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Abstract We construct some series of polyhedral schemata which represent orientable closed connected
3-manifolds. We show that these manifolds have spines corresponding to certain balanced presentations
of their fundamental groups. Then we study some covering properties of such manifolds and prove that
many of them are cyclic branched coverings of lens spaces. Our theorems contain a number of published
results from various sources as particular cases.
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1. Introduction

The goal of this paper is to study the topological and geometrical properties of certain
classes of group presentations depending on a finite number of integers. This kind of work
can be found in several papers (see, for example, [1-6,8-10,12-17,19,21,27,29]), where
there are many connections between the theory of cyclically presented groups (see § 3 for
the definition) and the topology of cyclic branched coverings of knots. Given a knot K in
the 3-sphere S?, we say that a closed connected 3-manifold M is an n-fold cyclic branched
covering of K if M is the n-fold cyclic covering of S* branched over K (see, for exam-
ple, [26]). This implies that M is the n-fold cyclic covering of the orbifold O(K, n) having
S? and K as underlying space and singular set, respectively. In this case, the fundamen-
tal group 71 (M) has a cyclic automorphism of order n, and the split-extension group of
m1(M) is the group of the orbifold O(K,n). For example, if K is the trefoil knot, then
the fundamental group of the n-fold cyclic branched covering of K is isomorphic to the
Sieradski group S(n) generated by z1,...,z, with cyclic relations z;z;y2 = x;+1, where
the indices are taken modn (see [3]). If K is the figure-eight knot, it was shown in [8]
and [9] that the fundamental group of the n-fold cyclic branched covering of K is iso-
morphic to the Fibonacci group F'(2,2n) generated by as,...,as, with cyclic relations
a;a;+1 = ;42 (indices mod 2n). Moreover, a combinatorial description for such mani-
folds by Dehn surgeries on the components of certain oriented links was given in [2]
(for surgery on links see also [20]). Sieradski and Fibonacci manifolds admit nice com-
binatorial representations as quotients of polyhedral 3-balls by pairwise identifications
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of oppositely oriented boundary faces. Some natural generalizations of these polyhedral
schemata were given, for example, in [1,5,12,15]. In the present paper we will consider
more general tessellations of the boundary of a 3-ball, including those obtained in the
quoted papers as particular cases. These tessellations define a family of closed orientable
3-manifolds M, (p;, ¢;, ki), i = 1,...,n, having spines encoded by certain balanced group
presentations. Our goal is to study some topological and geometrical properties of the
constructed manifolds and groups.

For any n > 1, k; € Z, and coprime integers p;, ¢; (p; = 1), i = 1,...,n, we consider
a family of finitely generated groups G, (p;, ¢, k;), which are defined by the following
balanced presentations:
Po(pi,liski) = (@1, ..., Zn, Y1, - -, Yn 1 X5 1xl+1yz Y { I

z+1

(Zyz Vi1 )k 1yfixi+2 =1 (indices modn)).

If p; = £; = 1, the first relations give y; = m;_laci and substituting in the second relations
yields
P (1,1,k) = (x1,..., %0 : (xi__ﬂlxixi_jleQ)M*193;_1111-3014_2 =1).
These presentations were considered in [1] and [15] for k; = 2, and in [5] and [12] for k; =
k > 2. It was shown that they correspond to spines of the n-fold cyclic branched coverings
of the 2-bridge knot (2k + 1)2, which is the closure of the rational (4k — 1)/2-tangle.
On the other hand, the second relations of P, (p;,¢;, k;) give

Tio = y; (ypy

and substituting in the first relations yields new balanced presentations for the groups
Gn(pi, liy ki)

P»rlll(pia gh kz) = <y17 <o Yn (yz yz—‘—frl) (yz—rr;yz—l-frl) l+1yf-;-ﬁl - 1>

(from now on the phrase ‘indices modn’ will be understood). These presentations were
considered in [5,13,21] for p; = p, {; = q and k; = k, and in [12] for p; = ¢; = 1 and
ki = k > 2. It was shown that they define the fundamental groups of an interesting
class of closed orientable 3-manifolds, called (periodic) Takahashi manifolds, first intro-
duced in [30], and subsequently studied by several authors (see [13,21,27]). Examples
of Takahashi manifolds are given by Fibonacci manifolds [2,8,9], generalized Fibonacci
manifolds [16,17], fractional Fibonacci manifolds [14], and Sieradski manifolds [3,4]. As
pointed out in [12], many Takahashi manifolds are also examples of mazimally symmetric
3-manifolds in the sense of [32].

