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RAMIFICATION THEORY FOR EXTENSIONS
OF DEGREE p. II

SUSAN WILLIAMSON

Introduction. Let % denote the quotient field of a complete discrete
rank one valuation ring R of unequal characteristic and let » denote the
characteristic of R; assume that R contains a primitive p* root of unity, so
that the absolute ramification index ¢ of R is a multiple of » — 1, and each
Gallois extension K Dk of degree p may be obtained by the adjunction of
a p'* root.

The purpose of this paper is to assign to each Galois extension K Dk
of degree p an integer f with —1< f<<ep/p —1 from which the ramifica-
tion-theoretic properties of K Dk can be determined. Specifically, f shall
determine the unramified, wildly ramified, or fiercely ramified character of
K>k, (see Thm. 1.11); moreover, the ramification number i of K >k shall
have an expression in terms of f, (see Prop. 2.1).

Let U® for i >0 denote the usual filtration on the units of R, and let
UY denote the set of prime elements of R. In a recent publication, ([5]),
the author has studied the ramification-theoretic properties of a Galois
extension K Dk of degree p by constructing the integral closure S of R in
K from a judiciously chosen element & of U™ (—1<x <p) whose p* root
defines K. The method for computing S in [5] entails the construction of
a chain of g + 1 ring extensions of R in S; the number g is unique for K o
k, satisfies the inequality 0<<g=<(e/p —1)—1, and is called the conductor
number of K D k.

The present paper makes use of the fact that R is an Eisenstein ex-
tension of an unramified complete discrete rank one valuation ring in order
to determine an alternate method for the construction of the integral closure
S. In Section 1 we associate to each Galois extension K Dk of degree p an
integer f with —1< f<ep/p —1 called its absolute field exponent such that
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K may be obtained from k by the adjunction of a judiciously chosen ele-

ment b of UY. By computing S from such an element b of R, we prove
the following main result.

THEOREM. Let f denote the absolute field exponent of a Galois extension K Dk
of degree p. Then

i) Kok is wild if and only if f is relatively prime to p

i) KDk is fierce if and only if p divides f and f <ep/p—1
ii) KDk is unramified if and only if f=ep/p—1.

In Section 2 we relate the results of the present paper to those of [5].
More specifically, we relate the notions of absolute field exponent and con-
ductor number by computing an expression for the ramification number of
K>k in terms of the absolute field exponent f, and then applying the
results of Section 3 of [5].

The author’s recent paper and her present paper provide a choice of
two significantly different methods for computing the integral closures S of
R in a Galois extension K Dk of degree p. Available information concerning
an element b whose p** root defines the extension determines the proper
choice of method.

The following notation shall be used throughout the paper. The multi-
plicative group of units of a ring R shall be denoted by U(R); the interme-
diate ring obtained by adjoining to R an element ¢ of an overring of R
shall be denoted by R[¢]; and, the residue class field of a local ring R shall
be denoted by R.

Unless otherwise stated, R shall always denote a complete discrete rank
one valuation ring of unequal characteristic which contains a primitive p**
root of unity where p denotes the characteristic of R, and S shall denote
the integral closure of R in a Galois extension K of degree p over the quo-
tient field % of R; [T shall denote a prime element of R, [ a prime element
of S, and e the absolute ramification index of R. The usual filtration on
U(R) shall be denoted by U® (i =0) and U" shall denote the set of prime
elements of R.

In [5], the author has defined the quotient field extension of an ex-
tension of discrete rank one valuation rings to be fiercely ramified if the
residue class field extension has a non-trivial inseparable part. For further
details, the reader may refer to [5].
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1. The absolute field exponent. Throughout this section K Ok shall
always denote a p'* root extension, where k is the quotient field of a com-
plete discrete rank one valuation ring R of unequal characteristic containing
a primitive p** root of unity and p is the characteristic of R, and S shall
always denote the integral closure of R in K. The purpose of this section °
is to define for each Galois extension K Dk of degree p an integer f with
—l<f=<ep/p—1 called its absolute field exponent, and to establish a
criterion for determining if KDk is unramified, wild, or fierce in terms of
its absolute field exponent.

In [5], the author has assigned to each such extension K Ok an integer
z with —1=<x =<p called its field exponent; the notions of field exponent
and absolute field Aexponent coincide in the case when k has absolute rami-
fication index p — 1. We shall make use of results established in [5] in our
study of the absolute field exponent. '

The first three lemmas concern elements b whose p'* roots define the
extension K D k. Lem. 1.1 follows at once from Prop. 1.3 of [5].

