NORMAL CURVATURE OF MINIMAL SUBMANIFOLDS IN A
SPHERE

by SHARIEF DESHMUKH
(Received 23 June, 1995)

1. Introduction. Simons [5] has proved a pinching theorem for compact minimal
submanifolds in a unit sphere, which led to an intrinsic rigidity result. Sakaki [4] improved
this result of Simons for arbitrary codimension and has proved that if the scalar curvature
S of the minimal submanifold M" of §"*7 satisfies

n(n —1)2n*+n —8)<S
2(n*+n-3)

then either M" is totally geodesic or § =2/3 in which case n =2 and M? is the Veronese
surface in a totally geodesic 4-sphere. This result of Sakaki was further improved by Shen
[6] but only for dimension n =3, where it is shown that if §>4, then M? is totally
geodesic (cf. Theorem 3, p. 791).

Let M" be a compact minimal submanifold of the unit sphere §"*” with normal
bundle v. We denote by R* the curvature tensor field corresponding to the normal
connection V* in the normal bundle v of M", and define K*:M — R by

K*= 2 [R*(esej, Nay No)P,
ij.a.B
where {e;,...,e,} is a local orthonormal frame on M" and {MN,,...,N,} is a local field of
orthonormal normals. We call the function K* the normal curvature of the minimal
submanifold M”. In this paper we prove the following result.

THEOREM. Let M" be a compact minimal submanifold of $"*?. If the normal curvature

K*, the scalar curvature S and the square of the length of the second fundamental form o
of M" satisfy
K*=o, S>(n-17

then M" is totally geodesic.

This theorem can be considered as a partial generalization of the result of Shen [6,
Theorem 3). However, it will be an interesting question whether the condition K* <o is
redundant and Shen’s result can be extended beyond dimension 3.

2. Preliminaries. Let M be a minimal submanifold of the unit sphere $"*7, with
normal bundle v. Then the second fundamental form h of M" satisfies
(VA)X,Y,Z)=(Vh)(Y,Z,X)=(Vh)(Z,X, W), X,Y,ZeZ(M), (2.1)

where Z(M) is the Lie algebra of smooth vector fields on M and (Vh)(X, Y, Z) is defined
by
(Vh)(X,Y,Z) = Vxh(Y,Z) = h(VxY,Z) — h(Y,VxZ),

where V* is the connection defined in v and V is the induced Riemannian connection
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with respect to the induced Riemannian metric g on M". The second covariant derivative
(V’h)(X, Y, Z, W) of the second fundamental form is given by

(V2h)(X,Y,Z,W)=Vx(Vh)(Y,Z, W)= (Vh)(VxY,Z, W)
= (VAYY,VxZ , W) —(Vh)Y,Z,VxW), X,Y,Z,W e Z(M).
We have the following form of the Ricci identity
(V*hY(X,Y,Z,W)— (V?h)(Y,X,Z,W)=R*(X,Y)W(Z,W)-h(R(X,Y)Z, W)
-h(Z,RX, V)W), X,Y,Z,WeZM), (22)

where R* and R are the curvature tensors of the connections V* and V respectively. Since
M" is a minimal submanifold for a local orthonormal frame {e,,...,e,} of M" we have

S (TR, € ) =0,

) (2.3)
,~=21 (Vh)(X,Y,e;,€)=0.
Using the Ricci tensor Ric, we define the symmetric operator R* by
Ric(X,Y)=g(R*(X),Y), X, Y e ZM).
Then the Gauss equation gives
Ay 2y X =R(X,Y)Z+ApxzY —8(Y,Z2)X +g(X,2)Y, (2.4)
R¥*(X)=(n-1)X - 2":1 Anexres X, Y, Z e Z(M), (2.5)

where Ay, N e v, is the Weingarten map with respect to the normal N, satisfying
g(ANX,Y)=g(h(X,Y),N). We define

o =2 lh(e,e)l?,
iy

1AL = 2 1 Aneepecll®s (2.6)
ij.k

IVAIZ =D, [(Vh)(es, e €)™
ik

Now we prove the following lemma.

Lemma. Let M" be a minimal submanifold of $"*?, then for a local orthonormal
frame {e,,. .. ,e,}, we have

2 R(ey, e;; ej:Ah(e,-.e,)ek) =-c+ “Ah”2 +3K*+ - 2 g(Aae,-,ABej)z,

ig.k ij.a.B
where A, =Ay_and {N,,. .., N,} is a local field of orthonormal normals.

