CLASSES OF POSITIVE DEFINITE
UNIMODULAR CIRCULANTS

MORRIS NEWMAN AND OLGA TAUSSKY

All matrices considered here have rational integral elements. In particular
some circulants of this nature are investigated. An # X # circulant is of the

form
Cy Ci1...Ch1
C = Cp—1 Co...Cp2
C1 Cy...Cy

The following result concerning positive definite unimodular circulants was
obtained recently (3;4):

Let C be a unimodular n X n circulant and assume that C = AA’, where
A isan n X n matrix and A’ its transpose. Then it follows that C= C,C,’ where
C, is again a circulant.

For general unimodular matrices the assumption C = A4’ is stronger than
symmetry and positive definiteness if and only if #» > 8, as was shown by
Minkowski (1). The question therefore arises whether symmetry and positive
definiteness suffice even for # > 8 in the theorem above; or in other words,
whether a unimodular symmetric positive definite circulant is necessarily
of the form 4A’. (In this connection it was shown by I. Schoenberg (in a
written communication) that a hermitian positive definite circulant with
arbitrary complex elements is always of the form AA’ where 4 is again a
circulant).

It will be shown that the circulant M whose first row is

(2y Ivov _1y —']7 _1v01 1)
is positive definite, unimodular, but not of the form 44’.
Mordell (2) showed that every symmetric positive definite unimodular

8 X 8 matrix which is not of the form A4’ is congruent to the matrix K which
corresponds to the quadratic form

8 8 2
Z x; + <Z xl> — 21Xy — 2%9Xs.
i=1

i=1
The circulant M therefore is congruent to K.
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THEOREM 1. The circulant M is not of the form AA’.

Proof. Any matrix of the form 44’ corresponds to a quadratic form which
represents all integers if # > 4, but certainly represents both odd and even
integers for any #. The quadratic form corresponding to M, however, represents
only even integers. This proves the theorem.

That M is positive definite can be verified directly. It is no more difficult
to characterize all positive definite symmetric unimodular 8 X 8 circulants.
This is done in the following lemma.

LemMa 1. Any circulant C whose first row s (aq, a1, . . . , a7) 1S unimodular,
symmetric, and positive definite if and only if

a=31+x), ar=ar=13%y, a»=as =0,

as =as = — 3y, @ = 3(1 —x),
where x > 0 and x* — 2y* = 1. (The circulant M arises from x = 3, y = 2.)

Proof. Any circulant C with first row (ao, a1, - . ., @7) has the eight char-
. . .
acteristic roots

7
oy = Zaffi

i=0

where ¢ runs through the eight roots of x> — | = 0. The circulant C is uni-
modular and positive definite if the algebraic integers a; are real positive

units. From this it follows that C is unimodular, symmetric, and positive
definite if and only if

(1 ay + 2a1 + 20> + 2a5 +ay =1 =1,
(2) ay — 2a1 + 2as — 203 + a, =1 (c=—1),
(3) @y — 2a» 4+as =1 (2= — 1),

() ay— as+ (a1 — ay)(§ — ¢ = (¢t = — 1),
() ay — ar — (@ — a3)(§ — %) = e (¢t = — 1),

|

where €, e are real and positive units.

The equations (1), (2), (3) imply that ay = 0, a0 + a4 = 1, a1 + a3 = 0.
Introducing these relations and ¢ — ¢* = + /2 for {* = — 1 into (4) and
(5) we obtain

200 — 1 4+ 2a, V2 = ey,
2(10 -1 - 2(11 \/2 = €3.

Hence

((.)) (2(10 - l)l - 8(112 = €)€2.

Since the left side of (6) is rational it follows that e;e» = 1. Putting 2ay — | = x
and 2a; = v the assertion follows. Since the general solution of x? — 2y? =
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is given by
x—V2y=(3-=2V2 = (1 —+2)%”,
we find that
X = V2 =32 —2p .31 /2
= (=1 — 2p(—1)P"1 /2 (mod 4).
Thus y is always even, and

1+x _ 1+ (=1)"
2~ 2

Le., ag is even when p is odd and odd when p is even. Thus the circulants
derived from a solution with an even p are congruent to the identity, while
those derived from a solution with an odd p are congruent to K.

(mod 2),

As the referee pointed out, the two classes of circulants can also be obtained
from the fact that every positive definite unimodular 8 X 8 circulant C is a
power of M. For, every power M" is certainly such a circulant. Conversely,
the proof of Lemma 1 shows that there is exactly one such circulant whose
characteristic roots are given powers of the characteristic roots of M.

If then % is even, we have M* = M M ~ [ and for n odd we have
M* = M= M MY ~ M.
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