THE LUMINOSITY FUNCTION AND EVOLUTION
OF COOL WHITE DWARFS

James Liebert

Steward Observatory
University of Arizona

In the review, I attempt to focus on what we have recently
learned from the observations about three general topics of great
theoretical interest:

1. evidence for evolution of white dwarf surface abundances,

2. the special problems of determining atmospheric parameters

and abundances at the cool end of the sequence, and

3. evidence for a peaking of the white dwarf luminosity function

at My, = +15 * 1, with possible implications for cooling
theory and the history of galactic star formation.

1. Spectroscopic Temperature/Abundance Sequences

Figure 1 shows the parallel spectroscopic sequences of stars
having hydrogen-dominated or helium-dominated atmospheric compositions.
Greenstein (1960 and in subsequent papers)has provided the definitions
and modern framework of spectral types. The non-DA sequence of course
breaks into DC, metallic-line and carbon band (C,) stars at tempera-
tures too cool for the DB helium lines to be seen. The middle se-
quence of intermediate abundance objects or "hybrids" generally con-
tains stars with helium-dominated atmospheres and detectable trace
abundances of hydrogen. The DA,F stars are included in this category
since Bessell and Wickramasinghe (1979) have argued that those few ob-
jects truly deserving this classification may be hydrogen-poor. The
potential DC(H;) classification recognizes the possibility of detecting
H2 in cool hydrogen-rich atmospheres—-see §3.

We should not expect that each of these sequences represent the
actual evolutionary stages for a star with a given atmospheric abun-
dance. Because of several physical processes (to be reviewed next by
G. Vauclair), we expect that atmospheric abundances can change as the
stars cool, converting a given star from one sequence to another. I
leave for him the detailed documentation of the impressive, recent
theoretical work on these processes. Gravitational settling, thermal
diffusion and radiation pressure may be important for hot stars, but
we must especially investigate the anticipated roles of convective
mixing and accretion for the cooler stars. We should ask ourselves
how it can be shown whether these predicted processes really are at
work in the stars.
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2. Evidence for Convective Mixing

A number of recent investigations (Koester 1976, Vauclair and
Reisse 1977, D'Antona and Mazzitelli 1979a) predict convective mixing
of an outer hydrogen layer into an underlying helium envelope after
the star has cooled below the DB temperature range (~12000 K). The
process could quickly convert a DA atmosphere into a hydrogen-poor
composition (a non-DA star). The actual surface Tef at which this
process should occur is uncertain due to the physics in the models,
but should vary from star to star depending on the values of two
initial parameters (1) the mass (My) of the top layer of hydrogen,
and (2) the total white dwarf mass. In fact, it appears that if all
white dwarfs began their cooling with My R 10‘7M9, the process might
not occur at all and the hot DA's could all finish_their cooling
with hydrogen-rich atmospheres. (Note that the 10‘7M@ of hydrogen is
still orders of magnitude below the stability limit for a white dwarf.)
Conversely, if all DA stars finish the pre-white-dwarf stage with
smaller amounts of hydrogen, the calculations suggest that all stars
would be converted into predominantly helium atmospheres by T
~L000 K. Hence, it is important to examine whether and to what extent
convective mixing actually does take place below ~12000 K temperatures.

For white dwarfs in the known sample estimated to be in the DB
temperature range above 12000 K, the ratio of DA to DB stars is
around 3:1 (Sion and Liebert 1977). 1If all hotter stars are included
(DAwk, DO types), the ratio is closer to 4:1. The question we need
to address is: Does this lopsided ratio survive among the cooler
stars? Recent atmospheric analyses, and better observations--particu-
larly of the red spectral region--make possible a meaningful answer,
but one must proceed with caution since many poorly-observed stars may
have been misclassified. The analyses of two very cool DA stars
BPM4729 (Wickramasinghe and Bessell 1979) and G128-7 (Wehrse and
Liebert 1979a) show that hydrogen atmospheres can survive to tempera-
tures as low as ~5500 K. BPM4729 is so near the low temperature
limit for detection of Balmer lines that very careful observations were
required; the star was originally classified DC However, Wehrse and
I argued that the known stars having 5500 - £ 8000 K within 10
pc of the sun represent a well enough observeg sample to make a mean-
ingful statistical test of the hypothesis that a 3:1 DA/non-DA ratio
survives at cooler temperatures. While the sample is small, the near-
by stars have predominantly helium atmospheres by 5 to 3. We tested
against the hypothesis that the nearby stars represented a random
sample from a true distribution having three hydrogen stars for every
helium case; the test fails to support the hypothesis at the 97% con-
fidence level, despite a deliberately conservative framework used in
applying the test. Ed Sion will present additional evidence indi-
cating that a lower ratio of hydrogen-to-helium atmospheres occurs
among the cooler white dwarfs. The most straightforward interpre-
tation of these results is that convective mixing really takes
place, in some of the stars. This interpretation neglects any evolu-
tion in the helium~to-hydrogen ratio of the hotter sample, and does
not consider accretion, though it is difficult to understand how the
latter could explain a decrease in the ratio with temperature.
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3. The Puzzle of Carbon in Non-DA Atmospheres