In §2 we briefly recall the representation theory of closed orientable 3-manifolds by
means of RR-systems, and use it to show that the group presentations defined above are
geometric. In §3 we construct geometrically a family of closed orientable 3-manifolds
by side pairings of oppositely oriented boundary faces of certain polyhedral 3-balls,
and obtain spines corresponding to balanced presentations of their fundamental groups.
Finally, §4 is devoted to a study of some covering properties of such manifolds, and split
extensions of their fundamental groups.
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2. Geometric presentations

In this section we show that the group presentations P (p;,¥;,k;) are geometric, that
is, they correspond to spines of closed connected orientable 3-manifolds. To prove this,
we use the combinatorial representations of closed orientable 3-manifolds by RR-systems
(railroad systems), due to Osborne and Stevens (see [22-25,29)), and subsequently com-
pleted by Hog-Angeloni in [11]. We briefly sketch the theory from a qualitative point
of view by making use of an example arising from our geometric constructions (more
details and precise definitions can be found in the quoted papers). So, let P be a finite
balanced group presentation with n generators x; and n relators r;. Let Kp denote the
canonical 2-complex (with one vertex) associated with P. It is well known that any closed
connected orientable 3-manifold admits a spine of type Kp, but not every 2-complex Kp
is a spine of some 3-manifold. There are many criteria in the literature for P to be a
geometric presentation. The first one is based on the representation of 3-manifolds by
Heegaard diagrams. Let M be a closed connected orientable 3-manifold, and let (V1, V)
denote a Heegaard splitting of M of genus n. A properly embedded disc D in the han-
dlebody V5 is called a meridian disc of Vo if cutting Vs along D yields a handlebody
of genus n — 1. A collection of n mutually disjoint meridian discs {D;} in V5 is called a
complete system of meridian discs of V5 if cutting V5 along (J; D; gives a 3-ball. Let «;
denote the 1-sphere dD; which lies in the closed orientable surface Vi = 0V; of genus n.
The system (Vi;aq,...,qy) is said to be a Heegaard diagram of M associated with the
splitting (4, V3).
The following criterion is well known (see, for example, [11]).

Theorem 2.1. Let P be a finite balanced group presentation with n generators x; and
n relators r;. The canonical 2-complex Kp is a spine of a closed orientable 3-manifold
M if and only if it is possible to draw 2-sided simple closed curves aq,...,a, on the
boundary of an orientable handlebody V' with n handles (one handle for each generator
x;) such that «; reads the relator ;.

Let us consider, for example, the group presentation P = Py (p;, ¢;, k;), where (p1,£1) =
(2,-1), (p2,¢2) = (3,1) and k1 = ks = 1. Then we have

P=(z,y:y’ = (xy)® =27%).

This presentation is geometric since it arises from the Heegaard diagram drawn in Fig-
ure 1. Then Kp corresponds to a spine of a closed orientable 3-manifold. The curves a;
and s on the boundary of a genus 2 orientable handlebody read the relators (zy)%x?
and y322, respectively.

Cutting the surface F' = 9V along a system of meridian discs determines a 2-sphere
with 2n holes. These holes correspond to pairs of attaching discs, D; and D; say, arising
from the cutting of the handles of V. Any curve «; specified above splits into a finite
collection of pairwise-disjoint simple arcs {a;;} running on the punctured 2-sphere. We
can always assume that these arcs are transversal to the boundaries of the holes. For
example, the Heegaard diagram of Figure 1 can be represented on the punctured 2-
sphere, as shown in Figure 2.
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Figure 1. A Heegaard diagram of M = (000 : — (2 —1)(3, 1)(2,1))
inducing the presentation (z,y : (zy)? = y3).

Of course, we can restate Theorem 2.1 in the following equivalent form that uses
graphical representations on punctured spheres.