Lemma 1.1, If KDk is a Galois extension of degree p, then K = k(bV?) for
some element b in UCY or in U,

Lemma 1.2, 1) If b is in UCY, then k(bV'?) Dk is wild of degree p, and
k(b'/?) %= k(b,*'?) for every element b, of U™,

i) If bis in UO®, b, ts in UD, and k(b"'?) = k(b,'/?), then b has a p*" root
n R. A

iii) If b is in U® and X? — b is irreducible over R, then k(b'/?) Dk is fierce
of degree p.

Proof. 1If b is in U then b7 is a root of an FEisenstein polynomial
of degree p, from which it follows that K>k is wild of degree p. If b is
in U® and X?—} is irreducible over R, then S> R is purely inseparable
of degree p. The remaining assertions are restatements of parts ii) and iii)
of Lem. 1.5 of [5].

Remark 1.3. If b is in UY, then the integral closure S of R in k(b'/?)
is S=R[pv?], If b is in U® and X? — b is irreducible over R, then the
integral closure S of R in k(bV/?) is S = R[bV7].

The above expressions for the integral closure have been established in
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Prop. 2.6 A of [5]; we shall make use of them in our study of the rami-
fication number of K Dk in Section 2.

Lemma 1.6 pertains to extensions K Dk of degree p obtained by the
adjunction of a p'* root of an element b of R present in U®. Recall that
the complete discrete rank one valuation ring R is an Eisenstein extension
of an unramified complete discrete rank one valuation ring R, (see Thm.
31.12 p. 111 of [3]). Let e denote the ramification index of the totally
ramified extension R D R,; then R = R[z] where = denotes a prime element
of R, {1, =, -+ -, n¢"'} is a free basis for R over R,, z°R = pR, and R = R,,
(see Thm. 1 p. 23 of [2]). Moreover, e is the absolute ramification index of
R.

Facts 1.4 and 1.5 shall be used in the proof of Lem. 1.6.

Facr 1.4. If b, and b, are elements of U(R) such that by = b, mod z(?/P~D¥1R,
then k(bV?) = k(b,1/7).

Proof. Since b, and b, are in U(R), the congruence b, = b, mod z(?/»~D*1R
implies that b,/b, =1 mod z¢?/»~Y*1R, from which it follows that 5,/ has a
p** root in R according to Lem. 1.2 of [5]. The fact that b, and b, differ
multiplicatively by a p** power from k implies that k(b,'/?) = k(b:/?).

Facrt 1.5. If b is an element of R, then there exists an element c of R of the
Jorm ¢ =yt (0<i<ep/p—1) with each y; in UR,) U {0} which satisfies the
congruence ¢ =bmod zCr/»~V*R  If b is in UD, then ¢ may be chosen so that
Yo = 1.

Proof. Since {1, x, -+ -, z¢7'} is an R,-module basis for R, the element
b may be written in the form b= b,z (0<<i<<e —1) with each b, in R,.
If each b, is in U(R,) U {0}, then ¢ = b satisfies the assertion. Otherwise,
we may consider the least positive integer % such that b, is not in U(R,) U
{0}. Since b, is in pR, the element b satisfies the congruence b= 3}b;z’
mod z**'R (0<i=<h —1); we may consider therefore an element 4 of R of
the form & = 31 b;z* (0<<i<ep/p —1) with each b, in R,, b;=0b; for 0=
<h—1, and b, =0, which satisfies the congruence & = bmod zt?/?~D*1R,
If each 4, is in U(R,) U {0} for 0<<i <<ep/p — 1, then ¢ = b satisfies the as-
sertion. Otherwise, we may consider the least positive integer m such that
bn is not in U(Ry) U {0}. Observe that & < m, so that by proceeding in this
way we may obtain, after finitely many steps, an element which ¢ satisfies
the statement of our assertion.
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If b is in U®, then b=1+rz for some element » of R. By applying
the first part of this fact to », we may produce an element ¢ of the desired
form which satisfies the congruence c¢= b mod z¢#/?-D*1R,

LEMMA 1.6, Assume the notation introduced above. Let Kok be an extension
of degree p defined by K = Fk(b'/?) for some element b of UD. Then K = k{b,'/?)
Sor some element b, of U® of the form by=1+ X xx* 1<i<ep/p—1) where
the %; are elements of R, such that

1) each x; is in U(R,) U {0}, and the x; are not all zero

i) X? — %; s trreducible over R, for each i divisible by p such that i < ep/
p—1 and x;30.