The outer helium convection zones extend deeper and exist over a
wider range of effective temperatures than do hydrogen convection
zones. Thus, several recent theoretical investigations have focussed
on the possibility that some cool helium atmospheres might show ele-
ments dredged up from deeper layers. It was initially thought that the
mixed material might include (1) heavier elements which had originally
sunk from the surface due to diffusion processes, and (2) the carbon,
oxygen or heavier .elements originally in the white dwarf core below
the helium-rich envelope. However, Michaud and Fontaine (1979) and
Vauclair, Vauclair and Greenstein (1979) have recently shown that the
deepening convective envelope will never catch up with the diffusing
material over an evolutionary time scale. Thus, the existence of
detectable metals in some white dwarf atmospheres is not to be inter-
preted as evidence for deep dredging, but rather for accretion pro-
cesses (Alcock and Illarionov 1979). A difficulty with this "consen-
sus" view is discussed in the next section. However, it is clear that
some of the highest metal abundances are observed in stars hot enough
to show helium lines (e.g. GD4O), which should have only shallow con-
vection zones.

On the other hand, carbon is observed in the atmospheres of some
cool stars. About one of every six known non-DA stars in the 6,000 -
10,000 K temperature range shows C, (A4670) bands (Sion, Fragola and
0'Donnell 1979). Since carbon lines have not been reliably identified
in hotter helium-atmosphere stars, it has been tempting to propose
that the helium envelope in the A4670 cases has reached a carbon-rich
core. D'Antona and Mazzitelli (1979ab) argue that pre- white-dwarf mass
loss should not leave a helium envelope thin enough for the convection
to penetrate all the way through; however, Vauclair and Fontaine's
(1979) calculations indicate that, if the helium layer were small
enough, the H-discontinuity would be penetrated and carbon should be
mixed upwerds. Even so, they predict that the mixing should normally
lead to an almost pure carbon surface composition! The known AL67T0
stars have previously been shown (Bues 1973, Grenfell 1974) to fit
helium-rich agmospheric models with only modest carbon enrichments
(nC/nHe &~ 1077, according to Bues 1979).

There are two difficulties in trying to test the carbon-dredging
hypothesis with the available evidence:
1.1t is not clear that hotter helium-atmosphere stars with
C/He sbundance ratios similar to the A\4670 stars would show
readily-detectable features; and
2.while the recognized AL670 white dwarfs have been fit with
low C/He ratios, the expected energy distributions and
spectra for any stars having much larger C/He ratios are
not well documented.
Thus, neither the empirical temperature range nor the carbon abun-
dance range for white dwarfs is well established. Early DB atmospheric
analyses by Strittmatter and Wickramasinghe (1971) and Bues (1970)
suggested that atomic carbon lines would be at best marginally-detect-
able for C/He ~s10-3 in hotter stars; recent DB model calculations may
clarify the predictions. So far, the new optical spectrophotometry and
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ultraviolet spectra have not yielded any firm detections of carbon ion
transitions in hot white dwarfs. Thus, we do not yet know whether car-
bon enrichment is a phenomenon restricted to cooler stars. Likewise,
Bues' model calculations for 14670 temperatures indicate that the Cp-
band strengths may peak for increased C/He ratios, but that the band
envelopes may blend increasingly with the carbon-dominated continuum
for C > He. 1Is it possible, then, that white dwarfs with carbon-
dominated atmospheres may make up part of the sample classified "DC"?
Unfortunately, uncertainties with the line, continuum and band opac-
ities for carbon-dominated compositions complicate the relevant calcu-
lations; we do not yet know how DC-like the spectra and colors might
be.