Theorem 2.2. With the above notation, Kp is a spine of a closed orientable 3-mani-
fold M if and only if it is possible to draw n collections o; = {c;} of pairwise-disjoint
simple arcs on a 2-sphere with 2n holes such that o; reads the relator r;.

It turns out that each ‘hole’ D; on the punctured 2-sphere can be regarded as a hexagon
labelled by the generator z; of P. The edges of this hexagon are labelled by integers p;,
¢; and p; +4;, where p; and ¢; are coprime. The arcs of the collections o; = {a;;} connect
the hexagons. Their endpoints avoid the corners of the hexagons. We run from an arc
a; to the next one oyj41 by proceeding along a line segment which lies in the interior of
a hexagon and is orthogonal to two of its edges. To obtain the relator r; corresponding
to the collection a; = {a;;}, it suffices to read the labels of the edges of the hexagons
encountered running along the arcs of the collection. This construction, which gives rise
to an RR-system (railroad system), is shown in Figure 3 for our initial example.

The following is a fundamental result in the theory of RR-systems (see the quoted

papers).

Theorem 2.3. The complex K p is a spine of a closed connected orientable 3-manifold
if and only if it is possible to draw collections «; of pairwise-disjoint simple arcs on a
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Figure 2. The Heegaard diagram of M = (000 : —1(2,-1)(3,1)(2,1))
drawn on the punctured 2-sphere.

2-sphere with n hexagons labelled by integers p;, {; and p; + {;, where p; and {; are
coprime (briefly, an RR-system), such that o, reads the relator r;.

As an application, we state a nice result that follows immediately from Theorem 3.1
of [22] (cf. also the subsequent remark on p. 485).

Proposition 2.4. Let M be a closed connected orientable 3-manifold having a spine
which corresponds to the geometric presentation
(x,y:aby™ =1, (a™y?)ra™y T = 1),
where |p|, |n| > 1, and p, m, respectively, n, q, are coprime integers. Then M is homeo-
morphic to the Seifert fibred manifold defined by the invariants
(000 : —1(p,m)(n,—q)(k + 1,k)).
Now let us consider the RR-system depicted in Figure 4. Then it induces a balanced
presentation with three generators y;, y2 and y3 and three relations (indices mod 3)
L —Litink;/, bi —Llitv1yk; i1
Wi Yir1 ) (W5 Y ) Hyfﬂl =1,
where k1 = 1, ko = 2 and k3 = 3 (one can directly draw pictures of RR-systems for the
general case by simple iterations). If p; and ¢; are coprime, Theorem 2.3 implies that
these presentations are geometric, and so they correspond to spines of closed orientable
3-manifolds. More precisely, we have the following theorem.
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Figure 3. An RR-system inducing the group presentation (z,y : (zy)? = 2 = 3°).

Theorem 2.5. For all coprime integers p; and ¢; (p; > 1) and k; € Z, the balanced
group presentations P!'(p;, ¢;,k;) arise from RR-systems, that is, they are geometric.
Then the canonical 2-complexes corresponding to them are spines of closed connected
orientable 3-manifolds M, (p;, i, ki).

We will see in §4 that the manifold M, (p;,¢;, k;) for n = 1 is homeomorphic to the
lens space L(p,¢) (including the 3-sphere for p = 1), where p; = p and ¢; = £.
For n = 2, the group presentation P (p;,¢;, k;) becomes

Py = Py (pi, b ki) = (y1, 90+ (y1 s )" (yi g 2)F2yh? = 1,
by —¥ by —¥
(y52yr )P g2y )Pyt = 1)

hence
0, —0 -
P = (y1,yo s gt = (yytyy )M = yoP2)
~ - - ¢
=y yz i vh? = 1 (urtye )R T = 1),

Since this presentation is geometric, we apply Proposition 2.4 to get the following result.

Proposition 2.6. For any coprime integers p; and ¢; (p; > 1) and k; € Z, the manifold
Ms(pi, 4;, k;) is homeomorphic to the Seifert fibred space defined by the invariants

(000 : =1(p1,41)(p2, b2) (k1 + ko, k1 + ko — 1)).