Proof. By combining Facts 1.4 and 1.5 we may consider an element ¢
of R of the form ¢ =14+ T y;x* 1 <<i=<ep/p—1) with the y;, in U(R,) U {0}
_such that &(cV#) = k(b/?). Observe that the y; are not all zero; for if y, =
0 for each i, then k(cV?) =k, which contradicts the assumption that K>k
has degree p. If X? —3; is irreducible over R, for every i divisible by » and
less than ep/p — 1 for which y;+ 0, then b, = ¢ satisfies the assertion of this
lemma.

Otherwise, we may consider the least positive integer & divisible by p,
less than ep/p — 1, for which y,+ 0 and X® — §, is reducible over B,. We
proceed to show that ¢ can be replaced by an element ¢, of U® of the form
=7t (1<i=<ep/p—1), where the 7; are in U(R,) U {0} and are not
all zero, such that for every i <<% divisible by » for which 7; # 0, the poly-
nomial X? — 7; is irreducible over B,. Since X? — 4, is reducible over R,
‘we may consider an element y of R, such that §? = ,, i.e. such that y? =
yrmod pR. Define the element ¢ of R by ¢é=c(1—yz*/?)?, and observe
that k(¢'/?) =k(c'/?) because ¢ and ¢ differ multiplicatively by a »‘* power
from k. By expanding (1 — yz"/?)? according to the binomial theorem, we
obtain the congruence &= c(l — y?z")mod z***/»R since pR = z°R. It is
easy to verify that 2+ 1=<e+ i/p if and only if & < ep/p —1. Therefore
the fact that 2 <ep/»p —1 now implies that é=c¢ — y”z" mod z**'R, because
cis in UM, Since c=14+ Jy;x* (1<i=<<ep/p—1) and y? = y, mod pR, it
now follows that ¢=1+ Nyz'+ (yr — y?)z"mod z*HR (1<i<h—1)=1
4+ Y yiz*mod z**'R (1<i<h—1). Now we may define he desired element
¢i. According to the preceeding congruences we may write ¢ in the form
E=1+3" 2’ +rat*t (1<i<h) for some element r of R, where 7;,=y;
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(I<i<h—1) and 7, =0. An application of Fact 1.5 yields the existence
of an element of the form 37z (h+1<<i <<ep/p — 1) with the 7; in U(R,)
U {0} which satisfies the congruence 3)¢%427'7:z’=rz"*'mod zr/»~VHR,
Define the element ¢, of UM by ¢; =1+ 37:7* (1<i=<ep/p —1). Observe
that ¢, = émod z»/»~D*R, so that K = k(c,'/?) according to Fact 1.4 because
K =Fk(@E?). Since 7,=0 and 7; =y, for 1<<i<h —1, it is true that the
polynomial X? —7; is irreducible over R, for each i (1< < ) divisible by p
such that 7, 0. An argument similar to the one at the beginning of the
proof shows that the elements 7; (1< i <ep/p —1) are not all zero. If X? —
7; is irreducible over R, for every i < ep/p —1 which is divisible by » and
for which 7,50, then b, = ¢, satisfies the assertion of this lemma.

Otherwise, we may consider the least positive integer = less than ep/
p —1 and divisible by p such that 7, # 0 and X? —7,, is reducible over R,;
observe that # < m. By means of the same technique used above to pro-
duce ¢; from ¢, we may produce an element ¢; of U® of the form ¢, =1+
ozt (1<<i<<ep/p —1) such that %(c,/?) = k(c,/?), where the §; are in U(R,)
U {0} and are not all zero, and the polynomials X? — §; are irreducible over
R, for every i <m divisible by p for which §; 0.

It follows from the inequality % < m, that by proceeding in this way
we may finally obtain an element b, of U® which satisfies the assertion of
this lemma.

DEerFINITION. An element b of U® of the form b=14+ Nz’ 1l<i<

ep/p —1) with the #; in R, is said to be in normal form if the =; satisfy
statements i) and ii) of Lem. 1.6.