It is clear, therefore, that we do not understand the origin and

evolution of the cool 14670 white dwarfs. Furthermore, it is not even

_clear that these C, stars represent a higher space velocity sample
compared with other white dwarfs, as most authors have previously
assumed. Several examples with high space velocities have been dis-
covered; however, Humphreys et al. (1979) have noted that most of the
known Cy stars with reliable trigonometric parallaxes apparently have
"old disk" space motions, as do most white dwarfs.

4, Accretion and the Cooler Stars

The existence of large numbers of cool degenerates whose atmo-
spheres are free of both hydrogen and metals to very low limits poses
another serjious theoretical question: How are these pristine atmo-
spheres protected from the accretion of interstellar hydrogen and
heavy elements? At various times it has been argued that (1) an
ionizing ultraviolet radiation flux, (2) a coronal wind driven by
strong envelope acoustic fluxes, or (3) an electrostatic field in the
envelope could prevent pollution of the pure helium atmospheres of
the hot DB stars. For the cooler helium white dwarfs, it is much more
difficult to justify these arguments, since

1. there is relatively little ultraviolet ijonizing flux, es-

pecially for those hydrogen-poor cases which show strong
optical line-blanketing (e.g. vMa2, G165-7);

2. the envelope acoustic fluxes are much lower for cooler

helium stars than for hotter ones; and

3. the cooler helium atmospheres are extremely deficient in

free electrons and ions, since they are so metal-poor.
Furthermore, 1f accretion is an occasional process requiring an en-
counter with an interstellar cloud (Truran et al. 1977, Wesemael 1979),
the older white dwarfs are much more likely to have undergone the ex-
perience. At least the cooler helium stars do offer deeper convective
envelopes in which to dilute the pollutants, as long as the effective
mean accretion rate is far below that predicted by the Bondi-Hoyle
formula.

How should we in fact look for evidence that accretion has oc~-
curred in any of these stars? Of course, if accretion is a continual
event or if the amount of accumulated material is large, the star
would accumulate a hydrogen-rich surface abundance. Assuming a rapid
sinking of the metals due to diffusion processes, the object simply
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becomes a DA star--if it wasn't one already. If the accretion is
sporadic onto a cool helium-rich envelope, convective mixing into a
deep layer may dilute the accreted layer so that the atmosphere re-
mains helium-dominated, perhaps with a detectable hydrogen abundance.
In this last case, we might at least for a time expect to observe
something like the following:

In Figure 2 we show the red spectrum of the peculiar metallic-
line star Ross 640 (from Liebert 1977). The blue spectrum shows
strong Ca II, Mg I and possible Fe I features; this red spectrum is
noteworthy for the appearance of weak Ho. HR is very weak and the
higher Balmer lines absent, as is expected for a small hydrogen
abundance in a cool (-~ 8500 K) helium atmosphere with van der Waals
rather than the Stark effect dominating the line broadening. Re-
markably, it appears that the ratios of the hydrogen abundance to the
abundances of the detected heavy elements are not too different from
solar; in other words, the abundances of Ross 640 might be approxi-
mately reproduced by diluting some material of interstellar composi-
tion into a pure helium envelope with over 1,000 times this mass.

The recent papers by Michaud and Fontaine (1979), Vauclair,
Vauclair and Greenstein (1979) and by Alcock and Illarionov (1979)
conclude that the very existence of metals in such cool white dwarfs
requires the supposition that accretion has recently occurred. The
last authors argue that convection or circulations due to rotation,
rather than helping to maintain the abundance of metals at the sur-
face, should actually enhance the gravitational diffusion process that
would remove the accreted heavy elements from the atmosphere. Unless
the process can effectively select against hydrogen in cooler stars,
we would expect the hydrogen-to-metal ratios in a recently-accreting
star to be solar or above, but not below solar ratios,

