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Abstract
We give a lattice theoretical interpretation of generalized deep holes of the Leech lattice VOA 𝑉Λ. We show that
a generalized deep hole defines a ‘true’ automorphism invariant deep hole of the Leech lattice. We also show
that there is a correspondence between the set of isomorphism classes of holomorphic VOA V of central charge
24 having non-abelian 𝑉1 and the set of equivalence classes of pairs (𝜏, 𝛽) satisfying certain conditions, where
𝜏 ∈ 𝐶𝑜.0 and 𝛽 is a 𝜏-invariant deep hole of squared length 2. It provides a new combinatorial approach towards the
classification of holomorphic VOAs of central charge 24. In particular, we give an explanation for an observation of
G. Höhn, which relates the weight one Lie algebras of holomorphic VOAs of central charge 24 to certain codewords
associated with the glue codes of Niemeier lattices.
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1. Introduction

The classification of strongly regular holomorphic vertex operator algebras (abbreviated as VOA) of
central charge 24 with nontrivial weight one space is basically completed. It has been shown that there
are exactly 70 strongly regular holomorphic VOAs of CFT-type with central charge 24 and nonzero
weight one space and their VOA structures are uniquely determined by the Lie algebra structures of
their weight one spaces. Moreover, the possible Lie algebra structures for their weight one subspaces
have been given in Schellekens’ list [45]. The main tool is the so-called orbifold construction [6; 10;
17; 19; 36; 37; 38]. Nevertheless, their constructions and the uniqueness proofs were done by case
by case analysis [9; 10; 13; 17; 18; 19; 22; 24; 26; 27; 28; 29; 30; 31; 32; 33; 37; 42]. A simplified
and uniform construction and proof of uniqueness is somehow expected. Recently, it is proved in [16]
(see also [7]) that for any holomorphic VOA of central charge 24 with a semisimple weight one Lie
algebra, the VOA obtained by the orbifold construction by an inner automorphism g defined by a
W-element is always isomorphic to the Leech lattice VOA 𝑉Λ (see Definition 2.1 for the definition of
a W-element). By taking its reverse automorphism �̃� of 𝑉Λ, there is a direct orbifold construction from
the Leech lattice VOA 𝑉Λ to V. As a consequence, a relatively simpler proof for the Schellekens’ list is
obtained [16].

Möller and Scheithauer [39] considered a special class of automorphisms in Aut(𝑉Λ), called gener-
alized deep holes. They established a bijection between the algebraic conjugacy classes of generalized
deep holes 𝑔 ∈ Aut(𝑉Λ) with rank(𝑉𝑔

Λ )1 > 0 and the isomorphism classes of strongly regular, holomor-
phic VOA V of central charge 24 with 𝑉1 ≠ 0 [39, Theorem 6.6]. They also obtained a classification
of generalized deep holes of the Leech lattice VOA, which provides a new proof for the classification
of holomorphic VOA of central charge 24 with nontrivial weight one spaces. Next, let us recall the
notion of generalized deep holes from [39]. Let V be a strongly regular holomorphic VOA of central
charge 24. Let g be an automorphism of V of finite order 𝑛 > 1. If the conformal weight of the unique
irreducible g-twisted module is in 1

𝑛Z, then g is said to be of type 0. In this case, one can construct a
holomorphic VOA 𝑉 [𝑔] using the orbifold construction by g and V. It is proved in [39, Theorem 5.3]
that the dimension of the weight one subspace of 𝑉 [𝑔] is given by the formula

dim(𝑉 [𝑔] )1 = 24 +
∑
𝑑 |𝑛

𝑐𝑛 (𝑑) dim(𝑉𝑔𝑑 )1 − 𝑅(𝑔),

where 𝑐𝑛 (𝑑) ∈ Q are defined by
∑

𝑑 |𝑛 𝑐𝑛 (𝑑) · 𝐺𝐶𝐷 (𝑡, 𝑑) = 𝑛/𝑡 for all 𝑡 |𝑛. The rest term 𝑅(𝑔) is
non-negative and can be described explicitly by the dimensions of the weight spaces of the irreducible
𝑉𝑔-modules of weight less than one.
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Möller and Scheithauer [39] called an automorphism 𝑔 ∈ Aut(𝑉) a generalized deep hole of V if g
is of type 0 and

1. the upper bound in the dimension formula is attained (i.e., 𝑅(𝑔) = 0 or dim(𝑉 [𝑔] )1 = 24 +∑
𝑑 |𝑛 𝑐𝑛 (𝑑) dim(𝑉𝑔𝑑 )1),

2. rank(𝑉 [𝑔] )1 = rank(𝑉𝑔)1.

If 𝑉 = 𝑉Λ is the Leech lattice VOA, the rank condition (2) is equivalent to the fact that (𝑉𝑔
Λ )1 is a

Cartan subalgebra of (𝑉 [𝑔] )1. It turns out that the reverse automorphism �̃� ∈ Aut(𝑉Λ) associated with
the inner automorphism defined by a W-element is a generalized deep hole. Moreover, it is proved that
any generalized deep hole g of the Leech lattice VOA with rank(𝑉𝑔

Λ )1 > 0 is conjugate to the reverse
automorphism of an inner automorphism defined by a W-element of 𝑉 = 𝑉

[𝑔]
Λ (see the proof of [39,

Theorem 6.6]). Therefore, without loss of generality, we may assume that a generalized deep hole g of
the Leech lattice VOA with rank(𝑉𝑔

Λ )1 > 0 is a reverse automorphism of an inner automorphism defined
by a W-element of a holomorphic VOA V with 𝑉1 ≠ 0.

As it is well-known, a deep hole of a lattice L is an element v of R𝐿 such that a distance min{||𝛼− 𝑣 || |
𝛼 ∈ 𝐿} from L is the largest (covering radius) among elements v in R𝐿 and so it has a geometrical
meaning. Furthermore, deep holes of the Leech latticeΛ have many interesting geometrical and algebraic
meanings. Therefore, it is natural to expect some geometrical properties for generalized deep holes.

Recall that any automorphism �̃� ∈ Aut(𝑉Λ) can be written as

�̃� = �̂� exp(2𝜋𝑖𝛽(0)),

where 𝜏 ∈ 𝐶𝑜.0 = 𝑂 (Λ), 𝛽 ∈ RΛ𝜏 and �̂� denotes a standard lift of 𝜏 in 𝑂 (Λ̂) [2; 14]. In this paper,
we will show that a holomorphic VOA of central charge 24 with non-abelian weight one Lie algebra
naturally defines a pair (𝜏, 𝛽), where 𝜏 ∈ 𝐶𝑜.0 is the same isometry as defined by a reverse automorphism
�̃� ∈ Aut(𝑉Λ) and 𝛽 is a (𝜏-invariant) deep hole of the Leech lattice related to 𝛽. In particular, a generalized
deep hole of the Leech lattice VOA defines a ‘true’ deep hole of the Leech lattice. It provides a new
combinatorial approach towards the classification of holomorphic VOAs of central charge 24.

Let L be an even lattice. We use 𝑂 (𝐿) to denote the isometry group of L. The dual lattice of L is
denoted by 𝐿∗ (i.e., 𝐿∗ = {𝑥 ∈ Q ⊗Z 𝐿 | 〈𝑥, 𝐿〉 ⊂ Z}). The discriminant group D(𝐿) is the quotient
group 𝐿∗/𝐿. For 𝜏 ∈ 𝑂 (𝐿), we denote the fixed point sublattice by 𝐿𝜏 . We also define the coinvariant
lattice 𝐿𝜏 = {𝑥 ∈ 𝐿 | 〈𝑥, 𝐿𝜏〉 = 0}. The key observation is that there is a ‘duality’ associated with the
fixed point sublattice Λ𝜏 which changes the level; we call it ℓ-duality.

Main Theorem 1 (see Theorem 4.2). If �̃� = �̂� exp(2𝜋𝑖𝛽(0)) is a generalized deep hole, then there is an
isometry:

𝜑𝜏 :
√
ℓ(Λ𝜏)∗ → Λ𝜏 ,

where ℓ = |�̂� |.

Using this ℓ-duality 𝜑 (extended to CΛ𝜏), it is easy to show that 〈𝜑𝜏 (
√
ℓ𝛽), 𝜑𝜏 (

√
ℓ𝛽)〉 ∈ 2Z and its

neighbor lattice 𝑁 = Λ𝜑𝜏 (
√
ℓ𝛽) + Z𝜑𝜏 (

√
ℓ𝛽) define a Niemeier lattice with 𝑁 � Λ, where Λ𝜑𝜏 (

√
ℓ𝛽) =

{𝑥 ∈ Λ | 〈𝑥, 𝜑𝜏 (
√
ℓ𝛽)〉 ∈ Z}.

Let 𝑉 = (𝑉Λ) [�̃�] be the VOA obtained by the orbifold construction from 𝑉Λ by �̃�. Let H be a Cartan
subalgebra of 𝑉1 and let 𝑀 (H) be the Heisenberg subVOA of V generated by H. Then there is an even
lattice L such that the double commutant Comm(Comm(𝑀 (H), 𝑉), 𝑉) of 𝑀 (H) in V is isomorphic to
the lattice VOA 𝑉𝐿 . The lattice L (or 𝐿∗) encoded the information of the root system of 𝑉1.

Main Theorem 2 (see Theorem 4.9). Via ℓ-duality, we have 𝑁 𝜏 �
√
ℓ𝜑𝜏 (𝐿∗).

In addition, we prove the following theorem.
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Main Theorem 3 (see Theorem 5.1 and Proposition 6.1). Let 𝜑 be the isometry defined in the Main
Theorem 1. Then we can choose 𝛽 ∈ CΛ𝜏 such that �̃� = �̂� exp(2𝜋𝑖𝛽(0)) and 𝛽 =

√
ℓ𝜑(𝛽) is a deep hole

of Λ of squared length 2.

The classification of generalized deep holes is thus equivalent to the classification of the pairs (𝜏, 𝛽)
with 𝜏 ∈ 𝑂 (Λ) and 𝛽 a 𝜏-invariant deep hole of squared length 2 satisfying certain conditions and up
to some equivalence.

Let T be the set of pairs (𝜏, 𝛽) satisfying certain conditions (see Section 7, (C1)–(C3)). We define a
relation ∼ on T as follows: (𝜏, 𝛽) ∼ (𝜏′, 𝛽′) if and only if

(1) 𝛽 and 𝛽′ are equivalent deep holes of the Leech lattice Λ (i.e., there are 𝜎 ∈ 𝑂 (Λ) and 𝜆 ∈ Λ such
that 𝛽′ = 𝜎(𝛽 − 𝜆),

(2) 𝜏 is conjugate to 𝜎−1𝜏′𝜎 in 𝑂 (𝑁).
The following is another main theorem of this article.

Main Theorem 4 (see Theorem 7.1). There is a one-to-one correspondence between the set of isomor-
phism classes of holomorphic VOA V of central charge 24 having non-abelian 𝑉1 and the set T /∼ of
equivalence classes of pairs (𝜏, 𝛽) by ∼.

Since a deep hole of the Leech lattice determines a unique Niemeier lattice, up to isometry and
there are only 23 Niemeier lattices with nontrivial root system, it is straightforward to list all possible
choices for (𝜏, 𝛽) and to determine the corresponding Lie algebra structures for 𝑉1. Therefore, one can
complete the classification of holomorphic VOAs of central charge 24 with non-abelian 𝑉1 by a purely
combinatorial method. Indeed, we will provide an explanation for an observation of Höhn, which relates
the weight one Lie algebras of holomorphic VOAs of central charge 24 to certain codewords associated
with the glue codes of Niemeier lattices [21, Theorem 3.1 and Table 3] (see Section 8 for details).

2. Some previous results

We first recall several results from [7]. Let V be a holomorphic VOA of central charge 24 with 𝑉1 ≠ 0.
Suppose 𝑉1 = ⊕𝑡

𝑗=1G 𝑗 ,𝑘 𝑗 is a semisimple Lie algebra. We use 𝑘 𝑗 (resp. ℎ∨𝑗 and 𝑟 𝑗 ) to denote the level
(resp. the dual Coxeter number and the lace number) of G 𝑗 , 𝑗 = 1, . . . , 𝑡. Let H be a Cartan subalgebra
of 𝑉1 and let 𝑀 (H) be the Heisenberg subVOA generated by H. For a subVOA 𝑈 ⊂ 𝑉 , the commutant
subalgebra of U in V is defined by

Comm(𝑈,𝑉) = {𝑥 ∈ 𝑉 | 𝑢𝑛𝑥 = 0 for all 𝑛 ∈ Z≥0, 𝑢 ∈ 𝑈}.