The usefulness of Lem. 1.6 for the definition of the absolute field ex-
ponent motivates its name.

The following proposition concerning elements of U® shall be used to
establish the main result (Thm. 1.11); its corollary (Lem. 1.9) shall be used
to establish the uniqueness of the absolute field exponent in Prop. 1.10.

ProrosiTioN 1.7. Let b=1+ Y a;n" (1<<i<<ep/p—1) denole an element

of UM in normal form, and let f denote the least integer for which x;70; let K =
k®'?). Then

1) KDk s wild of degree p if and only if f is relatively prime fo p
1) K>k is fierce of degree p if and only if p divides f and f < ep/p —1
iii) KDk is unramified if and only if f=ep/p—1. Moreover, K2k is

https://doi.org/10.1017/50027763000014793 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014793

RAMIFICATION THEORY 103

unramified of degree p if and only if f = ep|p —1 and the polynomial X? 4 92X —
%, is trreducible over R,, where v is the element of U(R) defined by vz® = p.

Proof. Recall (see Prop. 1.1 of [5]) that a »‘* root 8 of an element & of
UY satisfies an equality of the form (8—1)? = (b — 1) + uvz®(8 —1) where «
is an element of the R-module R(1, g, - - -, f77%) which satisfies the congru-
ence # = —1mod (p, 8 — 1)R[A], and v is the element of U(R) defined by vz*
=p. The proceeding equality shall be used for establishing the asserted
relationships between f and the ramification-theoretic character of K O k.

First we shall prove that if f is relatively prime to p, then KDk is
wild of degree » by constructing a prime element [] of the integral closure
S of R in K. By applying the division algorithm to f and p» we may
obtain (unique) integers ¢ and ¢ such that f=gp+ ¢ where 01 < p.
Observe that ¢=0 because f=1, and that 0 < ¢ because (f, p)=1. The
element ¢ of K defined by 6= (8 —1)z? shall be useful for constructing [T.
We proceed to show that 6 is a non-unit of S and that 67 is in =*U(S).
Consider the element # of U(R) defined by b —1= xz/. The definition of
6 and the equality (8—1)? = (b —1) + uva®(8 — 1) yield the equality 6? = xx*
+ uv*97*99 by an easy computation. Observe that e—gp +¢=1. For, e
—gp+¢g=1if and only if ¢ < e/p — 1, which holds if and only if ¢p < ep/
p —1; therefore the inequalities gp < f < ep/p — 1 imply that e — gp + ¢=1.
The above expression for #” now shows that 6 satisfies a monic polynomial
with coefficients in S, from which it follows that 6 is itself in S. Observe
moreover that 6 is a non-unit of S because {=1and e—gp+¢=1. In
order to show that 7 is in #'U(S), it sufficies to show that e —gp +q¢=¢
since 6 is a non-unit of S. Now e¢—gp +g=¢ if and only if f<e+ g if
and only if fp<ep+ f—1¢ if and only if f<(ep/p —1) — ¢t/p —1. Since
0<t#/p—1=<1, we now have that t<e—gp + ¢ if and only if f=<(ep/p —
1) —1 if and onlyif f < ep/p —1. The assumption that (f, p) = 1 guarantees
that f<ep/p —1, and so we may conclude at last that t<e—gqp +q.
The equality ? = xz* + uvze-2+4, together with the inequality e — ¢gp + ¢=
¢t and the fact that ¢ is a non-unit, now implies that 7 is in =#‘U(S) be-
cause ¢ is in U(R). Now we may show that K>k is wild of degree p by
showing that K Dk has ramification index p. Since we have assumed that
f and p are relatively prime, we may consider integers m and n such that
mp + nt =1. An easy computation shows that the element [] of K defined
by II = 6"z™ has the property that []? is in =zU(S), from which it follows
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that [] is an element of S, that K D% has ramification index p, and that
K>Sk is wild of degree p.