The problem is that, unlike the case with Ross 640, hydrogen is
nsually not detected in metallic-line stars. Figure 3 demonstrates
the absence of Ha in the red spectra of the strong-}ined stars vMa2
and G165-7, The abundance is limited to around 10~ Nxe (Wehrse and
Liebert 1979b) so that the hydrogen-to-metal ratios are distinctly
below solar in these stars. An even more extreme example is pre-
sented by Greenstein's GD401, a somewhat hotter star which exhibits
enormous Ca II lines but little else in the optical spectrum. The
preliminary estimate (Greenstein 1976) was that n,_ is actually near
the solar value, but ny must be < 10~4n, . If one is to invoke accre-
tion to explain the calcium abuniance in this star, the accretion pro-
cess must screeen out the dominant interstellar constituent with
> 99.997 efficiency! Yet it is precisely these stars which tend to be
relatively deficient in ultraviolet ionizing flux--due to metallic
blanketing--if this must play a role in keeping out the hydrogen,

The problem of screening out the hydrogen becomes even more
severe when one considers the long-term implications of assuming sig-
nificant interstellar accretion onto cool helium~rich atmospheres.
Alcock (1979) argues that the metal abundances are typically small in
the cooler stars--and hence the metallic-line spectra are rare--be-
cause of the time dependence of the accretion process and the varying
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equilibrium between the incoming mass flux and the steady gravita-
tional diffusion. Yet, if the typical time between significant
accretion events (due to cloud encounters) is only ~ 2 x 10% years,
then any cool disk white dwarf should have faced a multitude of such
encounters. While most of the accreted metals would have settled out
of the convective envelope, all of the hydrogen would accumulate in
the envelope. The implication of this analysis is that most cool
helium-rich degenerates should have surface hydrogen-to-metal ratios
well above the solar ratio. Thus, a highly effective screening or
explusion mechanism must be found to account for the observed limits
on hydrogen in large numbers of cool white dwarfs.

To summarize, since nearly all cool non-DA stars--perhaps a ma-
jority of all cool white dwarfs-~are both extremely hydrogen- and
metal-poor at their surfaces, there is not much direct empirical evi-
dence that accretion is a generally important mechanism in determining
surface abundances. 1f we assume that accretion 1is responsible for
the metals detected in a few cool white dwarfs, then the scarcity or
absence of hydrogen is currently a major theoretical difficulty.

5. Abundances and Colors for the Coolest Stars

Spectroscopic surveys by Greenstein (1979) and the Arizona group
have shown that nearly all stars at the low luminosity end--M -~ +15,
or L/Lg - 10~%--are DC or nearly DC. The sole exception is the re-
markable object LP701-29 (Dahn et al. 1978). Previous abundance
studies, beginning with Weidemann's (1960) analysis of vMa2, showed
that metal abundances and upper limits become much more stringent at
the coolest T.¢f 's because of the reduced electron supply for the He™
or H continuum opacity. The resulting increase in atmospheric trans-
parency leads to enormous gas pressures and densities at low optical
depths for helium atmospheres. 1In particular, the average particle
separations in helium atmospheres cooler than vMa2 must be so small
that third-body interactions would affect both the continuum and line
transitions and non-ideal gas effects must complicate the equation of
state. Some of these problems are detailed in a recent study by BYmm,
Carson, Fontaine and Van Horn (1977).

It is little wonder then that the only atmospheric studies ad-
dressing abundances and line profiles below 5000 K«<Shipman (1977)
and Cottrell, Bessell and Wickramasinghe (1977)--~used the assumption
of hydrogen-dominated atmospheres. Shipman argued that his models
were likely to be relevant to most very cool stars since the energy
distributions for most of these DK-DC stars could be fit by H models .
with H opacity. It would be quite another thing to argue that helium
atmospheres could not also fit these objects, especially since the
energy distributions of somewhat-hotter stars can generally be fit by
either H or He atmospheres (though with much different T, g¢ values).

The Cottrell et al. analysis applied only to the unique, blanketed
case LP701-29. Their helium models below -~ 5000 K suggested line
profiles so pressure-broadened that they would blend into the continuum.
Thus, these authors argued that LP701-29 must have significant hydrogen
in its atmosphere in order for the pressures to be reduced enough for
any lines to be discernible. Of course, only a few lines are
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discernible in the star's spectrum; basically, the star's energy
distribution below 4500 & is severely depressed. TFurthermore, it is
unclear whether the effect of pressure ionization of the metals in

low temperature helium atmosphere models might permit a synthetic
spectrum fit to LP701-29. Finally, there is evidence that most other
cool DK-DC stars also have blue fluxes depressed by similar blanketing,
though not nearly so strongly as in LP701-29.

