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Definition of an Ordered Plane. An ordered plane 
[ l , p . 177 ff. ] is a set of undefined entities called points, to
gether with an undefined relat ion of intermediacy, satisfying the 
following axioms: (The symbol [ABC] means nB is between 
A and C , f.) 

0 1 . There exist at least two points. 

0 2 . If A and B are distinct points, then there is at 
least one point C such that [ABC]. 

0 3 . If [ABC], then A, B and C are distinct points . 

0 4 . If [ABC], then not [BCA]. 

(If A and B are distinct points, the line AB is the set con
sisting of A and B together with every point P such that 
[PAB] or [ABP] or [APB]. ) 

0 5 . If C and D are distinct points of line AB, then 
A is a point of line CD. 

0 6 . If AB is a line, there exists a point C not on this 
line. 

(The triangle ABC, where A, B and C are non-coll inear 
points, is the set of the three points A, B and C and the lines 
AB, BC and AC.) 

0 7 . If ABC is a triangle and if [BCD] and [AEC], then 
there is a point F on line DE such that [AFB]. 

F r o m axioms Ol - 06 it follows that if [ABC] then 
[CBA] and no other such relat ion holds among A, B and C. 
Axiom 05 makes the notion of collinearity meaningful, and it is 
easily shown that if C and D are distinct points on the line AB, 
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then l ine AB = Line CD. It fol lows tha t two d i s t i n c t l ines m e e t 
in a t m o s t one p o i n t . 

The add i t ion of 0 7 e n a b l e s us to p r o v e the expec ted r e 
su l t s about the o r d e r of four po in t s on a l ine , e . g . tha t [ABC] 
and [BCD] i m p l y [ABD] and [ACD], and hence to show tha t 
any l ine in an o r d e r e d p lane con ta ins an inf ini te n u m b e r of 
p o i n t s . 

F i n i t e O r d e r e d P l a n e s . The p u r p o s e of th i s note i s to 
i n v e s t i g a t e the s t r u c t u r e of c e r t a i n f ini te p l a n e s which obey 
a x i o m s Ol - 0 6 (and, of c o u r s e , fai l to sa t i s fy 0 7 ) . Le t us 
ca l l an i n t e r m e d i a c y r e l a t i o n sa t i s fy ing Ol - 0 6 a f ini te o r d e r . 

F o r any two po in t s A and B, t h e r e m u s t be a th i rd po in t 
C such tha t [ABC], a fou r th po in t D such that [ACD] and a 
fifth poin t E such that [ C A E ] . A, B, C, D and E a r e a l l 
d i s t i n c t by 0 3 , and a l l on the l ine A B . Hence any line m u s t 
con ta in at l e a s t five p o i n t s . 

With the a b s e n c e of a x i o m 0 7 , the def in i t ion of a f in i te 
o r d e r on one line is i ndependen t of i t s def in i t ion on any o the r 
l i n e . It is t h e r e f o r e d e s i r a b l e to i m p o s e s o m e o the r condi t ion 
on the o r d e r ; we have c h o s e n to have it i n t e r a c t with an a l g e b r a i c 
s t r u c t u r e on the p l a n e . 

D i l a t a t i o n s on Z X Z . We now t u r n our a t t en t ion to the 
P P 

fini te p lane Z X Z , the C a r t e s i a n p r o d u c t of Z wi th i tself , 
P P P 

w h e r e Z is the field of r e s i d u e c l a s s e s m o d u l o p, a p r i m e 
P 

i n t e g e r [2, p . 54 ] . L i n e s a r e s e t s of po in t s sa t i s fy ing non-
t r i v i a l l i n e a r equa t ions with coeff ic ients in Z . 

P 
Def in i t ion . Cons ide r an affine p lane P ; a d i l a t a t i on i s a 

t r a n s f o r m a t i o n of P onto i t se l f which l e a v e s i n v a r i a n t e a c h 
c l a s s of p a r a l l e l l ines [ l , p . 194] . 

It i s e a s i l y shown tha t a l l d i l a t a t i o n s D ac t ing on the 
po in t s X of Z X Z have the f o r m D(X) = aX + B w h e r e 

P P 
a / 0 and B a r e fixed e l e m e n t s of Z and Z X Z r e s p e c -

P P P 
t i v e l y . 

A n a t u r a l f in i te o r d e r i s a f ini te o r d e r wh ich i s i n v a r i a n t 
unde r d i l a t a t i o n s . Our m a i n r e s u l t g ives the p r i m e i n t e g e r s p 
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for which a natural finite order is possible on Z X Z . 
P P 

THEOREM. A natural finite order can be defined on 
Z X Z (p > 5) if and only if p = -1 (modulo 3). 

P P " 

Proof. Axioms Ol and 06 are automatically satisfied; 
axioms 0 3 , 04 and 05 will be satisfied if and only if for any 
three distinct collinear points A, B and C of Z X Z we can 

P P 
distinguish exactly one as being between the other two, and for 
non distinct or non collinear points-no order relat ion is defined. 

The dilatations form a group. Hence, to obtain a natural 
finite order relat ion for the plane, we may confine our attention 
to one member of each para l le l c lass , say the line through 
(0, 0). Since these representa t ives a re additively isomorphic to 
Z , it is sufficient to consider possible o rders on Z itself. 