In particular, our example is the spherical Seifert manifold defined by the invariants
(000 : —1(2,—1)(3,1)(2,1)). By [28] we recall that the geometry of a Seifert bundle can
be determined from the invariants x and e, where x is the Euler characteristic of the base
orbifold and e is the Euler number of the Seifert bundle. For the manifolds M (p;, ¢;, k;)
we have . ’

= ——l—z—27 X:—l—l—il i i

ki+ka p1 po ki+ka p1 po

As a consequence, the geometric structures of such manifolds are completely determined

as follows.
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Figure 4. An RR-system inducing the presentations P,/ (p;, ¢;, k;)
(casen =3, k1 =1, ko =2, ks = 3).

Corollary 2.7. If
p1ip2 = (k1 + k2)(p1l2 + p2tl1)
and x < 0 (respectively, x = 0, x > 0), then My(p;, ;, k;) is an H? x R-manifold (respect-
ively, a Euclidean manifold, a S* x R-manifold). If

pip2 # (k1 + k2)(p1le + p2f1)
and x < 0 (respectively, x =0, x > 0), then Ms(p;,¢;, k;) is a ng\@)—manifold (respect-
ively, a nil-manifold, a spherical manifold).

3. Polyhedral constructions

In this section we construct a nice polyhedron P, (p;,¢;, k;) (which is homeomorphic
to a 3-ball) representing the closed orientable manifold M, (p;, £;, k;). It turns out that
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the fundamental group of this manifold is isomorphic to the group G, (p;,¢;, k;) defined
above. Moreover, the canonical 2-complex associated with the balanced presentation
P, (pi, i, k;) is a spine of the manifold M, (p;,4;, k;). So this presentation is geometric,
and arises from a Heegaard diagram of the manifold which can be immediately obtained
from its polyhedral representation.

Theorem 3.1. Forn > 1, k; € Z, k; > 2, and coprime integers p;, {;, 1 < p; < {;, the
balanced presentation P, (p;,¢;, k;) of the group G, (p;, £;, ki) corresponds to a spine of a
closed connected orientable 3-manifold M, (p;,{;, k;).

Proof. Let us consider a triangulated 3-ball P, (p;, ¢;, k;) whose boundary consists of
n polygons T} of £; + ¢;_1 — p;—1 + 2 edges in the northern hemisphere, n polygons Q) of
kil; + (ki — 1)¢;11 + 1 edges in the southern hemisphere, and polygons T; and @; having
the same number of edges of T} and Q, respectively, in the equatorial zone (i = 1,...,n;
indices modn). For example, the polyhedron Ps(p;, ¢;, k;), where ged(p;, €;) = 1, £; > p;
(i =1,2,3), k1 = 2, ko = 3 and k3 = 4 is depicted in Figure 5. Here we have used a
simplified notation, that is, an ‘edge’ labelled, for example, by a symbol yf i~Pi represents
a sequence of £; — p; equally oriented edge segments labelled by ;.

If the parameters satisfy the conditions listed above, the oriented edges fall into 2n
classes labelled z1,...,2z, and y1,...,Yn.

For each i = 1,...,n, the boundary cycle of the polygons T; and T is given by the

word
-1 C; —Ci—1+pi—
T Ty Y1 pe
where the indices are taken modn. For each ¢ = 1,...,n, the boundary cycle of the

polygons Q; and Q} is defined by the word

(yfiyff{“)kﬁlyfiwn»

where the indices are taken modn. Now we consider the pairwise identifications of the
boundary faces of the polyhedron P, (p;,¢;, k;). For each i = 1,...,n, let t; identify
the polygons T; and T/, and let ¢; identify the polygons @; and @) so that the corre-
sponding oriented edges of the polygons carrying the same label are identified together.
As a result of this side pairing, we get a cellular complex which triangulates an ori-
entable pseudomanifold M, (p;, £;, k;). This quotient complex has one vertex, 2n edges,
2n 2-cells, and one 3-cell. So it is a closed connected orientable 3-manifold, as its Euler
characteristic vanishes. The fundamental group of this manifold is isomorphic to the
group Gy, (pi, ¥, k;). Furthermore, the balanced presentation P, (p;,¢;, k;) corresponds to
a spine of the constructed manifold. O

Let us consider now the particular case p;, = 1, ¢; = £ > 1 and k; = k > 2, and
denote the polyhedron P, (p;, ¢;, k;) simply by P, (k, £). The boundary of this polyhedron
consists of n (2¢ 4 1)-gons