For hydrogen atmosphere stars too cool to show Balmer lines
(Teff < 5500 K), most of the H is expected to be bound in Hy molecules
anyway. The extensive series of pressure~induced Hy dipole transitions
in the near-infrared spectrum offer a potential means of detecting this
hydrogen. While this opacity source was recognized in exploratory
papers on cool hydrogen atmospheres (e.g. Shipman 1977), it is diffi-
cult to make quantitative predictions since a large extrapolation in
Teff from laboratory-measured (and planetary atmosphere) values is in-
volved. However, it is reasonable to expect the opacity to be very
strong in such low-temperature white dwarf atmospheres. Preliminary
models and energy distributions calculated by J. Mould and myself
suggested that the effect would be important for T, £ S 5000 K. Ac-
cordingly, an observational program of measuring l—gu (JHK) colors was
undertaken. The first results were published in Mould and Liebert
(1978).

Before discussing the infrared colors, however, it is useful to
show a more conventional two-color diagram for some of the coolest
known white dwarfs, Figure 4 is the [(B-V), (V-I)yy] diagram using
generally C. Dahn's Naval Observatory measurements. Hotter white dwarf
colors both with helium and hydrogen atmospheres form sequences
parallel to the blackbody line in this diagram, though the temperatures
fitting a given location are different for helium, hydrogen and the
blackbody. Below about 5000 K, howeyer, the model energy distri=<
butions are uncertain and the actual stars scatter much more in color.
We can attribute some of this scatter to blanketing, as illustrated by
the extreme case of LP701-29 where a deblanketing vector is needed pri-
marily to correct (B-V) and bring its location back to a position
suitable for its parallax (Liebertjgg al. 1979a). See also the argu-
ments in Bessell, Wickramasinghe and Cottrell (1979).

The star LP131-66 appears to be a genuinely-unblanketed DC
with both very red (B-V) and (V-I) colors; we have identified it
as a possible degenerate with T g¢ < 4000 K. A second star with
apparently very red optical colors and a DC spectrum is LHS239
(LP543-32), previously discussed by Luyten, Greenstein and the Arizona
group. Greenstein's multichannel colors out to one micron suggest an
optical energy distribution not too different from LP131-66.

All three of these unusual stars have now been observed in the
infrared, and Figure 5 is an update from the paper of Mould and Lie~-
bert. However, most of the new observations have been obtained in
collaboration with M. Lebofsky and G. Rieke at Steward Observatory.
Again, the hotter hydrogen and helium atmosphere stars follow parallel
temperature sequences to ~ 5000 K. Note, for example, that the colors
of the very cool DA star G128-7 approximately fit the 5800 K
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temperature derived by Rainer Wehrse and myself. Below about 5000 K,
the Mould/Liebert exploratory models using the extrapolated Linsky
opacities predict the onset of significant pressure-induced H, dipole
opacity. This causes both (J-H) and (V-K) to reverse direction at
cooler temperatures due to the depression of infrared flux. Thus the
hydrogen and helium sequences at lower temperatures are predicted to
diverge. Unfortunately, most of the known very cool degenerates
~10- Le) lie very near the junction point; they are not quite cool
enough to allow separation of the hydrogen from the helium cases.

LP701-29 lives in the clump of stars near this turning point.
Its parallax indicates a slightly lower luminosity than the others,
but the temperature is evidently too high to reach a conclusion from
this technique as to its atmospheric composition.

Now, consider the positions of the new unblanketed stars with
very red optical colors--LP131~66 and LHS239: 1LHS239 clearly has
quite strong infrared fluxes. LP131-66, on the other hand, was so
faint at JHK that it was very difficult to measure with the Steward
2.3-m telescope and Rieke's excellent helium-cooled infrared detec-
tor. Hence, the error bars are large despite five independent measure-
ments of this crucial object. It appears to have a discrepant (J-H)
color, in the sense predicted for the onset of the dipole opacity.
Further measurements, probably on a very large telescope, are desir-
able in order to confirm this tentative result that LP131-66 is a very
cool white dwarf with some hydrogen in its atmosphere. If the infra-
red result is verified, the star evidently has much more I-band
(~ 8000 &) flux than is predicted by our hydrogen models (Figure 4).
This would imply that the effect of the Hy-dipole opacity has generally
been overestimated in the models for log g = 8.