P P 
Our dilatations become the automorphisms T: Z -*- Z , de-

P P 
fined by T(x) = ax + b, a ^ 0 and b fixed in Z , for all 

P 
x € Z . These t ransformations T form a group r of order 

P 
p(p - 1). A transformation belonging to r is determined by the 
images of two distinct points of Z. 

If there is an intermediacy relat ion on each set of three 
distinct points, or tr iplet , of Z satisfying axioms 02 and 

04, then there is a natural finite order on Z . 
P 

Consider any tr iplet of points (a, b, c). We distinguish 
two ca se s . 

(i) Suppose it is possible to label the three points a, b 
and c so that b - a = c - b . Then for any T in T, 
T(b) - T(a) = T(c) - T(b) . Now the transformation G € r defined 
by G(x) = 2b - x interchanges T(a) and X(c) an<3 leaves T(b) 
fixed for all T in r . Fur ther , no S in T can interchange 
T(a) and T(b), leaving T(c) fixed. For suppose it did; then 
T(a) - T(b) = T(c) - T(a) and hence a - b = c - a or 3 (b -a ) = 0. 
Since p > 3, b = a, contradicting of our assumption of dist inct
n e s s . By a simple argument, no other permutat ion of a, b and 
c can occur among the (T(a), T(b), T(c)). Hence in this case 
we can and must say that for any natural finite order [abc] and 
[T(a) T(b) T(c)]. 
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If for a t r i p l e t (d, e , f) t h e r e i s a T € F s u c h that T(d) = f, 
T(f) = d and T(e) = e, then e - d = f - e , and t h e r e is an H in 
r such tha t H(d) = a, H(e) = b and H(f) = c. F o r , let H be 
the m e m b e r of T such tha t H(d) = a and H(f) = c . Then 

H T H ' V ) = c and H T H " 1 ( c ) = a. Hence H T H ~ 1 = G, 

(G(x) = 2 b - x ) and H T H " 1 ^ ) = b ; T t h e r e f o r e l e a v e s H _ 1 ( b ) = e 
i n v a r i a n t . (A m e m b e r of T l eaving two po in t s fixed would be 
the i d e n t i t y . ) Axiom 0 2 is now g u a r a n t e e d . F o r , g iven a and 
b , l e t c = 2b - a ; then [ a b c ] . 

(ii) Suppose tha t c a s e (i) i s not t r u e , i . e . , tha t no T 
i n t e r c h a n g e s a and c whi le leaving b f ixed. Suppose we try-
to define an i n t e r m e d i a c y a r b i t r a r i l y on a, b and c, r e q u i r i n g , 
for e x a m p l e , tha t [ a b c ] . Then for e v e r y T € T we m u s t have 
[T(a) T(b) T (c ) ] . C l e a r l y , i f t h e r e e x i s t s a T such tha t 
T(a) = b , T(b) = c, T(c) = a, a x i o m 0 4 wi l l not be sa t i s f i ed 
and we wi l l be unable to def ine a n a t u r a l f ini te o r d e r on Z X Z . 

P P 
If t h e r e does not ex i s t such a T, then b e c a u s e T is a g roup , a 
c o n s i s t e n t o r d e r has b e e n defined on the c l a s s of t r i p l e t s 
{ (T(a) , T(b) , T(c)) ; T € F } . We then choose a t r i p l e t ou t s i de 
th i s c l a s s , (d, e, f) say , and define an a r b i t r a r y o r d e r [def] 
which wi l l d e t e r m i n e an o r d e r on the c l a s s of t r i p l e t s 
{ (T(d), T(e) , T(f)); T e F } , p r o v i d e d no T p e r m u t e s d, e and 
f c y c l i c a l l y . We cont inue un t i l we find a t r i p l e t so p e r m u t e d 
unde r a T in F , o r un t i l an i n t e r m e d i a c y r e l a t i o n has b e e n 
defined for e v e r y t r i p l e t . In fact , if the n u m b e r of c l a s s e s of 
t r i p l e t s of type (ii) i s m , t h e r e a r e 3 m p o s s i b l e def in i t ions 
of o r d e r on Z X Z . 

P P 

Hence a n a t u r a l f in i te o r d e r e x i s t s if t h e r e i s no T in F 
wh ich p e r m u t e s s o m e t h r e e po in t s a, b and c of Z c y c l i c a l l y 

P 3 
and wh ich i s t h e r e f o r e of p e r i o d t h r e e . ( F o r such a T , T 
l e a v e s a, b and c fixed and is t h e r e f o r e the i den t i t y . ) 

If s u c h a T e x i s t s , t hen s ince F i s of o r d e r p(p - 1), 
3 m u s t d ivide p - 1, and hence p = 1 (mod 3). Suppose 3 
d i v i d e s p - 1. Then t h e r e e x i s t s an OJ ^ 1, GO e Z such tha t 

3 P 2 

GO = 1, [2, p . 1 1 2 ] . C o n s i d e r the t r i p l e t (1 , GO , oo ) and the 
t r a n s f o r m a t i o n S in T defined by S(x) = GO x, wh ich t a k e s 1 

2 2 
in to oo, oo into oo , and GO into 1. Th i s p r o v e s the r e s u l t . 

4 1 0 
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