The next step is to show that if f is divisible by » and less than ep/
p —1, then KDk is fiercely ramified of degree p. Consider the element 6
of K defined by 6 = (8 —1)/z? where ¢ = f/p, and observe that 1<<q <e/p —
1. In order to prove the assertion we shall show that ¢ is an element of
S with the property that R(f) D R is purely inseparable of degree p. Let «
denote the element of U(R) defined by b6 —1 = 2z’ and observe that z = Z,.
The equality (8 —1)” = (b — 1) + uvz®(8 — 1) (see the beginning of the proof)
together with the definition of ¢ implies that 67 = z + wvz® 9+, where
e — pq+qg>0 because g < e/p—1; therefore 6 is in S because it satisfies a*
monic polynomial equation with coefficients in S. Since b is in normal
form by assumption, the fact that p divides f implies that X? — &, is irre-
ducible over R, = R. Therefore R(d) D R is purely inseparable of degree p
because §” = £ = ¥;. We may now conclude that S = R(§) and that K>k
is fierce of degree p. (Moreover, S = R[] according to part iii) of Lem.
2.4 of [5].)

We show finally that if f = ep/p —1 then K >k is unramified and we
establish necessary and sufficient conditions for K>k to have degree p.
Consider the element ¢ defined by 6 = (8 — 1)/z*/?»~* and observe that K = k(6).
We shall show that ¢ is in S, and that S = R(§) with § separable over R.
For convenience of notation let % = x; = %,,/,-;. Then the definition of ¢
together with the equality (8—1)? = (b — 1)+ uvz®(8 — 1) (see the beginning
of the proof) implies that 6? = « + uvd. It follows from the definition of ¢
together with the fact that # is in the R-module R(1, 8, - - -, §77?) that « is
in R(1, 6, - - -, 6772); therefore, the equality ° — uv§ — x = 0 gives rise to a
monic polynomial f(X) in R[X] having ¢ as a root, from which it follows
that 6 is in S. Observe that f(X)= X? +#X — % in R[X] because @ = —1,
and that f(X) is a separable polynomial because f/(X)=75%0. We proceed
to show that [K :k]= p if and only if F(X) is irreducible over R = R,, and
that K =k otherwise. If f(X) is reducible over R, then f(X) is reducible
over R by Hensel’s lemma because R is complete and f(X) is separable;
the reducibility of f(X) over R implies that deg. < p from which it follows
that 8 is in k¥ and that K=%. If, on the other hand, f(X) is irreducible
over R, then the separability of f(X) implies that KDk is unramified of
degree p (with S = R(d) and S = R[6]) according to Prop. 1 p. 25 of [2].
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The above observations combine to establish the truthfulness of the pro-
position.

Observe that the equation X? +3X — % = 0 of Prop. 1.7 is essentially an
Artin-Schreier equation (see p. 80 of [4]). For, consider the elements v, vy,
and v, defined by vz®=9p, vr¥rt=§—1, and (& —1)»"'=p where ¢
denotes as usual a primitive p** root of unity. An easy computation shows
that v = v,7"',, so that ¥ = —#,?"! because # = —1 (see p. 158 of [1]). The
change of variable Y = X/#, yields the Artin-Schreier equation Y? —Y — %/
5,7 = 0.

The following expressions for the integral closure S of R in K follow at
once from the proof of Prop. 1.7.

Remark 1.8. Let b=1+4 3 z;x* denote an element of UW — UU+D (1 <
f=ep/p —1) in normal form. Consider the unique integers ¢ and ¢ for
which f=gp+ ¢t with 0<<¢ < p, and define 6 = (8 — 1)/z%

i) If f is re_latively prime to p, then S = R[[[] where [] =6"z" for
integers m and » satisfying mp + nt = 1.

ii) If p divides f, then S = R[6].

LemMA 1.9. Consider elements by and by of U™ in normal form, where b, is in
UYD — UY*Y and by is in UV — UJ2D, If (b V?) = k(be'/?), then fi= fo.

Proof. Since k(b,'/?) = k(b,'/?) by hypothesis, an application of Prop. 1.7
shows that f, and f; are both relatively prime to p, are both divisible by
p and less than ep/p —1, or are both equal to ep/p — 1.

Consider an equality k(b,'/?) = k(b,/?) with f; and f, relatively prime to
p. We shall show that f;= f: by contradiction. Assume that f; < f.
Since k(b,'/?) = k(b,'’?), we may consider an element ¢ of k£ such that b, =
c?by,” for some integer x relatively prime to p, (see Lem. 3 p. 90 of [2]).
Observe that ¢? is in UV — UV1t) because b, is in UV — UV1tD b2 ig in
Uv», and f; < fi so that k(c) Dk is wild of degree p according to Prop.
1.7. This contradiction shows that f1= fo

Now consider an equality k(b,V/?) = k(b,"/?) with f; and f, divisible by »
and less than ep/p —1, and assume that f; < f;. Once again we consider
an element ¢ in k such that b, = ¢?b," for some integer = relatively prime
to p. Since b} is in UV, we have that ¢?=b, mod r"2:R from which it
follows that ¢? is of the form c¢? =1+ ya/t with §= &, because f, < fa.
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The irreducibility of X? — 7 over R now implies that k(c) Dk is fierce of de-
gree p by Prop. 1.7. This contradiction shows that f; = f,, and this com-
pletes the proof.