6. The Luminosity Function: A Probable Deficit of Very Cool White
Dwarfs

Selection effects have greatly complicated the empirical deter-
mination of the white dwarf luminosity function at lower luminosities.
Selection of hot white dwarf candidates is quite easy, using the
criteria of significant proper motion and a bluish photographic color
estimate. Indeed, Luyten's catalogues of white dwarfs already identify
large numbers of the bluer degenerates, though Green's (1977 and in
preparation) Palomar survey of bright blue objects regardless of
motion has now found additional white dwarfs forming the low tangential
velocity part of the true distribution. For the cooler stars, the
search is stifled by (1) increasing confusion of the candidates with
numerous main sequence and high velocity subdwarf stars having similar
proper motion and colors, and (2) a greatly reduced search volume,
since the cooler degenerates have lower luminosities. Thus the ini-
tial efforts to find lower luminosity degenerates of around solar
temperature had frustratingly low yields (Greenstein 1970). Likewise,
the inclusion of detailed physics in the cooling theory initially led
to predictions that the stars might cool rapidly at lower luminosities
anyway; then, the expected number at cooler temperatures would be far
below that predicted by the Mestel relation. More recent theoretical
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calculations (Lamb and Van Horn 1975, Shaviv and Kovetz 1976) indi-
cate, however, that the onsets of crystallization and Debye cooling

in the core and convection in the envelope still leave the stars with
plenty of time to spend at lumirdosities at and below 10-4L,. Spectro-
scopic survey efforts by Greenstein and by Hintzen and Strittmatter
(1974) were successful in greatly increasing the known numbers of
cooler degenerates. In fact when Kovetz and Shaviv (1976) and Sion
and Liebert (1977) estimated the empirical luminosity distribution for
a sample chosen by volume-completeness arguments, the result--as found
much earlier by Weidemann (1967)--was that the numbers of white dwarfs
per unit magnitude interval were still increasing at - 10-4L ; this

is consistent with the most recent theoretical predictions and the
assumption of a constant birthrate. Likewise, Green (1977) noted that
the number of known cool white dwarfs within ~ 5 pc of the sun is
consistent with that expected from normalizing a theoretical cooling
curve (for L > 10‘4Lg) to his empirical function for hot white dwarfs.

Until very recently, however, there has been almost no observa-
tional information on white dwarfs with L < 10~4L_.. Recent spectro-
scopic survey efforts, accordingly, have concentrated on the fainter
Luyten Palomar survey stars having substantial motions; the efforts
include our group at Arizona, Greenstein at Caltech, Hintzen and
others. The Arizona results are discussed in Liebert (1978) and
Liebert, Dahn, Gresham and Strittmatter (1979b).

The Arizona program emphasized observations of all Luyten
Palomar (LP) stars of faint apparent magnitude with u > 1"/year in
the northern two thirds of the sky (8 > =20°); Greenstein had
dlready observed all brighter Lowell survey stars with u > 1". The
purpose was to detect cooler white dwarfs of very low luminosity--
(VLL) defined as +16 < Mpo1 < +17 having distances < 10 pc and with
tangential velocities > 47 km/sec (1"/yr at 10 pc). It was felt that
the photographic color information was useless and even potentially
misleading since unblanketed VLL degenerates would have the colors of
early M stars, while any blanketed cases like LP701-29 might have
extremely red colors. Hence, all large motion stars regardless of
color class were observed,

The survey found new low luminosity M dwarfs, cool subdwarfs
with high space velocity, and background white dwarfs with Mpo1 < 15,
but only one object--LP131~-66-«which is a possible VLL degenerate
with d < 10 pec.