T/ =NH; - AjAiy1---Hipy

https://doi.org/10.1017/50013091502001050 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091502001050

On branched coverings of lens spaces 279
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S

Figure 5. The polyhedron Ps(p;, 4;, ks), €; > pi, ged(pi, €:) = 1, k1 = 2, ko = 3 and k3 = 4.
in the northern hemisphere, n [¢(2k — 1) + 1]-gons
Q' =S---K;B;C;D; - Bi
in the southern hemisphere, n (2¢ 4 1)-gons
Ty =A;i1Bi1Ci1Li—q -+ M;_q,
and n [£(2k — 1) 4+ 1]-gons
Qi =AjAi1Bigr - CiLi-- M

in the equatorial zone, where i = 1,...,n, and all indices are taken mod n. Thus P, (k, ¢)
has 4n faces, (20 + 1)n + n[f(2k — 1) + 1] edges, and ¢n(2k + 1) + 2 — 2n vertices. For
example, the polyhedron P3(3,2) is depicted in Figure 6.

If £ =1 and k = 2, we obtain exactly the polyhedra considered in [1] and [15], whose
side pairing quotients triangulate the cyclic branched coverings of the knot 55. If £ = 1
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y
S

Figure 6. The polyhedron P3(k,£), where k = 3 and ¢ = 2.

and k > 2, then we have the polyhedra constructed in [5] and [12], which give polyhedral
schemata for cyclic branched coverings of the knot (2k + 1)a.

By side pairings, the oriented edges fall into 2n classes labelled z1,...,z, (each one
of them formed by exactly three edges), and y1,...,y, (each one of them consisting of
£(2k + 1) — 1 edges). For each i = 1,...,n, the boundary cycle of the (2¢+ 1)-gons T;
and T is given by the word x;” 1xi+1 yfyi_ff ! where the indices are taken mod n. For each
i=1,...,n, the boundary cycle of the [¢(2k — 1) + 1]-gons Q; and Q) is defined by the
word (yfy; )"
identifications of the boundary faces of the polyhedron P, (k,£). For each i =1,...,n,
let ¢; identify the (2¢ + 1)-gons T; and T7, and let ¢; identify the [¢(2k — 1) 4 1]-gons Q;
and @ so that the corresponding oriented edges of the polygons carrying the same label
are identified together. This produces cycles of equivalent edges as follows. For the label
x;, we have

yfx;. 2, where the indices are taken mod n. Now we consider the pairwise

-1 —1
qi—2

. T
Bi_1Ai_1 2 NH; =% B;_5Ci_y ——2 B;_1A;_1,
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whence
titi14iy = 1.
For the label y;, we get

i i i q;—
A1 A B oDy 4 B SK

-1
qi—1

-1
t; tif i
— Ci—lLi—l — Hi+1Ai+1 E— AlMl —
ah a

) t;
EZ—) KlB’L —_— s — Li—lMi—l — Ai+1Ai7

whence

(@t g = 1
Let us denote the quotient manifold simply by M, (k, £). So we have proved the following
corollary which extends a result of [15] (case £ =1 and k = 2).

Corollary 3.2. Foranyn > 1,¢ > 1 and k > 2, the fundamental group of the manifold
M, (k, ) admits the balanced presentation (which is the dual of the presentation P, (k,{)
of the group G (k,?))

Pr(kyf) = (try eyt qry o s tit gy = 1, (gFa F it ) iy = 1),
The first relations give ¢; = t;42t; +11 and substituting into the second relations yields
((tiati) " (tati) it i = 1,
hence we get a further consequence as follows.

Corollary 3.3. With the above notation, the group G, (k,{) admits the cyclic pre-
sentation
(t,otn (Lot P (it ) ") g = 1),

which is isomorphic to the cyclic presentation
- —¢
Byl (k,0) = (Y1 Y - Wiy ) Wiayii)  yinn = 1)

obtained in § 1.