It is easy to see that the double commutant Comm(Comm(𝑀 (H), 𝑉), 𝑉) is isomorphic to a lattice VOA
𝑉𝐿 for an even lattice 𝐿 ⊆ H.

Definition 2.1. Let 𝜌 𝑗 be a Weyl vector of G 𝑗 ,𝑘 𝑗 and set 𝛼 =
∑𝑡

𝑗=1 𝜌 𝑗/ℎ∨𝑗 , which we call a W-element.

Next, we recall some standard notations for lattice VOAs from [19]. Let L be a positive-definite even
lattice and 𝔥 = C⊗Z𝐿. Let 𝑀 (𝔥) be the Heisenberg VOA associated with 𝔥 and letC{𝐿} =

⊕
𝛼∈𝐿 C𝑒

𝛼 be
the twisted group algebra such that 𝑒𝛼𝑒𝛽 = (−1) 〈𝛼,𝛽〉𝑒𝛽𝑒𝛼, for 𝛼, 𝛽 ∈ 𝐿. The lattice VOA𝑉𝐿 is given by
𝑉𝐿 = 𝑀 (𝔥) ⊗C{𝐿}. For any coset 𝜆+𝐿 ∈ D(𝐿) = 𝐿∗/𝐿, denote𝑉𝜆+𝐿 = 𝑀 (𝔥) ⊗SpanC{𝑒𝛼 | 𝛼 ∈ 𝜆+𝐿}.
Then 𝑉𝜆+𝐿 has an irreducible 𝑉𝐿-module structure [19]. Moreover, {𝑉𝜆+𝐿 | 𝜆 + 𝐿 ∈ D(𝐿)} is a set of
all inequivalent irreducible modules for 𝑉𝐿 [9].

Let 𝑈 = 𝑈 (0) = Comm(𝑀 (H), 𝑉). Then 𝑈 ⊗𝑉𝐿 ⊂ 𝑉 is a subVOA of the same central charge. From
the property of lattice VOA, we have a decomposition

𝑉 = ⊕𝛿∈𝐿∗𝑈 (𝛿) ⊗ 𝑀 (H)𝑒𝛿 ,

where𝑈 (𝛿) are𝑈 (0)-modules and 𝑀 (H)𝑒𝛿 are 𝑀 (H)-modules. Since V is holomorphic, all irreducible
modules of 𝑉𝐿 appear in V [23]; thus, 𝑈 (𝛿) ≠ 0 for every 𝛿 ∈ 𝐿∗.
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Set 𝑔 = exp(2𝜋𝑖𝛼(0)), where 𝛼 =
∑𝑡

𝑗=1 𝜌 𝑗/ℎ∨𝑗 . In [7] (see also [16]), it is proved the VOA 𝑉 [𝑔]

obtained by the orbifold construction from V by g is isomorphic to the Leech lattice VOA (i.e.,
𝑉 [𝑔] � 𝑉Λ). Namely, the integer weights submodule 𝑇1

Z
of the simple g-twisted V-module 𝑇1 is nonzero

and 𝑉𝑔 ⊕ 𝑇1
Z
⊕ · · · ⊕ (𝑇1

Z
)�( |𝑔 |−1) � 𝑉Λ.

In this case, there is an automorphism �̃� of 𝑉Λ acting on (𝑇1
Z
)�𝑚 as 𝑒2𝜋𝑖𝑚/𝑛, 𝑛 = |𝑔 |. Moreover, the

orbifold construction from 𝑉Λ by the automorphism �̃� gives V (i.e., 𝑉 [�̃�]
Λ � 𝑉). That �̃� ∈ Aut(𝑉 [𝑔] ) is

called the reverse automorphism of g.
Since �̃� ∈ Aut(𝑉Λ), we have �̃� = �̂� exp(2𝜋𝑖𝛽(0)) for some 𝜏 ∈ 𝑂 (Λ) = 𝐶𝑜.0 and 𝛽 ∈ CΛ [2; 14].

By choosing a suitable (standard) lift �̂� of 𝜏, we may choose 𝛽 ∈ CΛ𝜏 [17; 27]. Recall that a lift �̂� of
𝜏 ∈ 𝑂 (Λ) is called a standard lift if �̂�(𝑒𝛼) = 𝑒𝛼 for any 𝛼 ∈ Λ𝜏 (see for example [17]).
Remark 2.2. By the definition of W-element, it is clear that the order of g on 𝑉1 = ⊕𝑡

𝑗=1G 𝑗 ,𝑘 𝑗 is
LCM({𝑟𝑖ℎ∨𝑖 | 𝑖}; indeed, one can show that |𝑔 | = LCM({𝑟𝑖ℎ∨𝑖 | 𝑖} on V [16, Proposition 5.1].

Set 𝑛 = |𝑔 | = |�̃� | and let 𝐾0, 𝑁0 ∈ Z with GCD(𝐾0, 𝑁0) = 1 such that 〈𝛼, 𝛼〉 = 2𝐾0
𝑁0

. As we have
shown in [7], 𝑛 = |𝜏 |𝑁0 and 𝑁0 |ℎ∨𝑗 ; thus, |𝜏 | = LCM({𝑟𝑖ℎ∨𝑗 /𝑁0 | 𝑗}).

It is also proved in [7, Proposition 4.2] that 𝑘𝑖/ℎ∨𝑖 = 𝐾0−𝑁0
𝑁0

; therefore, we have

2
𝑟𝑖𝑘𝑖

=
2

𝑟𝑖ℎ
∨
𝑖

𝑁0
𝐾0 − 𝑁0

=
2

(𝐾0 − 𝑁0)𝑟𝑖ℎ∨/𝑁0

and

LCM({𝑟𝑖𝑘𝑖 | 𝑖}) = (𝐾0 − 𝑁0)LCM({𝑟𝑖ℎ∨/𝑁0 | 𝑖}) = (𝐾0 − 𝑁0) |𝜏 |.

As a consequence, we have the following result.
Lemma 2.3. LCM({𝑟𝑖𝑘𝑖 | 𝑖}) = (𝐾0 − 𝑁0) |𝜏 |.

Next we recall an important result from [7].
Proposition 2.4 [7, Propositions 3.25 and 4.3]. We have 𝑁0𝛼 ∈ 𝐿∗. Moreover,

Comm(𝑀 (H), 𝑉 [𝑔] ) = ⊕|𝜏 |−1
𝑗=0 𝑈 ( 𝑗𝑁0𝛼)

and H + Comm(𝑀 (H), 𝑉)1 is a Cartan subalgebra of the weight one Lie algebra of 𝑉 [𝑔] � 𝑉Λ.
Since 𝑈 ( 𝑗𝑁0𝛼) ⊗ 𝑒 𝑗𝑁0 𝛼 ∈ 𝑉 , 𝑈 ( 𝑗𝑁0𝛼) appears in 𝑔− 𝑗𝑁0 -twisted V-module and so we may choose

𝛽 and �̂� so that 〈𝛽, 𝛼〉 ≡ 1/𝑁0 |𝜏 | (mod Z) and �̂� acts on 𝑈 ( 𝑗𝑁0𝛼) as a multiple by 𝑒−2𝜋𝑖 𝑗/ |𝜏 | .
As we discussed, a W-element of a holomorphic VOA of central charge 24 with a semisimple weight

one Lie algebra defines an automorphism �̃� = �̂� exp(2𝜋𝑖𝛽(0)) for some 𝜏 ∈ Aut(Λ) = 𝐶𝑜.0 and
𝛽 ∈ CΛ𝜏 such that 𝑉 = 𝑉

[�̃�]
Λ . One main question is to determine the isometry 𝜏 ∈ 𝐶𝑜.0 arising in this

manner.
Denote

P =

{
𝜏 ∈ 𝐶𝑜.0

���� ∃𝛽 ∈ QΛ𝜏 s.t. �̂� exp(2𝜋𝑖𝛽(0)) can be realized as the reverse
automorphism of an orbifold construction given by a 𝑊-element

}
.

In Section 6, we will show that P ⊂ P0 = {1𝐴, 2𝐴, 2𝐶, 3𝐵, 4𝐶, 5𝐵, 6𝐸, 6𝐺, 7𝐵, 8𝐸, 10𝐹}. The main
idea is to analyze the conformal weights of the irreducible �̂�-twisted modules and �̃�-twisted modules.

3. Irreducible twisted modules for lattice VOAs

First, we review some basic properties of the irreducible twisted modules for lattice VOAs. Let P be
an even unimodular lattice. Let 𝜏 ∈ 𝑂 (𝑃) be of order n and �̂� ∈ 𝑂 (�̂�) a standard lift of 𝜏. We use
𝜋 = 𝜋𝜏 : 𝑃 → (𝑃𝜏)∗ to denote the natural projection. More precisely,
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𝜋(𝑥) = 𝜋𝜏 (𝑥) =
1
𝑛

𝑛−1∑
𝑖=0

𝜏𝑖 (𝑥). (3.1)

By [12], 𝑉𝑃 has a unique irreducible �̂�-twisted 𝑉𝑃-module, up to isomorphism. Such a module 𝑉𝑃 [�̂�]
was constructed in [11] explicitly; as a vector space,

𝑉𝑃 [�̂�] � 𝑀 (1) [𝜏] ⊗ C[𝜋(𝑃)] ⊗ 𝑇,

where 𝑀 (1) [𝜏] is the ‘𝜏-twisted’ free bosonic space, C[𝜋(𝑃)] is the group algebra of 𝜋(𝑃) and T is an
irreducible module for a certain “𝜏-twisted” central extension of P (see [35, Propositions 6.1 and 6.2]
and [11, Remark 4.2] for detail). Recall that

dim𝑇 = |𝑃𝜏/(1 − 𝜏)𝑃 |1/2

and that the conformal weight 𝜙(𝜏) of T is given by

𝜙(𝜏) :=
1

4𝑛2

𝑛−1∑
𝑗=1

𝑗 (𝑛 − 𝑗) dim 𝔥( 𝑗) , (3.2)

where 𝔥( 𝑗) = {𝑥 ∈ 𝔥 | 𝜏(𝑥) = exp(( 𝑗/𝑛)2𝜋
√
−1)𝑥}. Note that 𝑀 (1) [𝜏] is spanned by vectors of the form

𝑥1 (−𝑚1) . . . 𝑥𝑠 (−𝑚𝑠)1,

where 𝑚𝑖 ∈ (1/𝑛)Z>0 and 𝑥𝑖 ∈ 𝔥(𝑛𝑚𝑖 ) for 1 ≤ 𝑖 ≤ 𝑠.
In addition, the conformal weight of 𝑥1 (−𝑚1) . . . 𝑥𝑠 (−𝑚𝑠) ⊗ 𝑒𝛼 ⊗ 𝑡 ∈ 𝑉𝑃 [�̂�] is given by

𝑠∑
𝑖=1

𝑚𝑖 +
(𝛼 |𝛼)

2
+ 𝜙(𝜏),

where 𝑥1 (−𝑚1) . . . 𝑥𝑠 (−𝑚𝑠) ∈ 𝑀 (1) [𝜏], 𝑒𝛼 ∈ C[𝜋(𝑃)] and 𝑡 ∈ 𝑇 . Note that 𝑚𝑖 ∈ (1/𝑛)Z>0 and that
the conformal weight of 𝑉𝑃 [�̂�] is 𝜙(𝜏).

Since
∑𝑛−1

𝑗=1 𝑗 (𝑛 − 𝑗) = 𝑛(𝑛2 − 1)/6, we have

𝜙(𝜏) = 1
24

𝑑∑
𝑖=1

𝑎𝑖

(𝑛2
𝑖 − 1)
𝑛𝑖

=
1

24
{
∑

𝑎𝑖𝑛𝑖 −
𝑑∑

𝑖=1

𝑎𝑖

𝑛𝑖
} = 1 − 1

24

𝑑∑
𝑖=1

𝑎𝑖

𝑛𝑖

if 𝜏 ∈ 𝑂 (𝑃) has the frame shape
∏𝑑

𝑗=1 𝑛
𝑎 𝑗

𝑗 by (3.2).

Remark 3.1. Let 𝑣 ∈ Q ⊗Z 𝑃𝜏 ⊂ 𝔥(0) . Then exp(2𝜋𝑖𝑣(0)) has finite order on 𝑉𝑃 and commutes with �̂�.
Set 𝑔 = �̂� exp(2𝜋𝑖𝑣(0)). Then the unique irreducible g-twisted module for 𝑉𝑃 is given by

𝑉𝑃 [𝑔] � 𝑀 (1) [𝜏] ⊗ C[−𝑣 + 𝜋(𝑃)] ⊗ 𝑇

as a vector space [4]. In this case, the conformal weight of 𝑉𝑃 [𝑔] is given by

1
2

min{(𝛽 |𝛽) | 𝛽 ∈ −𝑣 + 𝜋(𝑃)} + 𝜙(𝜏).