The following proposition follows at once from the four lemmas established
above.

ProrosiTioN 1.10. Let k denote the quotient field of a complete discrete rank
one valuation ring R containing a primitive p** root of unity, where p = char R, and
consider a Galois extension K Dk of degree p. Then there exists a unique integer f
(—l< f<ep/p—1) such that K>k is one of the following forms:

1) K = k(bY?) for some element b of U with f= —1

il) K = k(bY?) for some element b of U with f =0 for which X* — b is ir-
reducible over R

iii) K = k(b'/?) for some element b of UY) — UU*Y in normal form, (where 1 <
S=ep/p—1).

DerinitioN.  The unique integer f satisfying —1 < f<ep/p — 1 defined
for each Galois extension KDk of degree » by Prop. 1.10 is called the

absolute field exponent of K Dk and is denoted by f(K/k).
The following theorem has now been established.

TreorEM 1.11. Let f = f(KJk) denote the absolute field exponent of a Galois
extension K Dk of degree p. Then

1) K>k is wildly ramified if and only if f is relatively prime to p

il) KDk is fiercely ramified if and only if p divides f and f < ep/p —1

iil) KDk is unramified if and only if f = ep/p — 1.

We terminate this section with some observations concerning the rela-
tionship between the field exponent 2 = x(K/k) (see Section 1 of [5]) and the
absolute field exponent f = f(K/k) of a Galois extension K Dk of degree p.

These observations follow at once from the definitions of # and f. Recall
that —1<<x<p and that —1< f<ep/p — 1.

Remark 1.12. Let « denote the field exponent and f the absolute field
exponent of a Galois extension K Dk of degree ».

i) If e=p—1, then # = f.
i) If —1< f<p, then z = f.
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iii) If —-1<ox<p-—1, then z = f.

2. The ramification number, the absolute field exponent, and
the cenductor number. As usual, K>k denotes a Galois extension of
degree p where k is the quotient field of a complete discrete rank one
valuation ring R which contains a primitive p’* root of unity and whose
residue class field has characteristic p. In Section 2 of [5], the author has
assigned to each such extension K Dk an integer g with 0<g<<(e/p —1)—1
called the conductor number of KD k. Prop. 3.1 of [5] presents expressions
for the ramification number i of K>k in terms of its conductor number g.

The purpose of this section is to determine the relationships between
the absolute field exponent of an extension and its ramification and con-
ductor numbers.

PropoSITION 2.1. Let f denote the absolute field exponent of a Galois extension
KDk of degree p, and let i denote the ramification number of K D k.

1) If f=—1, then i = ep/p — 1.
ii) If p divides f, then i = (e/p — 1) — flp — 1.
iti) If f>0and (f, p)=1, then i = (ep/p —1) — f.

Proof. Let x = x(K/k) denote the field exponent of K Dk (see Section
1 of [6]). If f= —1, then # = —1 (see Remark 1.12). According to part ii)
of Prop. 3.1 of [5], i = ep/p —1 when z = —1, and this proves statement i).
(Or, the reader may refer to Exer. 4 p. 79 of [4]).

To prove statement ii) we first consider the case when p divides f and
f<ep/p—1;in this case K>k is fierce and the integral closure S of R in
K is given by S = R[6] where 6= (83— 1)/z? and ¢ = f/p (see Prop. 1.7 and
Remark 1.8). Consider some primitive p‘* root of unity ¢ and let ¢ denote
the element of the Galois group G(K/k) defined by ¢(8) = £8; observe that ¢
is in the ¢** ramification group G; of K>k if and only if ¢(f) =6 mod =**S.
An easy computation shows that ¢((8 — 1)/z%) = (8 — 1)/z?mod z**'S if and
only if the element {—1 is in z%*¢*S, which in turn holds if and only if
7%/?71 s in 771§ because £ —1 is in z*?7U(S). The fact that z¢?"! is in
z#*e11S if and only if i <(e/p — 1) — ¢ —1 shows that ¢ is in G; if and only
fi<(e/p—1)—qg—1.