We compared our empirical results with the predictions of (1) the
Shaviv-Kovetz (1976) 0.6 M, cooling curve for a carbon-oxygen con-
figuration, (2) normalized to Green's (1977) empirical demnsity of
non-close-binary hot white dwarfs, and (3) using initially the assump-
tion of a constant white dwarf birthrate over the cooling range of
relevance--up to 9 billion years for the VLL interval. That is, we
compared the numbers of non-close-binary white dwarfs expected within
our ''restricted 10 parsec volume" with moderate to high tangential
velocities versus our actual findings. The expected number was
around 10; we found at most one object.
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There are a number of problems in interpreting these results.
The foremost worry was the completeness of Luyten's catalogues for
u > 1" and especially 16.0 < my < 18.0, where mp is his machine-
measured red Palomar plate magnitude estimate. This question is dis-
cussed extensively in Liebert et al. (1979b); our conclusion, based on
checks of Luyten's technique and the predicted numbers of 1" motion
stars is that Luyten (1976) should be 2z 50Z complete for the
specific sample we are concerned with. Even so, the Arizona program
was just a first attempt at constructing a quantitative framework
for comparison of observations with theory. The numbers we dealt
with were small enough that we would have been uncomfortable with
concluding that there is a real deficiency except for other kinds of
evidence strongly supporting this conclusion and the fact that the
predicted numbers are so large. Greenstein (1979 et cet.) has ob-
tained more spectra of cool proper motion stars than the rest of us
put together! His recent efforts, those of Hintzen (1979) and .also
Wickramasinghe, Bessell and others have included spectra for over 100
faint Luyten stars, largely with motions < 1"/year. Eggen has ob-
tained photometry for large numbers of bright Southern Hemisphere
proper motion stars and published catalogues (Eggen 1979a, b) for all
stars with motions u > 1"/year and 0.7"/year. Since the submission
of the Arizona group paper, Mike Bessell, Conard Dahn, Wieslaw
Wisniewski and I have observed over 50 additional faint Luyten stars,
most with motions < 1". The number of new VLL degenerates reported
from these efforts is zero.

We can ask where are the degenerates lower in luminosity than
Wolf 489 and vMa2 within several parsecs of the sun? The luminosity
function would predict several such stars. These stars might be
bright enough for the Lowell and early Luyten proper motion lists.
Of course, isolated stars at 15-16th magnitude could easily have been
missed. Yet, if they were members of binaries, the chances of their
being missed would be almost as low as the chances of missing the
brighter companion.

Many of the known cool white dwarfs near the sun are, in fact,
members of common proper motion binary systems, all with brighter
companions, and most distant cases have preferentially been discovered
in this manner. By taking deep photographs of the fields of known
nearby stars, Van Biesbroeck (1944, 1961) some 20-30 years ago dis-
covered faint companions which are still among the lowest luminosity
known M dwarfs, subdwarfs and degenerates. Yet all of the Luyten
Palomar survey and virtually all of the faint star parallax work has
been done since Van Biesbroeck's discoveries. The U. S. Naval Ob-
servatory routinely takes deep photographs of parallax star fields to
look for faint companions; they have so far found neither M dwarfs as
late as VB10 nor white dwarfs lower in luminosity than LP701-29. More
importantly, hundreds of trigonometric parallax stars are also listed
in the LP catalogue. It is important to note that Luyten routinely
blinks the field of every new machine-identified star of significant
proper motion in order to verify the' object and to look for a motion
companion. Since he generally uses the red LP plates, companions down
to at least mp = 19 (or V generally ~ 19.5) should be found in this way,
and Luyten has catalogued many hundreds of common proper motion stars.
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Consider the implications of this for the - 1300 stars within
about 20 pc listed in the Gliese (1969, 1979) catalogue, the great
majority of which were also measured by Luyten. VLL degenerate com-
panions at least as faint as M_ = +18 should have been found;
the apparent magnitude differefice from a star with at least a fair
luminosity estimate would identify a very low luminosity companion,
eithermain sequence or degenerate. Now the luminosity function pre-
dicts some 250 VLL degenerates within 20 pc for the region of com-
pleted LP fields. If we assume that these degenerates have the
same frequency in separated binary systems as the dwarf M's in Gliese
(1969), some 50-60 could be found in binaries. Alternatively, if
we adopt the local luminosity function of Wielen (1974), the 250 VLL
white dwarfs would be ~ 7% of the total number. If this were assumed
to be representative of the luminosity function of separated binary
stars as well--see evidence in Abt and Levy (1976)--then the 420
separated companions listed by Gliese should have included some 30
VLL degenerates. Note that dozens of cool white dwarf companions are
listed in the Gliese catalogue, but where are the stars fainter than
VB11? Could it be that proper motion pairs which must be very old
would have broken up because of perturbations by third bodies? No,
King (1977) has shown that only pairs with separations > 3000 a.u.
would likely dissolve within the lifetime of the galaxy; this is
orders of magnitude wider than the separations typically catalogued
for these nearby stars.