4. Leech lattice and ℓ-duality

Let �̃� = �̂� exp(2𝜋𝑖𝛽(0)) ∈ Aut(𝑉Λ) be the reverse automorphism associated with an orbifold construction
defined by a W-element of a holomorphic VOA V of central charge 24. In this section, we will consider
and study several lattices associated with �̃� and try to study their relations to the root system of the weight
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one Lie algebra 𝑉1. We first observe that the fixed point sublattice Λ𝜏 satisfies some duality property,
which we call ℓ-duality. Using ℓ-duality, we will associate a Niemeier lattice N with �̃�. We will study the
relationships between N and the root system of 𝑉1. We will also relate the Coxeter number of N to the
order of |�̃� |. For simplicity, we assume that 𝜏 ∈ P0 = {1𝐴, 2𝐴, 2𝐶, 3𝐵, 4𝐶, 5𝐵, 6𝐸, 6𝐺, 7𝐵, 8𝐸, 10𝐹}
in this section. In Section 6, we will show that 𝜏 is indeed contained in 𝑃0.

4.1. ℓ-duality

In this subsection, we study the properties of the lattice Λ𝜏 for

𝜏 ∈ P0 = {1𝐴, 2𝐴, 2𝐶, 3𝐵, 4𝐶, 5𝐵, 6𝐸, 6𝐺, 7𝐵, 8𝐸, 10𝐹}.

Lemma 4.1. For 𝜏 ∈ P0, we have det(Λ𝜏) = ℓrank(Λ𝜏 )/2.

Proof. For 𝜏 ∈ P0, it is easy to check that (1−𝜏) (Λ∗
𝜏) = Λ𝜏 . It follows that det(Λ𝜏) = det(Λ𝜏) =

∏
𝑚𝑎𝑚 ,

where
∏

𝑚𝑎𝑚 is the frame shape of 𝜏. The result then follows by a direct calculation (cf. Table 1 in
Section 6). �

Below is one of our key observations. This fact is probably well-known to the experts and it also
holds for some other isometries in 𝐶𝑜.0 (e.g., 14𝐵).

Theorem 4.2. If 𝜏 ∈ P0, then there is an isometry

𝜑 = 𝜑𝜏 :
√
ℓ(Λ𝜏)∗ → Λ𝜏 ,

where ℓ = |�̂� |.

Remark 4.3. It is known that ℓ = |𝜏 | or 2|𝜏 | and ℓ = 2|𝜏 | if and only if < 𝜏 > contains a 2𝐶-element,
see [2].

In [20], Harada and Lang have determined the structure of Λ𝜏 for 𝜏 ∈ 𝐶𝑜.0. In particular, the Gram
matrix for the lattice Λ𝜏 has been given explicitly. It is straightforward to check that Theorem 4.2
holds for

𝜏 ∈ P0 = {1𝐴, 2𝐴, 2𝐶, 3𝐵, 4𝐶, 5𝐵, 6𝐸, 6𝐺, 7𝐵, 8𝐸, 10𝐹}.

Note that the Gram matrix of the dual lattice 𝐿∗ is equal to the inverse of the Gram matrix of L.
Therefore, it suffices to check that the Gram matrix of Λ𝜏 is equal to ℓ times the Gram matrix of (Λ𝜏)∗
for any 𝜏 ∈ P0.

Remark 4.4. Let �̂� be a standard lift of 𝜏 in Aut(𝑉Λ) and let 𝜙(𝜏) be the conformal weight of the
irreducible �̂�-twisted module of 𝑉Λ. By direct calculations, it is straightforward to verify that for any
𝜏 ∈ P0, we have

𝜙(𝜏𝑚) = 1 − 1
|𝜏𝑚 |

for all 𝑚 | |𝜏 |.

In other words, 𝜏𝑚 is of type 0 for any 𝜏 ∈ P0 and 𝑚 ∈ Z as defined in [17].

4.2. Reverse automorphisms and associated Niemeier lattices

From now on, we assume that �̃� = �̂� exp(2𝜋𝑖𝛽(0)) ∈ Aut(𝑉Λ) is the reverse automorphism associated
with an orbifold construction defined by a W-element and assume that 𝜏 ∈ P0 and 𝜏(𝛽) = 𝛽.

First, we discuss some relations between the lattice L discussed in Section 2 and the fixed point
sublattice Λ𝜏 of the Leech lattice.
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Table 1. Conjugacy classes of 𝜏 ∈ 𝐶𝑜.0 with dim Λ𝜏 ≥ 4..

Class Frame shape dimH0 𝜙 (𝜏) Power Λ𝜏 Check for P0

2𝐴 1828 16 1 − 1/2 ∈ P0
−2𝐴 216/18 8 1 − 0 Lemma 6.8
2𝐶 212 12 1 − 1/4 ∈ P0

3𝐵 1636 12 1 − 1/3 ∈ P0
3𝐶 39/13 6 1 − 0 3𝐸−1

6 Lemma 6.8
3𝐷 38 8 1 − 1/9 3𝐸8 Lemma 6.3

−4𝐴 1848/28 8 1 − 1/4 −2𝐴 Lemma 6.8
4𝐶 142244 10 1 − 1/4 ∈ P0
−4𝐶 2644/14 6 1 − 0 2𝐴 Lemma 6.8
4𝐷 2444 8 1 − 1/8 2𝐴 2𝐷4 + 2𝐷4 Lemma 6.13
4𝐹 46 6 1 − 1/16 2𝐶 4𝐼6 Lemma 6.13

5𝐵 1454 8 1 − 1/5 ∈ P0
5𝐶 55/11 4 1 − 0 Lemma 6.8

6𝐶 142165/34 6 1 − 1/6 −2𝐴, 3𝐵 Lemma 6.8
−6𝐶 253461/14 6 1 − 0 2𝐴, 3𝐵 6𝐸−1

6 Lemma 6.11
−6𝐷 153164/24 6 1 − 1/6 2𝐴, 3𝐶 3𝐸−1

6 Lemma 6.8
6𝐸 12223262 8 1 − 1/6 ∈ P0
−6𝐸 2464/1232 4 1 − 0 −2𝐴 Lemma 6.8
6𝐹 3363/1121 4 1 − 0 3𝐷4 Lemma 6.2
6𝐺 2363 6 1 − 1/12 ∈ P0
6𝐼 64 4 1 − 1/36 2𝐶, 3𝐷 6𝐼4 Lemma 6.2

7𝐵 1373 6 1 − 1/7 ∈ P0

8𝐸 12214182 6 1 − 1/8 ∈ P0

10𝐷 1221103/52 4 1 − 1/10 −2𝐴 Lemma 6.8
−10𝐷 2352101/12 4 1 − 0 Lemma 6.2
−10𝐸 1351102/22 4 1 − 1/10 5𝐶 Lemma 6.8
10𝐹 22102 4 1 − 1/20 ∈ P0

−12𝐸 123242122/2262 4 1 − 1/12 −2𝐴, −6𝐸 Lemma 6.8
−12𝐻 112231122/42 4 1 − 1/12 3𝐶 Lemma 6.2
12𝐼 124162121/32 4 1 − 1/12 −4𝐶 Lemma 6.2
−12𝐼 223241121/12 4 1 − 0 Lemma 6.2
12𝐽 214161121 4 1 − 1/24 2𝐴, 3𝐵, 6𝐸 Lemma 6.2

14𝐵 112171141 4 1 − 1/14 2𝐴, 7𝐵 Lemma 6.2

15𝐷 113151151 4 1 − 1/15 Lemma 6.2

Notation 4.5. Let X be an even lattice and let 𝛽 ∈ Q ⊗Z 𝑋 . Denote

𝑋𝛽 = {𝑥 ∈ 𝑋 | 〈𝑥, 𝛽〉 ∈ Z}.

Suppose that 〈𝛽, 𝛽〉 = 2𝑘/𝑛 for some positive integers k and n with 𝐺𝐶𝐷 (𝑘, 𝑛) = 1. Let �̄� = {𝑥 ∈
𝑋 | 〈𝑥, 𝑛𝛽〉 ∈ Z}. For 𝑥 ∈ �̄� , we define 𝑥 [𝛽 ] = 𝑥 − 𝑚𝛽 if 〈𝑥, 𝑛𝛽〉 ≡ 𝑚𝑘mod 𝑛, 0 ≤ 𝑚 ≤ 𝑛 − 1 and
�̄�[𝛽 ] = {𝑥 [𝛽 ] | 𝑥 ∈ �̄�}. Then �̄�[𝛽 ] is also an even lattice and det( �̄�) = det( �̄�[𝛽 ] ).

Recall that 〈𝛼, 𝛼〉 = 2𝐾0/𝑁0 and 𝑁0𝛼 ∈ 𝐿∗ for a W-element 𝛼 (cf. Proposition 2.4). Thus, we have
�̄� = 𝐿. Since 𝑉 [𝑔] � 𝑉Λ, we have 𝑉𝑔 � (𝑉Λ)�̃� and

𝑉𝐿𝛼 = Com(Com(𝑀 (Ĥ), 𝑉𝑔), 𝑉𝑔) � Com(Com(𝑀 (Ĥ), (𝑉Λ)�̃�), (𝑉Λ)�̃�) = 𝑉Λ𝜏
𝛽
.

It implies 𝐿𝛼 � Λ𝜏
𝛽 . Moreover, Λ𝜏 = 𝐿 [𝛼] + Z𝑁0𝛼.

Now consider the irreducible �̃�-twisted module

𝑉Λ [�̃�] � C[−𝛽 + (Λ𝜏)∗] ⊗ 𝑀 (1) [𝜏] ⊗ 𝑇.
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Since (𝑉Λ [�̃�])Z ≠ 0 and 𝜙(𝜏) = 1 − 1/|�̂� | for 𝜏 ∈ P0, there exists 𝛽′ ∈ −𝛽 + (Λ𝜏)∗ such that
〈𝛽′, 𝛽′〉/2 ≡ 1/|�̂� |mod Z. Without loss of generality, we may assume 𝛽 = −𝛽′. In this case, 𝛽 ∈ 𝐿∗. By
a general result (cf. [21; 25]), we also have

(1) (D(𝐿), 𝑞) � (Irr(𝑉 �̂�
Λ𝜏
),−𝑞′) as quadratic spaces;

(2) det(𝐿) = det(Λ𝜏) × |𝜏 |2.
The quadratic space structure of (Irr(𝑉 �̂�

Λ𝜏
), 𝑞′) has also been determined in [25]. In particular, it has

proved that the exponent of 𝐿∗/𝐿 is ℓ = |�̂� | and 𝑞(𝐿∗) ⊂ 1
ℓZ. Thus, we have the following lemma.

Lemma 4.6. We have ℓ𝛽 ∈ 𝐿 and 𝐿 = Λ𝜏
𝛽 + Zℓ𝛽. Moreover,

√
ℓ𝐿∗ is an even lattice.

By Theorem 4.2, there is an isometry 𝜑 = 𝜑𝜏 :
√
ℓ(Λ𝜏)∗ → Λ𝜏 with ℓ = |�̂� | and it induces an

isometry from CΛ𝜏 → CΛ𝜏 .

Definition 4.7. Set 𝛽 =
√
ℓ𝜑(𝛽) and 𝑁 = Λ[𝛽 ] := Λ𝛽 + Z𝛽.

By our assumption, 〈𝛽, 𝛽〉 ∈ 2Z and N is an even unimodular lattice.

Theorem 4.8. Let 𝑛 = |𝑔 | = |�̃� |. Suppose 𝑚𝜑(
√
ℓ𝛽) ∈ Λ. Then we have 𝑛|𝑚. Moreover, [Λ[𝛽 ] : Λ𝛽] = 𝑛.