4. Split extensions and branched coverings

In this section we consider the manifolds M, (p;, 4;, k;), where p; =p > 1, 4; = £ > 1,
ged(p,f) = 1 and k; =k > 2. We denote such manifolds briefly by M, (k,¢,p) (and
M, (k, ) as usual for p =1). We will prove that these manifolds are cyclic branched
coverings of the lens space L(p,¢) (including the 3-sphere for p = 1). This gives explicit
examples of L(p,£)-hyperelliptic manifolds in the sense of [18]. We also study the
split-extension group of G, (k,¢) by the cyclic automorphism corresponding to cyclic
presentations of it. For this, we recall a few definitions on group presentations and
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refer to any standard textbook for more details. Let F,, be the free group of rank n
generated by x1,...,x,, and let 6 be the automorphism of F, defined by setting
0(x;) = miy1, for ¢ = 1,...,n, where the indices are taken modn. For a reduced word
w in Fy,, let G,(w) be the factor group F, /R, where R is the normal closure in F,
of the set {w,f(w),...,0" 1(w)}. Then G, (w) has a cyclic presentation with genera-
tors x1,...,T,, and relations w = 1, f(w) = 1,...,0" (w) = 1. A group G is said to
have a cyclic presentation if G is isomorphic to G, (w) for some w and n. Of course,
0 induces an automorphism of G, (w) which determines an action of the cyclic group
Zy =(0:60"=1) on G,(w). The split-extension group H,(v) of G, (w) by Z, admits
a presentation with generators x and 6, and relations 6™ = 1 and v(0,2) = 1, where
v(0,z) = w(z,0 z0,..., 0~ Dgpn—1),

Let us consider the polyhedron P, (k,¢), and let p be the symmetry of order n of
P, (k, ) such that

p:Ti = Tipr, T) = Ti 1, Qi — Qiy1, Qi = Qiyy,

where the indices are taken mod n. With respect to the presentation of G,,(k, £) written in
Corollary 3.2, the action of the automorphism p is given by ¢; — ¢;41 and ¢; — ¢;4+1. Let
H, (k,?) denote the split-extension group of G, (k,¥¢) by the cyclic group Z,, generated
by p.

Theorem 4.1. Forn > 2, k > 2 and { > 1, the split-extension group H, (k,¢) is the
fundamental group of the orbifold O((4k¢ — 1)/2¢,n) with the 3-sphere as underlying
space and the 2-bridge knot (4k¢ — 1)/2¢ with index n as singular set.

First proof. From the presentation of G, (k,£) given in Corollary 3.2, we get the
following presentation of H,,(k,¢) with ¢t = ¢; and ¢ = ¢;:

Hy(k, ) = (p,t,q:p" =1, (p"tp)t 'pg'p~" =1,
(¢ pg= "V~ tp ) p M p = 1),
Hence we have

Hy(k,0) = (p,t,q:p" =1, (t7'p)""p(t™"p) = pg,
(@"pg "D~ tp™ ) p p = 1),

The element g = pq is conjugate to p from the first relation

p=("p) " p(t"p)
and so u” = 1. Then we have ¢ = p~'u, and
(o ) p(p )~ Do =t""p.
Thus we obtain a 2-generator presentation for the group H,(k,{):

Hy(k,€) = (p,pu: p" = p" =1, pu=up),
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- XV

Figure 7. The 2-bridge knot (4k¢ — 1)/2¢.

where

Since u coincides with the sequence p© p€ - .. pcaké—1 pcake=3 y€aki—2 where the exponent
€; is the sign 1 of 2i¢ reduced mod 8k¢ — 2 in the interval (—(4k¢—1),4k¢—1), the word
u corresponds to the 2-bridge knot (4k¢ —1)/2¢. In particular, the group {p, p : pu = up)
is isomorphic to the knot group of (4k¢ — 1)/2¢, and the generator p corresponds to the
meridian. Therefore, the group H,(k,¢) is isomorphic to the fundamental group of the
orbifold O((4k¢ — 1)/2¢,n). We recall that the presentation

(a,b:b[(b" a)* b)" = [(b~ a)¥, b)"a)

defines the group of the 2-bridge knot (4k¢ — 1)/2¢, where a and b correspond to the
labels used in Figure 7. ]

Second proof. From the presentation P (k,¢) (see §1), we get
(our )" (yayr )y =1,
hence

Wy ) o 0y )y = 1)
Wt =p7ly iy 7).