Thus, the VLL degenerates have not been found in spectroscopic
and photometric surveying of faint single stars with large motions, or
of bright stars with large motions. They haven"t been found as binary
companions, despite intense efforts by astrometrists to supersede the
early discoveries of Van Biesbroeck. We must conclude that VLL white
dwarfs are not present in anywhere near the numbers required by nor-
malizing the 0.6M_. luminosity function with constant white dwarf
birthrate to the green (1977) empirical density of hot stars, Limits
are briefly discussed in the paper Liebert et al. (1979b). The
luminosity function of white dwarfs probably peaks at Mbol =+ 15 + 1.

7. Implications of the Empirical Deficit of VLL Degenerates

It is therefore appropriate to consider the three assumptions
against which the empirical number of VLL stars was tested. More
specifically, the deficiency might be accounted for if:

(1) the normalization of Green's (1977) density of hot degen~-

erates is a perious overestimate;

(2) the theoretical cooling curve is badly in error, and the

stars really do not spend much time at VLL, and/or

(3) the assumption of a constant white dwarf birthrate beyond

~ 5 x 109 years ago--the cooling time at the beginning of
the VLL interval--<is an overestimate.
We can quickly dismiss (1) given the comprehensiveness of Green's
survey, its consistency with earlier determinations and a recent
estimate of the hot white dwarf density by Chiu (1978).

The theoretical cooling function for a 0.6M, carbon/oxygen
configuration was chosen to match the approximate mean mass of white
dwarfs (which also have a narrow mass dispersion), as estimated by
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Koester, Schulz and Weidemann (1979). However, the Lamb and Van Horn
(1975) lMO calculation demonstrates that a more massive star should
experience an earlier onset of Debye cooling, and spend somewhat less
time in the VLL region. Shipman (1979) points out that the known
sample of white dwarfs used for estimating mean parameters may be
biased toward stars with preferentially large radii, and preferentially
smaller masses. He suggests that the true mean mass may be nearer
0.75M.. However, the use of even the IM. Lamb and Van Horn curve
would 'still predict substantial numbers of VLL stars. Furthermore,
the analysis of Fontaine and Van Horn (1976) does not indicate that
consideration of different envelope compositions is likely to change
the predictions drastically.

Finally, there is the idea by Stevenson (1977) that heavy ele-
ments in the core might become insoluble at the time the main con-
stituent--i.e. carbon--crystallizes. This could release enough
gravitational energy to slow down the cooling process greatly, per-
haps even suspending the star at the crystallization luminosity —-say
~ 10'4L.-»for the age of the galaxy. If this literally happens, there
would be no VLL stars, but all of the stars predicted to be in the VLL
interval and below would be found instead at the crystallization
luminosity. Likewise, if interstellar accretion should become a
dominant luminosity source at these low luminosities, the predictions
are similar. A large factor excess near 10741 is certainly not pre-
cluded by the available data; the Stevenson hypothesis should be
investigated quantitatively.

The third assumption of our "benchmark," that white dwarfs formed
at a constant birthrate for the last 1010 years or so, is likely to
be wrong. 1Its use permitted us to decouple the stellar birthrate
considerations from the rest of the problem. However, generally
favored star formation theories for the galactic disk predict that
more stars and more white dwarfs would have been formed in the early
history of the galaxy. If one folds in the approximate predictions of
a Schmidt~type model, with a disk age of -~ 15 x 109 years (like that
of the halo), the predicted numbers of VLL white dwarfs becone
substantially larger, the deficit becoming much worse! 1In this case,
even the Stephenson idea doesn't appear capable of providing a
theoretical rescue from the problem. Adensity of 2 100 degenerates
at the crystallization luminosity would be predicted within 10 pc.

A case can be made, however, that the '"standard" galactic disk
star formation picture is not correct. It is unlikely that the disk
as a dynamical entity could originate billions of years after the halo
was formed. However, unlike the white dwarfs discussed in §4, disks
may grow markedly by steady accretion of diffuse external gas or of
small irregular systems (c.f. Tinsley and Larson 1978). The infall of
additional gas could enhance greatly the star formation rates at later
times. We note that Demarque and McClure's (1977) analysis of old
cluster and field giant H-R diagrams and Helfer's (1977) study of
empirical stellar luminosity functions sgﬁgested at least that most
star formation in the disk occurred < 10" years ago. If this were
true, then the shortfall in VLL degenerates could be readily explained
(c.f. D'Antona and Mazzitelli 1978).
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