Proof. If 𝑚𝜑(
√
ℓ𝛽) ∈ Λ, then 𝑚𝜑(

√
ℓ𝛽) ∈ Λ𝜏 = 𝜑(

√
ℓ(Λ𝜏)∗), which is equivalent to 𝑚

√
ℓ𝛽 ∈

√
ℓ(Λ𝜏)∗

(or equivalently, 𝑚𝛽 ∈ (Λ𝜏)∗).
Since [Λ𝜏 : Λ𝜏

𝛽] = 𝑛(= [(Λ𝜏
𝛽)

∗ : (Λ𝜏)∗]) and (Λ𝜏
𝛽)

∗ = (Λ𝜏)∗ +Z𝛽, 𝑚𝛽 ∈ (Λ𝜏)∗ implies n divides m.
For the second statement, it suffices to show 𝑛

√
ℓ𝜑(𝛽) ∈ Λ𝜏 . Let 𝑘 = |𝜏 |. Then �̂�𝑘 = exp(2𝜋𝑖𝛿(0))

for some 𝛿 ∈ CΛ𝜏 . Since 𝑛 = |𝜏 |𝑁0 = 𝑘𝑁0 and �̃�𝑛 = �̂�𝑛 exp(2𝜋𝑖𝛽(0))𝑛 = 1, we have 𝑛𝛽 − 𝑁0𝛿 ∈ Λ𝜏 .
As �̂� is a standard lift, �̂�(𝑒𝛾) = 𝑒𝛾 for any 𝛾 ∈ Λ𝜏 . Thus, 〈𝛿,Λ𝜏〉 ⊂ Z and 𝛿 ∈ (Λ𝜏)∗. By using the

isometry 𝜑, we have 𝑛
√
ℓ𝜑(𝛽) − 𝑁0

√
ℓ𝜑(𝛿) ∈

√
ℓ𝜑(Λ𝜏) <

√
ℓ𝜑((Λ𝜏)∗) = Λ𝜏 . Since 𝛿 ∈ (Λ𝜏)∗, we

have
√
ℓ𝜑(𝛿) ∈ Λ𝜏 and 𝑛

√
ℓ𝜑(𝛽) ∈ Λ𝜏 as desired. �

Theorem 4.9. Let 𝑁 = Λ[𝛽 ] = Λ𝛽 + Z𝛽. Then 𝜑 induces an isometry from
√
ℓ𝐿∗ to 𝑁 𝜏 . In particular,

we have 𝑁 𝜏 �
√
ℓ𝐿∗.

Proof. Since 𝜏 fixes 𝛽 = 𝜑(
√
ℓ𝛽), we may assume that 𝜏 acts on 𝑁 = Λ[𝛽 ] and 𝑁 𝜏 = Λ𝜏

𝛽
+ Z𝛽. Note

also that 〈𝛽, 𝛽〉 ∈ (2/ℓ)Z.
By Lemma 4.6, we have 𝐿 = Λ𝜏

𝛽 + Zℓ𝛽. Thus,

𝐿∗ = {𝑥 ∈ (Λ𝜏
𝛽)

∗ | 〈𝑥, ℓ𝛽〉 ∈ Z}
= {𝑥 ∈ (Λ𝜏)∗ + Z𝛽 | 〈𝑥, ℓ𝛽〉 ∈ Z}
=< {𝑥 ∈ (Λ𝜏)∗ | 〈𝑥, ℓ𝛽〉 ∈ Z}, 𝛽 > .

Then
√
ℓ𝜑(𝐿∗) =< {

√
ℓ𝜑(𝑥) ∈

√
ℓ𝜑(Λ𝜏)∗ | 〈

√
ℓ𝜑(𝑥),

√
ℓ𝜑(𝛽)〉 ∈ Z},

√
ℓ𝜑(𝛽) >

=< {𝑦 ∈ Λ𝜏 | 〈𝑦, 𝛽〉 ∈ Z}, 𝛽 >

= Λ𝜏
𝛽
+ Z𝛽 = 𝑁 𝜏

as desired. �

Lemma 4.10. Under the above conditions, we have Λ[𝜑 (
√
ℓ𝛽) ] � Λ.

Proof. Since 𝜏 fixes 𝛽 = 𝜑(
√
ℓ𝛽), we may assume that 𝜏 acts on 𝑁 = Λ[𝛽 ] . Then 𝜏 induces an isometry

𝜏′ of 𝑁 = Λ[𝛽 ] .
Suppose 𝑁 � Λ. Since all elements in 𝑂 (Λ) are determined by its frame shape up to conjugate,

we may assume 𝜏′ is conjugate to 𝜏. In particular, 𝑁 𝜏′ is isometric to Λ𝜏 and so
√
ℓ(𝑁 𝜏′ )∗ � 𝑁 𝜏′ . By
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Theorem 4.9, 𝑁 𝜏′ �
√
ℓ𝐿∗ and so (𝑁 𝜏)∗ = 1√

ℓ
𝐿. Then Λ𝜏 �

√
ℓ(Λ𝜏)∗ �

√
ℓ(𝑁 𝜏′ )∗ � 𝐿. It is not

possible since det(𝐿) = det(Λ𝜏).|𝜏 |2. �

As a consequence of the above lemma and Theorem 4.8, we have the following lemma.

Lemma 4.11. Let h be the Coxeter number of 𝑁 = Λ[𝜑 (
√
ℓ𝛽) ] and 𝑛 = |𝑔 | = |�̃� |. Then we have 𝑛 ≥ ℎ.

4.3. Roots of 𝑉1

Next we study the structure of the root lattice of 𝑉1. Let 𝑉1 = ⊕𝑡
𝑗=1G 𝑗 ,𝑘 𝑗 . If 𝑢 ∈ 𝐿∗ is a root of G 𝑗 , then

〈𝑢, 𝑢〉 =
{ 2

𝑘 𝑗
if 𝑢 is a long root,

2
𝑟 𝑗 𝑘 𝑗

if 𝑢 is a short root.

As a corollary of ℓ-duality, we have the following:

Lemma 4.12. |𝜏 | (𝐾0 − 𝑁0) divides ℓ.

Proof. Let 𝑒𝑢 ⊗ 𝑡 ∈ G 𝑗 ,𝑘 𝑗 be a short root vector. Then 〈𝑢, 𝑢〉 = 2
𝑟 𝑗 𝑘 𝑗

and we have

〈𝑢, 𝑢〉 = 2
𝑟 𝑗 𝑘 𝑗

=
2

𝑟 𝑗ℎ
∨
𝑗

×
ℎ∨𝑗

𝑘 𝑗
=

2
𝑟 𝑗ℎ

∨
𝑗

× 𝑁0
𝐾0 − 𝑁0

.

Since 〈𝑢, 𝑢〉 ∈ Zℓ and LCM({𝑟 𝑗ℎ
∨
𝑗 /𝑁0 : 𝑗}) = |𝜏 |, we have that 𝐾0 − 𝑁0 divides ℓ/|𝜏 |. �

Remark 4.13. Let 𝑒𝑢 ⊗ 𝑡 ∈ G 𝑗 ,𝑘 𝑗 be a root vector associated with a simple short root. Then 〈𝛼, 𝑢〉 = 1
𝑟 𝑗ℎ

∨
𝑗

and 𝑒𝑢 ⊗ 𝑡 belongs to �̃�𝑠 𝑗 -twisted modules, where 𝑠 𝑗𝑟 𝑗ℎ
∨
𝑗 = 𝑛. More precisely, it belongs to 𝑠 𝑗 -power of

�̃�-twisted module 𝑇1 by fusion products.

Lemma 4.14. Suppose there is j such that 𝑟 𝑗ℎ
∨
𝑗 = 𝑛 = |𝜏 |𝑁0. Then there is a root 𝑢 ∈ 𝐿∗ of G 𝑗 such that

〈𝑢, 𝑢〉 = 2/ℓ.

Proof. Let u be a simple short root of G 𝑗 . Since 𝑟 𝑗ℎ
∨
𝑗 = 𝑛 = |𝜏 |𝑁0, we have 〈𝑢, 𝑢〉 = 2

|𝜏 | (𝐾0−𝑁0) and
𝑒𝑢 ⊗ 𝑡 ∈ 𝑇1

1 . It implies 〈𝑢, 𝑢〉/2 ∈ 1/ℓ + Z. Note also that ℓ/|𝜏 | = 1 or 2 and |𝜏 | (𝐾0 − 𝑁0) divides ℓ.
Therefore, ℓ = |𝜏 | (𝐾0 − 𝑁0) and 〈𝑢, 𝑢〉 = 2/ℓ. �

Definition 4.15. We call a root 𝛿 of 𝑉1 satisfying 〈𝛿, 𝛿〉 = 2
ℓ a shortest root and call a simple component

G 𝑗 of 𝑉1 containing a shortest root a full component. Note that a shortest root exists if 𝑟 𝑗ℎ
∨
𝑗 = 𝑛 for

some j.

5. Deep holes

Let V be a holomorphic VOA of central charge 24 and 𝛼 a W-element of 𝑉1. Let 𝑔 = exp(2𝜋𝑖𝛼(0)) ∈
Aut(𝑉) and let �̃� = �̂� exp(2𝜋𝑖𝛽(0)) ∈ Aut(𝑉Λ) be the reverse automorphism of g, where 𝛽 ∈ CΛ𝜏 .

In this section, we assume that 𝜏 ∈ P0 and try to relate the automorphism �̃� = �̂� exp(2𝜋𝑖𝛽(0) ∈
Aut(𝑉Λ) to a deep hole of the Leech lattice. In Section 6, we will prove that 𝜏 ∈ P0.

Since 𝜏 ∈ P0, there is an isometry 𝜑 :
√
ℓ(Λ𝜏)∗ → Λ𝜏 . Set 𝛽 =

√
ℓ𝜑(𝛽) and 𝑁 = Λ[𝛽 ] = Λ𝛽 + Z𝛽.

Note that 〈𝛽, 𝛽〉 ∈ 2Z/ℓ and 〈𝛽, 𝛽〉 ∈ 2Z. Moreover, the root sublattice R of N is nonzero by Lemma 4.10.
One of the main aims in this paper is to prove the following theorem.

Theorem 5.1. The vector 𝛽 = 𝜑(
√
ℓ𝛽) is a deep hole of Λ.
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5.1. Coinvariant sublattices Λ𝜏 and 𝑁𝜏

In this subsection, we will discuss another main observation of this article, which is related to the
structure of the coinvariant sublattice 𝑁𝜏 = {𝑥 ∈ 𝑁 | 〈𝑥, 𝑁 𝜏〉 = 0}.

Since 𝜏 fixes 𝛽 = 𝜑(
√
ℓ𝛽), we have (Λ𝛽)𝜏 = Λ𝜏 and 𝑁𝜏 > Λ𝜏 . Moreover, [𝑁𝜏 : Λ𝜏] = |𝜏 | because

det(𝑁𝜏) = det(𝑁 𝜏) = det(Λ𝜏)/|𝜏 |2 = det(Λ𝜏)/|𝜏 |2. For 𝜏 ∈ P0, we note that Λ𝜏 � 𝐿𝐵 (𝑐) as defined
in Appendix A.

Lemma 5.2. For 𝜏 ∈ P0 \ {2𝐶}, we have 𝑁𝜏 � 𝐿𝐴(𝐶), where 𝐶 = 〈𝑐〉 is defined as in Table 2 in
Appendix A.

Proof. It follows from the fact that Λ𝜏 � 𝐿𝐵 (𝐶) and D(Λ𝜏) has only one nonzero singular element of
order |𝜏 |, up to isometry if 𝜏 ∈ P0 \ {2𝐶} (see Appendix A). �

Next, we consider the case when 𝜏 = 2𝐶. In this case, Λ𝜏 �
√

2𝐷+
12. We use the standard model for

root lattices of type D – that is,

𝐷12 =

{
(𝑥1, · · · , 𝑥12) ∈ Z12 |

12∑
𝑖=1

𝑥𝑖 = 0 mod 2

}

and 𝐷+
12 = SpanZ{𝐷12,

1
2 (1, · · · , 1)}. Note that 𝐷+

12 is an odd lattice.

Lemma 5.3. For 𝜏 ∈ 2𝐶, there are two classes of nonzero singular elements, up to isometry; they
correspond to vectors of the form

√
2(1, 0, · · · , 0) and

√
2

2 (1408), respectively. There are two index 2
overlattices of Λ𝜏 . They are isometric to 𝐿𝐴(112) �

√
2𝐷∗

12 or the overlattice SpanZ{
√

2𝐷+
12,

√
2

2 (1408)},
which has the root sublattice 𝐴4

1.

Let 𝑋 = SpanZ{
√

2𝐷+
12,

√
2

2 (1408)}. Then

𝑋∗ = {𝛼 ∈
√

2
2

𝐷+
12 | 〈𝛼,

√
2

2
(1408)〉 ∈ Z}

=

√
2

2
SpanZ{𝐷4 + 𝐷8,

1
2
(1408)} �

√
2

2
(Z4 + 𝐷8).

Therefore, 2𝑋∗ � 𝐴4
1 +

√
2𝐷8. Then the quadratic form of 2𝑋∗ is not isometric to L, which is not

possible, and hence, we have the following lemma.