Hy(k, 0) = (p,y:p" =1
={py:p" =1, [y, p"

Setting A = yp, we see that ) is conjugate with p because \v = vp, where v = [y¢, p~1]¥,
hence A = 1. So we get

Hy(k,6) = (X, p:p" =A" =1, v =up),
where v = [(Ap~1)¢, p~1]*. Now the proof can be completed as above. O
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Figure 8. Simplifications along closed curves.

Theorem 4.2. Foranyn > 2, k > 2, and coprime integers p, £, 1 < p < £, the manifold
M, (k,£,p) is the n-fold cyclic covering of the lens space L(p,{) branched over a knot
which is the image of the south-north axis of the polyhedron P, (k, ¢, p) under rotation
of angle 27 /n. Furthermore, the manifold M, (k,{) is the n-fold cyclic covering of the
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(b)

(d)

N
Q00N

Figure 9. Cancellations of handles.

3-sphere branched over the 2-bridge knot (4k¢—1)/2¢, that is, M, (k, £) is homeomorphic
to the Minkus manifold M,,(4k¢ — 1, 2{) constructed in [19].

Proof. The manifolds M, (k, ¢, p) are n-fold coverings of an orbifold with underlying
topological space M (k,¢,p) and singular set the image of the NS-axis of the polyhe-
dron P, (k, ¢, p) under the rotational symmetry of order n. To prove the first part of the
statement, we consider the polyhedral representation of M (k, ¢, p), and construct a Hee-
gaard diagram of the manifold directly deduced from the scheme. It is easy to see that
this diagram represents the lens space L(p, ). Now it remains to analyse the case p = 1.
Rotation by 27 /n about the axis NS of the polyhedron P, (k,¢) defines an action of Z,
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on M, (k,£). The quotient of the action is the 3-sphere and the image of the axis NS is
a knot K. The isotropy group of a point of M, (k,¢) not on NS is trivial. The quotient
M, (k,€)/Zy, is obtained by taking a fundamental domain for the action of Z,, on M, (k, ¢)
and making identifications (see Figure 8a for k = 3 and ¢ = 2). A Heegaard diagram for
this quotient is pictured in Figure 8b and the axis of the rotation is drawn as a dotted
curve. Now we apply the method used in [9] for the figure-eight knot (and subsequently
extended in [7]) to our case. Then we modify Figure 8b to Figure 9b by simplifications
along closed curves and cancellations of handles. Figure 8c is obtained from Figure 8b
by a simplification along the closed simple curve C (also called a Whitehead—Zieschang
reduction). Figure 8d (respectively, Figure 9a) is obtained from Figure 8¢ (respectively,
Figure 8d) by a simplification along the closed simple curve D (respectively, F). Fig-
ure 9b (respectively, Figure 9¢) is obtained from Figure 9a (respectively, Figure 9b) by a
cancellation of handles. By using Reidemeister moves, it is easy to see that the knot in
Figure 9c is equivalent to the knot (4k¢ —1)/2¢ (which is 23/4 in our example) shown in
Figure 9d. (]

Theorem 4.2 says that the manifold M, (k, £) is the n-fold cyclic covering of the orbifold
O((4k¢—1)/2¢,n). By [10], this orbifold is hyperbolic for any n > 3 if k > 2 or £ > 2. So
we immediately obtain the following consequences.

Proposition 4.3. For any n > 3, the manifold M, (k,£), k > 2, £ > 1, is hyperbolic.
Furthermore, M (k, () is the lens space L(4k{—1,2¢), and M (k,¢) is the 3-sphere (hence
they have spherical structures).

Proposition 4.4. For any n > 3, the group G,(k,¢), k > 2, £ > 1, is infinite and
torsion free, Go(k,£) is the cyclic group of order 4k¢ — 1, and G (k, ) is trivial.

Final remark.

The complete classification of the geometry of the manifolds M, (p;, €;, k;) is still an
open problem for arbitrary values of the parameters. If n < 2, then they are home-
omorphic to Seifert fibred spaces (including the lens spaces and the 3-sphere), so the
geometry is known (see §2). By Proposition 4.3 several manifolds contained in our class
have hyperbolic structures. (For a general reference on the geometry and the toplogy of
3-manifolds see, for example, [31].)
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