fejes Toth, Lagerungen in der Ebene, auf der Kugel undimRaum (Berlin, 1953). 
2. Hadwiger, Debrunner, and Klee, Combinatorial geometry in the plane (New York, 1983). 
3. H. Lenz, Zur Zerlegung von Punktmengen in solche kleineren Durchmessers, Arch. Math., 6 

(1955), 413-416. 
4. Ûber die Bedeckung ebener Punktmengen durch solche kleineren Durchmessers, Arch. 

Math., 7 (1956), 34-40. 
5. Problem E 1311, Amer. Math. Monthly, 65 (1958), 775. 
6. Problem E 1374, Amer. Math. Monthly, 66 (1959), 513. 

Bell Telephone Laboratories, Murray Hill, New Jersey 

https://doi.org/10.4153/CJM-1967-031-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1967-031-x