Lemma 5.4. For 𝜏 ∈ 2𝐶, 𝑁𝜏 � 𝐿𝐴(112) �
√

2𝐷∗
12.

As a consequence, for any 𝜏 ∈ P0, 𝑁𝜏 � 𝐿𝐴(𝑐) as described in Appendix A. We also note that 𝜏
acts on 𝐿𝐴(𝑐) as 𝑔Δ ,𝑐 defined in (A.4). In particular, 𝜏 is contained in the Weyl group of R.

Remark 5.5. If the frame shape of 𝜏 is
∏

𝑘𝑚𝑘 , then 𝑁𝜏 contains ⊕𝐴𝑚𝑘

𝑘−1 and 𝜏 acts on ⊕𝐴𝑚𝑘

𝑘−1 as a product
of the Coxeter elements. In particular, 𝜏 preserves any irreducible component of the root system of N.

Corollary 5.6. If 𝑁0 = 1, then the Coxeter number of N is greater than or equal to |𝜏 |.

Proof. For 𝜏 ∈ P0, it is easy to check that the frame shape of 𝜏 contains a positive power of |𝜏 |.
Therefore, 𝑁𝜏 contains a root system 𝐴 |𝜏 |−1 whose Coxeter number is |𝜏 |. �

5.2. Affine root system and shortest roots

One important fact that we will prove is the following:

Lemma 5.7. Let 𝛽 ∈ CΛ. Set 𝑆 = {𝜆 ∈ Λ | 〈𝜆 − 𝛽, 𝜆 − 𝛽〉 = 2}. If 𝑆 = {𝜆 − 𝛽 | 𝜆 ∈ 𝑆} contains an
affine fundamental root system, then 𝛽 is a deep hole.
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Proof. For𝜆 ∈ Λ, let𝜆∗ = (𝜆, 1, 〈𝜆,𝜆〉
2 −1) ∈ Λ+Π1,1, which is called a Leech root. Set 𝛽 = (𝛽, 1, 〈𝛽,𝛽〉

2 ) ∈
Q(Λ +Π1,1). Note that 𝛽 is an isotropic vector. Then 𝜆∗ − 𝛽 = (𝜆 − 𝛽, 0, 〈𝜆,𝜆〉

2 − 1 − 〈𝛽,𝛽〉
2 ) and we have

〈𝜆 − 𝛽, 𝜆 − 𝛽〉 = 〈𝜆∗ − 𝛽, 𝜆∗ − 𝛽〉 = 〈𝜆∗, 𝜆∗〉 + 〈𝛽, 𝛽〉 − 2〈𝜆∗, 𝛽〉 = 2 − 2〈𝜆∗, 𝛽〉.

Thus, 〈𝜆 − 𝛽, 𝜆 − 𝛽〉 = 2 if and only if 〈𝜆∗, 𝛽〉 = 0.
Suppose that 𝛽 is not a deep hole. Then there is a 𝛿 ∈ Λ such that 〈𝛿 − 𝛽, 𝛿 − 𝛽〉 < 2. In this case,

〈𝛿∗, 𝛽〉 > 0. Since 𝛿∗ ∉ {𝜆∗ | 𝜆 ∈ 𝑆} and the minimal squared norm of Λ is 4, 〈𝛿∗, 𝜆∗〉 ≤ 0 for all 𝜆 ∈ 𝑆.
However, since 𝑆 contains an affine fundamental root system, there exists a subset 𝑆′ ⊂ 𝑆 and positive
real numbers 𝑛𝜆 ∈ R≥0 such that

∑
𝜆∈𝑆′ 𝑛𝜆𝜆 = 𝑚𝛽, where 𝑚 =

∑
𝜆∈𝑆′ 𝑛𝜆. By direct calculations, we have

∑
𝜆∈𝑆′

𝑛𝜆

(
〈𝜆, 𝜆〉

2
− 1

)
=

∑
𝜆∈𝑆′

𝑛𝜆
〈𝜆, 𝜆〉 − 〈𝜆 − 𝛽, 𝜆 − 𝛽〉

2

=
∑
𝜆∈𝑆′

𝑛𝜆

(
〈𝜆, 𝛽〉 − 〈𝛽, 𝛽〉

2

)
=

𝑚〈𝛽, 𝛽〉
2

.

Thus, we also have

∑
𝜆∈𝑆′

𝑛𝜆𝜆
∗ =

(∑
𝜆∈𝑆′

𝑛𝜆𝜆,
∑
𝜆∈𝑆′

𝑛𝜆,
∑
𝜆∈𝑆′

𝑛𝜆

(
〈𝜆, 𝜆〉

2
− 1

))
= 𝑚𝛽,

but it implies 〈𝛿∗, 𝛽〉 ≤ 0, which is a contradiction. �

Therefore, in order to prove Theorem 5.1, it is enough to show that the Coxeter number h of N is
greater than or equal to 𝑛 = |𝑔 |, since 𝑅1 = {𝜆 − 𝛽 | 〈𝜆 − 𝛽, 𝜆 − 𝛽〉 = 2, 𝜆 ∈ Λ𝛽} will contain an affine
fundamental root system in this case.

5.3. Existence of shortest roots

The purpose of this subsection is to show the following proposition.

Proposition 5.8. There is a root 𝛿 of 𝑉1 such that 〈𝛿, 𝛿〉 = 2
ℓ .

Proof. By Lemma 4.14, it suffices to show that there is j such that 𝑟 𝑗ℎ
∨
𝑗 = 𝑛.

Recall that LCM(𝑟 𝑗ℎ
∨
𝑗 | 𝑗) = 𝑛. If |𝜏 | is a prime power or 𝑉1 is simple, then there is j such that

𝑟 𝑗ℎ
∨
𝑗 = 𝑛. Therefore, we may assume that |𝜏 | is not a prime power and rank(𝑉1) > 4; that is, 𝜏 is

6𝐸 = 12223262 or 6𝐺 = 2363 and rank(𝑉1) = 8 or 6. We have already shown 𝑁0 |ℎ∨𝑗 for all j. By
Corollary 5.6, we may also assume 𝑁0 ≠ 1. Suppose there is no j such that 𝑟 𝑗ℎ

∨
𝑗 = 𝑛 = 6𝑁0. Then

there exist k and l such that 𝑟𝑘ℎ
∨
𝑘 = 3𝑁0 and 𝑟𝑙ℎ

∨
𝑙 = 2𝑁0. If one of G 𝑗 is of type 𝐺2, then 𝑁0 = 4 and

there is also a component G𝑖 such that 𝑟𝑖ℎ∨𝑖 = 8; that is, G𝑖 = 𝐴7, or 𝐶3. Another possible component is
𝐴3. Therefore, possible choices for 𝜏 and 𝑉1 are 𝜏 = 6𝐸 and 𝑉1 = 𝐺2𝐶

2
3 , or 𝐺2𝐶3𝐴3. However, since

dim𝑉1 = 120 ≠ 14 + 2× 21 nor 14 + 21 + 15, we have a contradiction. Therefore, there is no component
of type 𝐺2. In order to get 𝑟𝑘ℎ

∨
𝑘 = 3𝑁0, 𝑟𝑘 = 1, ℎ∨𝑘 = 3𝑁0 and 𝑉1 contains a component of type 𝐴3𝑁0−1.

Since 𝑁0 ≠ 1, rank(𝑉1) ≤ 8 and𝑉1 has a component with 𝑟𝑖ℎ
∨
𝑖 = 2𝑁0, we have 𝑁0 = 2 and𝑉1 = 𝐴3+ 𝐴5

(i.e., rank(𝑉1) = 8 and 𝜏 = 6𝐸). However, dim𝑉1 = 72 ≠ 15 + 35, which is a contradiction. This
completes the proof of Proposition 5.8. �

As a corollary, (Λ𝛽 − 𝛽)2 ≠ ∅ and so we may choose 𝛽 so that 〈𝛽, 𝛽〉 = 2
ℓ . In particular, 𝛽 has squared

length 2.
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5.4. Proof of Theorem 5.1 (part 2)

Notation 5.9. For an even lattice K, we use 𝑅(𝐾) to denote the sublattice generated by 𝐾2 = {𝑎 ∈ 𝐾 |
〈𝑎, 𝑎〉 = 2}. A component lattice of 𝑅(𝐾) means a sublattice generated by an irreducible component of
the roots in 𝐾2.
Lemma 5.10. Let 𝑋 ⊆ 𝑅(𝑁 𝜏) be a component lattice and let �̃� ⊆ 𝑅(𝑁) be a component lattice
containing X. If 𝑋 ≠ �̃� , then rank( �̃�) ≥ rank(𝑋) + 2 or 𝜏 acts on �̃� trivially.
Proof. If �̃� ≠ 𝑋 and 𝜏 does not act on �̃� trivially, then there are 𝜇1 ∈ 𝑋 and 𝜇2 ∈ �̃� − �̃� 𝜏 such that
〈𝜇1, 𝜇2〉 = −1. Since 𝜇2 ∉ 𝑁 𝜏 and rank(𝑅(𝑁𝜏)) = rank(𝑁𝜏) (see Remark 5.5), there is a 𝜇3 ∈ 𝑅(𝑁𝜏)
such that 〈𝜇2, 𝜇3〉 = −1. Since 𝜇3 ∈ �̃� , rank( �̃�) ≥ rank(𝑋) + 2, as we desired. �

Now let’s start the proof of Theorem 5.1. As we explained, it is enough to show that the Coxeter
number of N is greater than or equal to n.

Suppose Theorem 5.1 is false and let V be a counterexample. By Proposition 5.8, there is a simple
component G 𝑗 of 𝑉1 such that 𝑟 𝑗ℎ

∨
𝑗 = 𝑛 and we may choose 〈𝛽, 𝛽〉 = 2, or equivalently, 〈𝛽, 𝛽〉 = 2

ℓ .
Suppose there is a full component G 𝑗 which is simply laced and let 𝐿 𝑗 be its root lattice. Then√
ℓ𝜙(𝐿 𝑗 ) ⊆ 𝑅𝜏 and so ℎ ≥ 𝑛, which is a contradiction.

Therefore, there are no simply laced full components in 𝑉1 and GCD(6, |𝜏 |) ≠ 1 since the lacing
number divides |𝜏 |. We also have 𝑁0 ≠ 1 by Corollary 5.6. Furthermore, if rank(𝑉1) = 4, then we have
shown 𝑁0 = 1 in [7] and we have a contradiction. Therefore, we may assume |𝜏 | = 2, 3, 4, 6, 8. We will
need a few lemmas.
Lemma 5.11. If |𝜏 | = 2, then 𝑁0 is odd.
Proof. Suppose 𝑁0 is even. Then 𝐾0 is odd since GCD(𝐾0, 𝑁0) = 1. Since 𝐾0−𝑁0 = 1 or 2, 𝐾0 = 𝑁0+1.
Since |𝜏 | = 2, there are no components of type 𝐺2. Moreover, 𝑁0 is even and 𝑛/𝑁0 = 2; thus, 4|𝑛 and
there are no full components of type B and F. Therefore, the only full components of 𝑉1 are of type
𝐶𝑁0−1,1. Since 𝑁0 divides the dual Coxeter numbers, the other components are of the type 𝐴𝑁0−1 or
𝐷𝑁0/2+1. Recall that rank(Λ𝜏) = 12 or 16 and 𝑁0 is even. By a direct calculation, it is easy to verify
that the possible cases are only 𝑉1 = 𝐶𝑎

3,1𝐴
𝑏
3,1 (𝑁0 = 4) with 𝑎 + 𝑏 = 4 and 𝐶7𝐷5 (𝑁0 = 8). Since

dim𝑉1 = 24(𝑁0 + 1), none of them is possible. Note that dim𝐶3 = 21, dim 𝐴3 = 15, dim𝐶7 = 105 and
dim 𝐷5 = 45. �

Lemma 5.12. Let V be a counterexample of Theorem 5.1. Then 𝜏 and (𝑉1, 𝑁0) will be one of the
following:
(1) 𝜏 = 2𝐴 = 1828 and (𝑉1, 𝑁0) = (𝐶4

4 , 5), (𝐶2
6𝐵4, 7), (𝐶8𝐹

2
4 , 9), (𝐶10𝐵6, 11);

(2) 𝜏 = 2𝐶 = 212 and (𝑉1, 𝑁0) = (𝐵6
2, 5), (𝐶4𝐴

2
4, 5), (𝐵4

3, 5), (𝐵3
4, 7), (𝐹4𝐴8, 9), (𝐵2

6, 11), (𝐵12, 23);
(3) 𝜏 = 4𝐹 = 142242 and (𝑉1, 𝑁0) = (𝐶7𝐴3, 4);
(4) 𝜏 = 6𝐸 = 12223262 and (𝑉1, 𝑁0) = (𝐶5𝐺2𝐴1, 2);
(5) 𝜏 = 6𝐺 = 2363 and (𝑉1, 𝑁0) = (𝐹4𝐴2, 3).
Proof. Without loss of generality, we may assume that G1 is a full component.