In the case when f = ep/p —1, the extension K Dk is unramified ac-
cording to Prop. 1.7. It is well known that the ramification number of an

https://doi.org/10.1017/50027763000014793 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014793

108 SUSAN WILLIAMSON

unramified extension is —1. The observation that (e/p —1) — flp —1= —1
when f = ep/p —1 completes the proof of statement ii).

In the case when f >0 and (f, p) =1, the extension K>k is wild ac-
cording to Prop. 1.7. Let ¢ =(8—1)/z? where ¢ is defined by f=¢gp + ¢
with 0=<¢ < p. Recall (Remark 1.8) that the integral closure S of R in K
is given by S = R[[]] where [] = #"z™ for integers m and » satisfying mp +
nt = 1. Once again let ¢ denote a primitive p‘* root of unity and ¢ the
element of G(KJk) for which ¢(8) = £8. Observe that ¢ is in the i'* ramifica-
tion group G; of K>k if and only if o(I])/[] =1mod [I*S. By substituting
((B—1)/z)"z™ for [] one can obtain the equality o(I1)/Il = (¢(B — 1)/(B—1)",
so that ¢ is in G; if and only if (¢(8 —1)/(8 — 1))"=1mod []’S. We proceed
to show that (¢(8—1)/(8—1))" —1 is in [[¢€z/?-D-7U(S). First observe that
B—11is in [['U(S). For, 6 is in [J'U(S) because 6” is in ='U(S), (see para-
graph two of the proof of Prop. 1.7), and so the definition 8 —1 = 0z
implies that g—1 is in []2*U(S) = TJ7U(S). Since ¢(B—1)—(B—1) is in
[Te2/27'U(S) and B—1is in [[7U(S), we have that ¢f—1)/(8—1)—1 is in
[[e2/2=b=77(S). Therefore (¢(8 — 1)/(8 — 1))* — 1is in [[€#/#~D~7U(S) because # is
relatively prime to p. The above observations combine to give us that ¢
is in G; if and only if [[€?/#=b-7 is in []’S, i.e. ¢ is in G; if and only if
i<(ep/p —1) — f, and this completes the proof of part iii).

It remains to study the relationship between the absolute field exponent
f and the conductor number g. For this the following definition is useful.

DerinrrioN. Let f denote the absolute field exponent of a Galois ex-
tension K Dk of degree ». If f=0, then the quotient number q and the re-
mainder number t of K Dk are the unique integers ¢ and ¢ such that f=gp
+ ¢t with 0t <p; if f=—1, we define g=0 and ¢ = 1.

PrOPOSITION 2.2. Let q denote quotient number and g the conductor number of
a Galois extension KDk of degree p. If KDk is unramified then q= g+ 1.
Otherwise, q = g.

Proof. If K>k is unramified, then f=ep/p—1 (Thm. 1.11) and so
g=-¢e/p—1. On the other hand, g = (¢/p —1) —1 (Cor. 2.7 of [5]); therefore
g=-¢/p—1=g+1 in the unramified case.

We shall make use of Prop. 2.1 to prove that g¢=g when KDk is
fiercely ramified or wildly ramified.

If Kok is fierce, then the ramification number i of K>k is given on
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the one hand by i = (¢/p —1) — g —1 (Prop. 2.1), and on the other hand by
i=(e/p—1)—g—1 (Prop. 3.1 of [5]), from which it follows that ¢ = g.

Now let x denote the field exponent of a wildly ramified extension
Kok If f=—1, theng=0=g9. For, 2= —1 when f= —1 (Remark 1.12)
so that g=0 (see p. 155 of [5]); and ¢ =0 when f= —1 according to the
above definition of ¢. If f# —1, then i = (ep/p — 1) — f by Prop. 2.1; and,
the fact that x+ —1 when f# —1 (Remark 1.12) implies that i = (ep/p — 1)
—gp —h where 1<h<p—1 (Prop. 3.1 of [6]). The equalities i = (ep/p —
1) —gp —t and ¢ = (ep/p — 1) — gp — h together with the inequalities 1 <#, ¢
< p—1 imply that ¢g=¢ (and & = #).
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