Proof. Using the Ricci equation

RL(X, Y', N], Nz) = g([AN17AN2](X)9 Y), X,Y € %(M), N],Nz eV,
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we get
K+ = ZB [R*(ei, &3 Na, Ng))* = 2 (g(A.Agei €) = g(ApAaei ej)]2
ij.a, ij,a.B
= 2 ZBg(Aaeia ABei)2 - 2 z g(AaABeh e/')g(ABAaei, ej)9 (27)
ij.a, ij.a.8
since 3 g(A.e,Age)’ = 3 g(Age;, Aq.e;)* which follows from the symmetry of A,
ijoa.B ij.a.B

and Ag. Next using the Gauss equation, we have
R(ex, e;; €, Ah(e,.e,)ek) = 8:78(h (ex,ex), hie;, ej)) - 5kjg(h (e, ej)9 h(e;, ex))
+g(h(ei, ), h(ex, Ah(e,-,e,)ek)) —g(h(ex, €), hie, Ah(e,,e,))ek)) (2.8)
SINCE Ape, e 8k = = 8(As€is €))Aq€r, We obtain

2 8(h(ei ), hiex, An(eie)€h)) = > 8(Aneie)Chr Aneeper) = | Anll” (2.9)
ij.k ijk
and
2 g(h(ek’ ej)7 h(ei’ A’l(ei.e,')ek)) = Z g(AaAﬁei’ ej)g(ABAaei, ej)‘ (210)
ij.k ij,a,B

Then using (2.7), (2.9) and (2.10) in (2.8) and using minimality of M" we find
E Rex,€; € Ah(e,».e,-)ek) =-~-0c+ ||Ah||2 - 2 g(AaeisABej)z + %Kl
if.k ij.a,B

which proves the lemma.

3. Proof of the theorem. Let M” be a compact minimal submanifold of §"*”
satisfying the hypothesis of the theorem. Define F:M— R by F=350. Then it is
straightforward to compute the Laplacian AF of the function F as

AF = 2, g((V*h)(ex, exs €ir €)), h(ei€))) + 2 1(Vh)(ei e €)%
iJ.k ij.k

Using the Ricci identity (2.2) and equations (2.1) in above equation we arrive at
AF = 2 [Rl(ek, e;; hie, ej)’ h(e;, ej)) — R(ex, €; ey, Ah(e,,e,)ej)
ik
= R(ex, €;; €, Ah(e,,e,)ek)] + [|Vh ||2~
We employ (2.4) in the Ricci equation, to compute
Rl(ek» e;, h(ex, ej)s h(e;, ej)) = g(Ame,-.e,)ek, Ah(e,,e,-)ek
+ R(e;, ex)e; — Sijei + Bijer) = 8(An(eye)h> Aniene)i)
or
Z R™*(ex, €;; h(e, ej), h(e;, ej)) = A, ||2 —o+ E R(e;, ex; €, Ah(ei,ei)ek)
ik ik
- g(Amek.e,.)ek, Ah(e,,e,)ei)' (32)
Since (2.5) gives R*(e;) = (n — 1)e; — X Ap, x> WE have
k

D 8(Aniere)€hr Anerepi) = 2 8((n = 1)e; = R*(€), Ance,€1)

ik iy

=(n-1)o- Ric(ej, Ane,e€i)
iy
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= (n - 1)0’ - Z R(ek, ej, Ah(e“e])ei, ek)
ijk
= (n - 1)0' + z R(ek, €;, ek,Ah(e'_e’)e}‘). (33)
ijk
Thus using (3.3) in (3.2), we have

2 R*(ex, ;s h(ex, €), h(ei e;)) = —no + || A, 1% + Z [R(e, ex; ej7Ah(e,‘e,)ek)
ik ijk
= R(ex, e, e, Ah(e,‘e,)ej)]' (3.4)
Using (3.4) in (3.1), we obtain

AF = —no + |A,))* -2 2 {R(ex, €i: € Ane e, )€k)
idk

~ Rex, €, ex; Ah(e,.e,)ej] + VA “2- (3.5)

Also, we have

2 R(ex, € ex, Ah(e,.e,)ej) = "Z Ric(e;, Ah(e,,e,)ej)
ij

ij.k

= - 2 g(R*eh Ah(e,_e,)ej)
L)

== Z g(R*e,-, Aaej)g(Aaeis ej)

ija
=- E g(R*Aaej’ ei)g(Aaejv ei)

ij.a

ja
= —z Ric(A.e;, A,€;)
joax

= =2 (1~ 1)g(Aae;, Ase) + 2 llh(es, Ae)l)?
J.@

ija
=-(n-1)o+ 2, glApe,Aqe) (3.6)
ij.a,B
Using (3.6) and the lemma in Section 2 in (3.5), we obtain
AF =(n—1)a = |A,|*+ (o = K*) + |VA|> 3.7
Now using the facts that

1AWE= 2 1 Aneepexl?= 2 g(Asei€) I Anerl?
ij.k

ijko

= > g(Asei, ) [Aal* =2 14al? 1Aal? =2 [ Aall®
iJj.a a a

and 0 =3 ||A.]|% in (3.7) and integrating it over M" we obtain

[ {S 10 -0- 14, + 0 - K+ 1hfas =0 69)
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From the hypothesis of the theorem S > (n — 1)?, it follows that
n(n =1) = 2 1A.I°> (n - 17,

that is, 3 || A, ||I> < (n — 1), consequently ||A,|? < (n — 1), and that K* < ¢. Thus in order

for (3.8) to hold we must have ||A,]| =0, that is M" is totally geodesic.
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