Case 1: If G1 = 𝐹4, then dim 𝐹4 = 52 and 𝑛 = 18 and so the possible choices for (𝜏, rankΛ𝜏 , dim𝑉1)
are (2𝐴, 16, 240), (2𝐶, 12, 132), (6𝐺, 6, 60), (6𝐸, 8, 72), and the possible choices for (G 𝑗 , dimG 𝑗 ) are
(𝐹4, 52), (𝐶8, 136), (𝐴8, 80) and (𝐴2, 8). Hence the possible cases are 𝜏 = 2𝐴 and 𝑉1 = 𝐹2

4𝐶8; 𝜏 = 2𝐶
and 𝑉1 = 𝐹4𝐴8; and 𝜏 = 6𝐺 and 𝑉1 = 𝐹4𝐴2.

From now on, we may assume that there are no full components of type 𝐹4.

Case 2: If G1 = 𝐺2, then 𝑛 = 12 and |𝜏 | = 3(𝑁0 = 4, dim𝑉1 = 120) or |𝜏 | = 6 (𝑁0 = 2, dim𝑉1 = 72
or 60). If |𝜏 | = 3, then 𝜏 = 3𝐵, 4|ℎ∨𝑖 , ℎ∨𝑖 < 12 and rank(Λ𝜏) = 12. Then 𝑉1 = 𝐺𝑎

2 + 𝐴𝑏
3 and 2𝑎 + 3𝑏 =

12, dim𝑉1 = 14𝑎+15𝑏 = 120, which has no solution. If |𝜏 | = 6, then𝑉1 = 𝐺𝑎
2 +𝐶

𝑏
5 +𝐴𝑐

1 +𝐴𝑑
3 +𝐴𝑒

5. Since
dim(𝑉1) = 60 or 72 and rank(𝑉1) (= 2𝑎 + 5𝑏 + 𝑐 + 3𝑑 + 5𝑒) = 6 or 8, the only solution is 𝑉1 = 𝐶5𝐺2𝐴1.

From now on, we may assume that all full components are of type 𝐶𝑚 or of type 𝐵𝑚.
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Case 3: If G1 = 𝐶8, then 𝑛 = 18 and |𝜏 | = 2 or 6.
(3.1) If |𝜏 | = 2, then 𝑁0 = 9, and so possible components are 𝐶8, 𝐵5, 𝐴8; thus, 𝑉1 = 𝐶2

8 or 𝐶8𝐴8 but
dim(𝑉1) = 24𝐾0 = 240. Neither one is possible.

(3.2) If |𝜏 | = 6, then 𝑁0 = 3 and 𝑉1 = 𝐶8, but dim𝑉1 = 96 ≠ dim𝐶8, a contradiction.

Case 4: If G1 = 𝐶2𝑚 and 0 < 𝑚 ≠ 4, then 𝑛 = 2(2𝑚 + 1). First, we show that 𝑚 < 7. Suppose
𝑚 ≥ 7. Then rank(𝑉1) ≥ rank(𝐶2𝑚) ≥ 14 and so 𝜏 = 2𝐴 and 𝑁0 = 2𝑚 + 1 and 𝑚 = 7 or 8. In
this case, dim𝑉1 = 24(2𝑚 + 2) and dim𝐶2𝑚 = 2𝑚(4𝑚 + 1). If 𝑚 = 7, then there are no components
G 𝑗 of rank 2 (or less than 2) with ℎ∨𝑗 divisible by 𝑁0 = 15. So, 𝑚 = 8 and 𝑉1 = 𝐶16; however,
dim𝑉1 = 24(𝑁0 + 1) = 24 × 18 ≠ dim𝐶16 = 16 × 33.

For 𝑚 < 7 and 𝑚 ≠ 4, we have (2𝑚 + 1, 3) = 1, 𝑁0 = 2𝑚 + 1 and |𝜏 | = 2. So, the possible
components of 𝑉1 are 𝐶2𝑚, 𝐴2𝑚, 𝐵𝑚+1. Since 𝐾0 − 𝑁0 = 1 for 𝜏 = 2𝐴 and 𝐾0 − 𝑁0 = 2 for 𝜏 = 2𝐶,
dim𝑉1 = 24(2𝑚 + 2) for 𝜏 = 2𝐴 and dim𝑉1 = 12(2𝑚 + 3) for 𝜏 = 2𝐶. If 𝜏 = 2𝐴, then by solving the
relation 2𝑚𝑎 + 2𝑚𝑏 + (𝑚 + 1)𝑐 = 16 and 2𝑚(4𝑚 + 1)𝑎 + 2𝑚(2𝑚 + 2)𝑏 + (𝑚 + 1) (2𝑚 + 3)𝑐 = 24(2𝑚 + 2)
and 𝑎 > 0 and 𝑏, 𝑐 ≥ 0, we have 𝑉1 = 𝐶10𝐵6, 𝐶

2
6𝐵4, 𝐶

4
4 .

If 𝜏 = 2𝐶, then by solving the relation 2𝑚𝑎 + 2𝑚𝑏 + (𝑚 + 1)𝑐 = 12 and 2𝑚(4𝑚 + 1)𝑎 + 2𝑚(2𝑚 +
2)𝑏 + (𝑚 + 1)2𝑚 + 3) = 12(2𝑚 + 3), we have 𝑉1 = 𝐶4𝐴

2
4 or 𝐶6

2 .
We next assume G1 = 𝐶2𝑚+1. Then since 2𝑚 + 2 is even, |𝜏 | ≠ 2.

Case 5: If G1 = 𝐶3, then 𝑛 = 8 and |𝜏 | = 4 and 𝑁0 = 2 and G is a direct sum of 𝐶3 or 𝐴1, or 𝐴3. Since
dim𝐶3 = 21, dim 𝐴3 = 15, dim 𝐴1 = 3 and rank(𝑉1) = 10, it is impossible to have dim𝑉1 = 72, and we
have a contradiction.

Case 6: If G1 = 𝐶5, then 𝑛 = 12 and (𝜏, 𝑁0) = (4𝐹, 3), (6, 2). If 𝜏 = 4𝐹, then the other possible
components are 𝐴2, 𝐷4, 𝐴5, 𝐶2 since there is no component of type 𝐺2. Since rank(𝑉1) = 10 is even,
it has another component of type 𝐶5 or 𝐴5, but since dim𝑉1 = 96, dim𝐶5 = 55, and dim 𝐴5 = 35,
we have a contradiction. If |𝜏 | = 6, then rank(𝑉1) = 8 or 6 and possible components are 𝐴1, 𝐴3. Since
dim𝑉1 = 72 or 60 and dim 𝐴1 = 3, dim 𝐴3 = 15, we have a contradiction.

Case 7: If G1 = 𝐶7, then 𝑛 = 16 and (𝜏, 𝑁0) = (4𝐹, 4), (8, 2). If 𝑁0 = 2, then dim𝑉1 = 72 and
dim𝐶7 = 105, a contradiction. If 𝜏 = 4𝐹, then 𝑁0 = 4, and the only solution is 𝑉1 = 𝐶7𝐴3.

Case 8: If G1 = 𝐶2𝑚+1 and 𝑚 ≥ 4, then rank(𝑉1) ≥ 2𝑚 + 1 ≥ 9 and so G1 = 𝐶9. However, since
rank(𝑉1) = 10 and 𝑁0 = 5, we have a contradiction.

Case 9: We may assume that all full components are of type B. Say, G1 = 𝐵𝑚, then 𝑛 = 2(2𝑚 − 1).
Since 2𝑚 − 1 is odd, |𝜏 | = 2, 6.

If |𝜏 | = 6, then 𝑁0 = 1/3(2𝑚 − 1) and 𝑚 ≤ 8. Since 𝑁0 ≠ 1 is odd, the only possible values for
(𝑁0, 𝑚) are (3, 5) and (5, 8). If 𝜏 = 6𝐺, then rank𝑉1 = 6 and (𝑁0, 𝑚) = (3, 5). The only possible choice
for 𝑉1 is 𝐵5 + 𝐴1, but since the Coxeter number of 𝐴1 does not divide 3, we have a contradiction. If
𝜏 = 6𝐸 , then rank𝑉1 = 8, and the possible choice of 𝑉1 is 𝐵8. Since 2𝐶 ∉< 6𝐸 >, 𝐾0 = 𝑁0 + 1 = 4 and
dim𝑉1 = 24𝐾0 = 96 ≠ dim 𝐵8 = 8 × 17, which is a contradiction.

Therefore, we have |𝜏 | = 2 and 𝑁0 = 2𝑚 − 1. Since 2𝑚 − 1 is odd, the non-full components are all
of type 𝐴2𝑚−2 and so 𝑉1 = 𝐵⊗𝑎

𝑚 ⊕ 𝐴⊗𝑏
2𝑚−2. We note dim 𝐵𝑚 = 𝑚(2𝑚 + 1) and dim 𝐴2𝑚−2 = 4𝑚(𝑚 − 1).

If 𝐾0 = 2𝑚, then 𝑎𝑚 + 𝑏(2𝑚 − 2) = 16 and dim𝑉1 = 48𝑚 = 𝑎𝑚(2𝑚 + 1) + 4𝑏𝑚(𝑚 − 1). It is easy to
see that there is no solution for 𝑎 ∈ Z>0 and 𝑏 ∈ Z≥0. Hence, 𝐾0 − 𝑁0 = 2 and 𝜏 = 2𝐶. In this case,
𝑎𝑚 + 𝑏(2𝑚 − 2) = 12 and dim𝑉1 = 12(2𝑚 + 1) = 𝑎𝑚(2𝑚 + 1) + 4𝑏𝑚(𝑚 − 1). The solutions are 𝑏 = 0
and 𝑎𝑚 = 12; therefore, 𝑉1 = 𝐵6

2, 𝐵
4
3, 𝐵

3
4, 𝐵

2
6, or 𝐵12, as we desired.

This completes the proof of Lemma 5.12. �

We will show that none of the Lie algebras in the list of Lemma 5.12 satisfy the desired condition,
and we will get a contradiction.

First, we note that 𝑉1 contains a full component of type 𝐶𝑚 or 𝐹4 unless 𝜏 = 2𝐶.

https://doi.org/10.1017/fms.2023.86 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2023.86


Forum of Mathematics, Sigma 15

5.4.1. The case 𝜏 ≠ 2𝐶
We note the short root lattice of𝐶𝑚 is 𝐷𝑚. Namely, if𝐶𝑚 is a full component of𝑉1, then 𝐷𝑚 is a sublattice
of 𝑁 𝜏 . Let X be a component of the root lattice 𝑅(𝑁) of N containing the above 𝐷𝑚. For 𝑚 ≥ 4, a lattice
containing 𝐷𝑚 is of type D or E; that is, X is of type D or E. Recall that 𝑛 = 𝑟 𝑗ℎ

∨
𝑗 = 2(𝑚 + 1) for 𝐶𝑚

and the Coxeter numbers of 𝐷𝑚 and 𝐸𝑘 are 2(𝑚 − 1) and 12, 18 and 30. Since V is a counterexample,
the Coxeter number of N is strictly less than n, and the possible choice of X is 𝐷𝑚 or 𝐷𝑚+1.

Lemma 5.13. If 𝑋 = 𝐷𝑚+1, then 𝜏 acts on X trivially. In particular, if 𝑉1 is a direct sum of full
components, then 𝑋 = 𝐷𝑚.

If 𝜏 = 2𝐴, then the list of lemma 5.12 says that 𝑉1 is a direct sum of full components. Therefore, if
𝐶𝑚 is a full component, then 𝐷𝑚 is a connected component of 𝑅(𝑁). Therefore, the possible cases are
as follows:

𝑉1 𝐶4
4,1 𝐶2

6,1𝐵4,1 𝐶8,1𝐹
2
4,1 𝐶10,1𝐵6,1

𝑅 (𝑁 ) 𝐷6
4 𝐷4

6 𝐷3
8 𝐷10𝐸

2
7

𝑅 (𝑁 𝜏 ) contains 𝐷4
4 𝐷2

6 𝐴4
1 𝐷8𝐷

2
4 𝐷10 𝐴

6
1

It contradicts the fact that 𝑁𝜏 = 𝐿𝐴(18).
If 𝜏 = 4𝐹, then 𝑅(𝑁) contains 𝐷7𝐴

4
3𝐴

2
1. The possible choice of 𝑅(𝑁) is 𝐷7𝐸6𝐴11 or 𝐷3

8, but neither
of them contains 𝐷7𝐴

4
3𝐴

2
1, which is a contradiction.

If 𝜏 = 6𝐸 , then 𝑅(𝑁) contains 𝐷5𝐴2𝐴
2
5𝐴

2
2𝐴

2
1. The possible choice of 𝑅(𝑁) is 𝐷2

5𝐴
2
7 or 𝐷4

6 or 𝐷6𝐴
2
9,

but none of them contains 𝐷5𝐴
2
5𝐴

3
2𝐴

2
1, which is a contradiction.

If 𝜏 = 6𝐺 = 2363, then 𝑛 = 18 and 𝑉1 = 𝐹4,6𝐴2,2. Hence, X contains 𝐷4𝐴
3
5𝐴

3
1. Since ℎ < 18,

the possible choice of 𝑅(𝑁) is 𝐷6
4, 𝐷

2
5𝐴

2
7, 𝐷6𝐴

2
9, 𝐷

4
6, 𝐸

4
6 , 𝐴11𝐷7𝐸6, 𝐷

3
8, 𝐷9𝐴15. However, none of them

contains 𝐷4𝐴
3
5𝐴

3
1, which is a contradiction.

5.4.2. The case 𝜏 = 2𝐶
By the previous lemma, 𝑉1 = 𝐵6

2, 𝐶4𝐴
2
4, 𝐵

4
3, 𝐵

3
4, 𝐹4𝐴8, 𝐵

2
6, or 𝐵12. Since 𝜏 = 2𝐶, we have ℓ = 4. Since

𝑣 + 𝑣𝜏 ∈ Λ𝜏 and { 𝑣+𝑣 𝜏

2 | 𝑣 ∈ Λ} = 𝜋(Λ) = (Λ𝜏)∗ and
√
ℓ𝜙((Λ𝜏)∗) = Λ𝜏 , we have 2(Λ𝜏)∗ = Λ𝜏 ; that

is, we can take 𝜙 = 1 and 𝛽 = 2𝛽.
By the reverse construction, there is a Niemeier lattice P such that

𝑉 [𝑁0 𝛼] = (𝑉Λ) [ ( �̂� exp(2𝜋𝑖𝛽 (0)))2 ] = 𝑉𝑃 .

Since 𝑁0 ≠ 1, 𝑃 ≠ Λ. Set �̂�2 = exp(2𝜋𝑖𝛿(0)), which has order 2. Therefore,

𝑉𝑃 = (𝑉Λ) [�̃�
2 ] = (𝑉Λ) [exp(2𝜋𝑖 (𝛿 (0)+2𝛽 (0)) ] .

Since 𝑁0 is odd, (�̂� exp(2𝜋𝑖𝛽(0)))2𝑁0 = exp(𝛿 + 2𝑁0𝛽) = 1, there is a 𝜇 ∈ Λ𝜏 such that 𝛿 = 2𝑁0𝛽 + 𝜇

and so 𝑉𝑃 = (𝑉Λ) [exp(2𝜋𝑖 (𝑁0+1)𝛽 (0) ] . Note also that 𝑉 = 𝑉
[𝑔]
𝑃 and �̃� acts on 𝑉𝑃 with order 2.

Case 𝑉1 = 𝐵12/𝑚
𝑚 :

We first note that all components have level 2 and 𝑉exp(2𝜋𝑖𝑁0 𝛼) = (𝑉𝑃)𝑔; thus, 𝑉𝑃 contains the Lie
subalgebras generated by the long roots. Since the long roots of 𝐵𝑚 are of the type 𝐷𝑚, (𝑉𝑃)1 contains
a Lie subalgebra of type 𝐷⊕(12/𝑚)

𝑚,2 and the fixed point sublattice 𝑃𝜏 ⊇
√

2𝐷⊕12/𝑚
𝑚 . Then P must contain

𝐷⊕24/𝑚
𝑚,1 as a sublattice. Since 𝑁0 = 2𝑚 − 1 and |�̃�2 | = 𝑁0, the Coxeter number of P is less than or equal

to 2𝑚 − 1 and thus the root system of P is 𝐷⊕24/𝑚
𝑚 . Since 2𝑚 − 1 is odd and 2𝛿 ∈ Λ, there is 𝜇 ∈ Λ
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such that 𝛿 = 2(2𝑚 − 1)𝛽 + 𝜇 and 4(2𝑚 − 1)𝛽 ∈ Λ. Thus, we have 𝑉𝑃 = (𝑉Λ) [4𝛽 ] ; that is, every element
𝜇 ∈ 𝑃 is written 𝜇 = 𝜇1 + 4𝑠𝛽 with 〈𝜇1, 4𝛽〉 ∈ Z (i.e., 𝜇1 ∈ Λ4𝛽). Since 〈4𝛽, 2𝛽〉 ∈ Z, 𝜇1 ∈ Λ2𝛽 if
〈𝜇, 2𝛽〉 ∈ Z (that is, 𝜇 ∈ Λ2𝛽).

Since 𝑉𝑃 = 𝑉 [𝑔] can be constructed by a Z2-orbifold construction, we have

𝐿∗ = {𝑥 ∈ (𝑃𝜏)∗ | 〈𝑥, 2𝛽〉 ∈ Z} + Z𝛽

by the same argument as in Theorem 4.9.
For each 𝐵𝑚 ⊆ 𝑉1, we have a fundamental root system 𝑑1, ..., 𝑑𝑚−1, 𝑑𝑚 with long roots 𝑑 𝑗 ( 𝑗 =

1, . . . , 𝑚 − 1) (i.e, 〈𝑑 𝑗 , 𝛼〉 = 1
2𝑚−1 for 𝑗 = 1, . . . , 𝑚 − 1 and 〈𝑑𝑚, 𝛼〉 = 1

2(2𝑚−1) ). Without loss of
generality, we may assume 𝑑𝑚 = 𝛽, which is a short root. Note also that 𝑑𝑚 = 𝑑𝑚−1 + 2𝑑𝑚 is also a
long root and {𝑑1, ..., 𝑑𝑚−1, 𝑑𝑚} forms a fundamental root system for the long roots. Therefore, in P,
we have a root sublattice of type 𝐷2

𝑚 with the fundamental system {𝑎1, . . . , 𝑎𝑚} and {𝑏1, . . . , 𝑏𝑚},

𝑎1 − · · · − 𝑎𝑚−2 −𝑎𝑚−1, 𝑏1 − · · · − 𝑏𝑚−2 −𝑏𝑚−1
| |

𝑎𝑚 𝑏𝑚

such that 𝜏 permutes 𝑎𝑖 and 𝑏𝑖 and 𝑎𝑖+𝑏𝑖

2 = 𝑑𝑖 for 𝑖 = 1, ..., 𝑚−1 and 𝑎𝑚+𝑏𝑚

2 = 2𝛽+𝑑𝑚−1 = 2𝛽+ 𝑎𝑚−1+𝑏𝑚−1
2 .

Therefore, 2𝛽 = 𝑎𝑚−𝑎𝑚−1+𝑏𝑚−𝑏𝑚−1
2 and 〈2𝛽, 𝑎𝑖〉 ∈ Z, 〈2𝛽, 𝑏𝑖〉 ∈ Z for all 𝑖 = 1, ..., 𝑚; that is, 𝑅(𝑃) ⊆

𝑁 = Λ[2𝛽 ] . Since 2𝛽 ∈ 𝑁 and has norm 2, N contains 𝐷2𝑚 and so the Coxeter number of N is greater
than or equal to 2(2𝑚 − 1), which contradicts the choice of V.

Case 𝑉1 = 𝐶4,2𝐴
2
4,2:

Since 𝑉1 = 𝐶4,2𝐴
2
4,2 and det(𝐿) = 21042, 𝐿 =

√
2(𝐷4 + 𝐸8) and 𝑁 𝜏 � 𝐷4 +

√
2𝐸8 in this case. In

particular, 𝑁 𝜏 contains a root sublattice of type 𝐷4. Therefore, the possible types for N are 𝐷6
4, 𝐷4𝐴

4
5

and 𝐷2
5𝐴

2
7. However, the lattices orthogonal to a sublattice of the type 𝐷4+

√
2𝐸8 do not contain 𝐿𝐴(112).

Case 𝑉1 = 𝐹4,2𝐴8,2:
In this case, 𝑛 = 18 and 𝑁0 = 9.
Let 𝑎1, 𝑎2, 𝑏3, 𝑏4 be the fundamental roots for 𝐹4 such that 𝑎1, 𝑎2 are short roots. We may assume

𝛽 = 𝑎1. Since |𝜏 | = 2, there is a Niemeier lattice P such that 𝑉𝑃 = (𝑉Λ) [�̃�
2 ] , which is also equal to

𝑉 [9𝛼] . Set 𝑠 = 𝑔9 = exp(2𝜋𝑖9𝛼(0)). Then (𝐹4,2𝐴8,2)<𝑠> contains 𝐵4,2𝐴8,2 and the Coxeter number of
P is less than or equal to 𝑁0 = 9. Therefore, the root system of P is 𝐴3

8. Since 𝑉 = 𝑉
[�̃�]
𝑃 , 𝜏 acts on one

𝐴8 as a diagram automorphism and permutes the other two 𝐴8’s.
Since 𝑁0 = 9 is odd, we have 𝑃 = Λ4𝛽 + Z4𝛽 and 𝛽 = 2𝛽 by the similar argument as in the case 𝑉1 =

𝐵12/𝑚
𝑚 . By the choice of 𝛽, the two 𝐴8’s permuted by 𝜏 is orthogonal to 𝛽; hence, 𝑁 = Λ[𝛽 ] = Λ2𝛽 +Z2𝛽

contains 𝐴2
8.

Since 𝐹4 is a full component, N also contains 𝐷4 as a root sublattice, which is orthogonal to the
above 𝐴2

8. Therefore, 𝑁 ⊃ 𝐷4 + 𝐴8 + 𝐴8. Moreover, the Coxeter number of N is strictly less than 𝑛 = 18
by our assumption. Then N has the type 𝐴2

9𝐷6. In this case, 𝑁𝜏 , the sublattice orthogonal to 𝐷4 +
√

2𝐴8,
does not contain a root sublattice of the type 𝐴12

1 , and we have a contradiction.
This completes the proof of Theorem 5.1. �

Remark 5.14. Since 𝛽 is a deep hole, it follows that [𝑁 : Λ𝛽] = ℎ, the Coxeter number of N. Moreover,
we have [𝑁 : Λ𝛽] = |𝑔 | = |�̃� | by Theorem 4.8. Thus, ℎ = |𝑔 | = |�̃� |. Note that |𝜏 | divides |�̃� |, and hence,
|𝜏 | divides h, also.

https://doi.org/10.1017/fms.2023.86 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2023.86


Forum of Mathematics, Sigma 17

6. Classification of 𝜏

In this section, we will show that 𝜏 ∈ 𝐶𝑜.0 defined by W-elements of holomorphic VOAs of central
charge 24 are contained in

P0 = 1𝐴 ∪ 2𝐴 ∪ 2𝐶 ∪ 3𝐵 ∪ 4𝐶 ∪ 5𝐵 ∪ 6𝐸 ∪ 6𝐺 ∪ 7𝐵 ∪ 8𝐸 ∪ 10𝐹.

Combining the results in Sections 3–5, one can associated a pair of 𝜏 ∈ P0 and a 𝜏-invariant deep hole
𝛽 with any holomorphic VOA V of central charge 24 with non-abelian weight one Lie algebra 𝑉1. Set

P =

{
𝜏 ∈ 𝐶𝑜.0

���� ∃𝛽 ∈ QΛ𝜏 s.t. �̂� exp(2𝜋𝑖𝛽(0)) can be realized as the reverse
automorphism of some orbifold construction given by a 𝑊-element

}
.

The main result of this section is the following.

Proposition 6.1. P ⊆ P0.

Since dim((𝑉Λ) [�̃�] )1 > 24, it is easy to see that rank(Λ𝜏) ≥ 4 and |𝜏 | ≤ 15. Therefore, 𝜏 is in one of
the conjugacy classes in Table 1 (cf. [7]).

First, we treat the cases when rank(𝑉1) = 4, which will eliminate many cases with dimΛ𝜏 = 4.

Lemma 6.2. If rank(𝑉1) = 4, then 𝜏 ∈ P0.

Proof. Suppose rank(𝑉1) = 4. By [13], we know that dim𝑉1 > 24 and ℎ∨𝑗 /𝑘 𝑗 = (dim𝑉1 − 24)/24
for any component G 𝑗 ; thus, 𝑉1 must be of the type 𝐵4,14, 𝐶4,10, 𝐷4,36 or 𝐺⊕2

2,24 and |𝜏 | = 14, 10, 6, 12,
respectively. In these cases, 𝑁0 = 1. If |𝜏 | = 14, we have 𝜏 = 14𝐵. Then ℓ = 14 and det(Λ𝜏) = 142. In
this case, det(𝐿) = 144 and det(

√
14𝐿∗) = 1, which is not possible since

√
14𝐿∗ is even (see Section

4.2). If |𝜏 | = 10, then 𝑉1 = 𝐶4,10 and 𝑁0 = 1 and so there are 𝜇 ∈ 𝐿∗ such that 〈𝛼, 𝜇〉 ≡ 1/10 and 1/5
(mod Z). Therefore, since we may choose 𝛽 from 𝐿∗, both of 𝜏 and 𝜏2 are of type zero and 𝜙(𝜏) < 1
and 𝜙(𝜏2) < 1, which implies 𝜏 = 10𝐹 and 𝜏 ∈ P0. If |𝜏 | = 6, 𝑉1 = 𝐷4,36 and so there is 𝜇 ∈ 𝐿∗ such
that 〈𝜏, 𝜇〉 ≡ 1/6(mod Z) and 𝜙(𝜏) < 1. Therefore, 𝜏 = 6𝐼 and 𝑁0 = 1. Since 6𝛽 ∈ Λ𝜏 which has the
Gram matrix 6𝐼4, 〈𝛽, 𝛽〉 ∈ 2Z/12. However, 𝜙(6𝐼) = 1/36; thus, �̃� = �̂� exp(2𝜋𝑖𝛽(0)) is not type zero,
and we have a contradiction. �

From now on, we may assume dim𝑉 〈𝜏 〉 > 4.

Lemma 6.3. 𝜏 ∉ 3𝐷.

Proof. Recall that Λ3𝐷 �
√

3𝐸8 (cf. [20]). If GCD(𝑁0, 3) = 1, then 3𝑁0𝛽 ∈ Λ3𝐷 and so 〈𝛽, 𝛽〉 ∈
6Z/9𝑁2

0 = 2Z/3𝑁2
0 , which contradicts 𝜙(3𝐷) + 〈𝛽,𝛽〉

2 ∈ 1 − 1/9 + Z

3𝑁 2
0
⊂ Z. Therefore, 3|𝑁0. Since

dimCΛ3𝐷 = 8, 𝑁0 |ℎ∨𝑗 for all j and |𝑔 | = 𝑁0 |𝜏 | = LCM({𝑟 𝑗ℎ
∨
𝑗 }), the only possible case is 𝑁0 = 3 and

𝑉1 = 𝐴8. Since 𝐾0/𝑁0 = 〈𝛼, 𝛼〉/2 = dim𝑉1/(dim𝑉1 − 24), we have 𝐾0/3 = 80/56 = 10/7, which is
not possible. �

Suppose Proposition 6.1 is false and let V be a counterexample such that 𝑘 = rank(𝑉1) is maximal
among all counterexamples. We also choose V so that Comm(𝑀 (H), 𝑉) is largest among all counterex-
amples with rank(𝑉1) = 𝑘 .

Let 𝛼 be a W-element of 𝑉1 and set 𝑔 = exp(2𝜋𝑖𝛼(0)). As we discussed, the orbifold construction
from V by g gives 𝑉Λ. Let �̃� = �̂� exp(2𝜋𝑖𝛽(0)) be the reverse automorphism of g corresponding to the
above orbifold construction. Since V is a counterexample, 𝜏 ∉ P0.

If m divides |𝜏 | and 𝑚 ≠ 1, then we have

rank(𝑉 [𝑔𝑚 ]
1 ) > rank𝑉1 or Comm(𝑀 (H), 𝑉 [𝑔𝑚 ] ) > Comm(𝑀 (H), 𝑉)
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by Proposition 2.4. Therefore,𝑉 [𝑔𝑚 ] is not a counterexample for any 1 ≠ 𝑚 | |𝜏 |. Let L be an even lattice
such that Comm(Comm(𝑀 (H), 𝑉), 𝑉) � 𝑉𝐿 , where H is a Cartan subalgebra of𝑉1 = 𝔤1,𝑘1 ⊕· · ·⊕𝔤𝑟 ,𝑘𝑟 .
Let𝛼 =

∑𝑟
𝑖=1 𝜌𝑖/ℎ∨𝑖 be a W-element of𝑉1. Suppose 〈𝛼, 𝛼〉 = 2𝐾0

𝑁0
with𝐾0, 𝑁0 ∈ Z and GCD(𝐾0, 𝑁0) = 1.

Now consider the VOA 𝑉 [𝑔𝑁0 ] obtained by the orbifold construction from V by 𝑔𝑁0 =
exp(2𝜋𝑖𝑁0𝛼(0)). Then 𝑉 [𝑔𝑁0 ] also contains an abelian Lie subalgebra H + ⊕|𝜏 |−1

𝑗=0 𝑈 ( 𝑗𝑁0𝛼)1 of rank
24. By viewing it as a Cartan subalgebra of (𝑉 [𝑔𝑁0 ] )1, there is an even unimodular lattice P of rank
24 such that 𝑉 [𝑔𝑁0 ] � 𝑉𝑃 . Furthermore, there is 𝜇 ∈ CΛ𝜏 such that (𝑉Λ) [exp(2𝜋𝑖𝜇 (0)) ] = 𝑉𝑃 since
(𝑉 [𝑔𝑁0 ] ) [𝑔] = 𝑉Λ. In particular, 𝜏 fixes 𝜇, and we may view 𝜏 as an isometry of P.

Remark 6.4. Let �̃�′ ∈ Aut(𝑉𝑃) be the reverse automorphism of 𝑔𝑁0 ∈ Aut(𝑉). By our choice, H +
⊕|𝜏 |−1

𝑗=0 𝑈 ( 𝑗𝑁0𝛼)1 is a Cartan subalgebra of 𝑉𝑃 , and thus, there is a 𝛿 ∈ C𝑃𝜏 and a standard lift �̂�′ of 𝜏

such that �̃�′ = �̂�′ exp(2𝜋𝑖𝛿(0)) and 〈𝑁0𝛼, 𝛿〉 ≡ 1/|𝜏 | (mod Z). Then 𝑉 = (𝑉𝑃) [ �̂�
′ exp(2𝜋𝑖 𝛿 (0)) ] and the

actions of �̂� and �̂�′ on 𝑈 ( 𝑗𝑁0𝛼) are the same; namely, they both act on 𝑈 ( 𝑗𝑁0𝛼) as a multiple by a
scalar 𝑒−2𝜋𝑖 𝑗/ |𝜏 | .

Since 𝑁0𝛼 ∈ 𝐿∗, 𝑉<𝑔𝑁0 > contains 𝑉𝐿 and 𝐿 ⊆ H = CΛ𝜏 . We may also view 𝑉𝐿 as a subspace of
𝑉

<�̂�′ exp(2𝜋𝑖 𝛿 (0))>
𝑃 . As a conclusion, we have the following.

Theorem 6.5. The VOA 𝑉 [𝑒2𝜋𝑖𝑁0𝛼(0) ] is isomorphic to a lattice VOA 𝑉𝑃 for an even unimodular lattice
P of rank 24. Furthermore, 𝑃𝜏 = 𝐿 + Z𝑁0𝛼 and |𝑔𝑁0 | = |𝜏 |.

As we have shown in Theorem 6.5, 𝑉 [exp(2𝜋𝑖𝑁0 𝛼(0) ] is a Niemeier lattice VOA 𝑉𝑃 and there is
𝛿 ∈ C𝑃𝜏 such that �̂� exp(2𝜋𝑖𝛿(0)) is the reverse automorphism of exp(2𝜋𝑖𝑁0𝛼(0)).

Lemma 6.6. By taking a suitable standard lift �̂� of 𝜏, we may assume 𝛿 ∈ 𝐿∗.

Proof. By the definition of W-element, there is 𝜇 ∈ 𝐿∗ such that 〈𝛼, 𝜇〉 ≡ 1/𝑁0 |𝜏 | (mod Z). Therefore,
𝛿 − 𝜇 ∈ (𝑃𝜏)∗ and there is 𝜉 ∈ 𝑃 such that 𝜋(𝜉) = 𝛿 − 𝜇. Set 𝜉 = 𝜉 ′ + 𝜋(𝜉) with 𝜉 ′ ∈ H⊥. Since
exp(2𝜋𝑖𝜉 (0)) = 1 and 𝜏 acts on (H)⊥ fixed point freely, there is ℎ̃ ∈ H⊥ such that

exp(2𝜋𝑖ℎ̃(0))−1(�̂� exp(2𝜋𝑖𝛿(0)) exp(2𝜋𝑖ℎ̃(0) = exp(2𝜋𝑖ℎ̃(0))−1�̂� exp(2𝜋𝑖ℎ̃(0)) exp(2𝜋𝑖𝛿(0))
= �̂� exp(2𝜋𝑖𝜉 ′(0)) exp(2𝜋𝑖𝛿(0)) = �̂� exp(2𝜋𝑖𝜉 (0)) exp(−2𝜋𝑖𝜋(𝜉) (0)) exp(2𝜋𝑖𝛿(0))
= �̂� exp(2𝜋𝑖𝜇(0)).

Therefore, �̂� exp(2𝜋𝑖𝛿(0)) = �̂� exp(𝜇(0)) exp(𝜋𝜉 (0)) is conjugate to �̂� exp(2𝜋𝑖𝜇(0). Replacing �̂� by
exp(2𝜋𝑖ℎ̃(0))−1(�̂� exp(2𝜋𝑖𝛿(0)) exp(2𝜋𝑖ℎ̃(0)), we may assume 𝛿 ∈ 𝐿∗. �

By Theorem 6.5, we have 𝑃𝜏 = 𝐿 + Z𝑁0𝛼 and 𝑟𝑁0𝛼 ∈ 𝐿 if and only if |𝜏 | divides r and
〈𝛿, 𝑁0𝛼〉 ≡ 1/|𝜏 | (mod Z). Therefore, 𝑚𝛿 ∉ 𝜋(𝑃) if |𝜏 | � |𝑚. Hence, if |𝜏 | � |𝑚, then the lowest weight of
�̂� exp(2𝜋𝑖𝛿(0))-twisted module is greater than 𝜙(𝜏). Therefore, we have the following:

Lemma 6.7. If 𝜙(𝜏𝑚) ≥ 1, then �̂�𝑚 exp(2𝜋𝑖𝑚𝛿(0))-twisted module does not contain a weight one
element.

Lemma 6.8. < 𝜏 > does not contain −2𝐴, 3𝐶, 5𝐶.

Proof. Let m be a divisor of |𝜏 |. Suppose |𝜏𝑚 | = 𝑝 is a prime and 𝜙(𝜏𝑚) ≥ 1.
Let �̃� := 𝑉 [𝑔𝑝𝑁0 ] . From the property of orbifold construction and the choice of �̂�′ and 𝛿, we have

�̃� = (𝑉𝑃) [ ( �̂�
′)𝑚 exp(2𝜋𝑖𝑚𝛿 (0)) ] . From Corollary 4.9 in [7], 𝜏 ≠ −2𝐴, 3𝐶, 5𝐶 and so 𝑚 ≠ 1 and �̃� is not a

counterexample.
Let �̃� be a W-element of �̃�1 and �̂� exp(2𝜋𝑖𝜇(0)) the reverse automorphism of exp(2𝜋𝑖�̃�(0)). Then

𝜎 ∈ P0, and we can use the results in Sections 3 ∼ 5.
Next, we will show that C𝑃𝜎 = C𝑃𝜏𝑚 . As we explained in Section 2, H + ⊕𝑚−1

𝑗=0 𝑈 ( 𝑗 𝑝𝑁0𝛼) is a
Cartan subalgebra of �̃�1. Since 〈𝛿, 𝛼〉 ≡ 1/|𝜏 | (mod Z), 𝜏′ acts on 𝑈 ( 𝑗𝑁0𝛼) as a multiple by a scalar
𝑒−2𝜋𝑖 𝑗/ |𝜏 | for all 𝑗 ∈ Z. In particular, C𝑃𝜏𝑚

= H + ⊕|𝜏 |−1
𝑗=0 𝑈 ( 𝑗 𝑝𝑁0𝛼)1 and so C𝑃𝜎 = C𝑃𝜏𝑚 .
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We next show that if the order p of 𝜏𝑚 is an odd prime, we have |�̂� | = 𝑝, and if the order of 𝜏𝑚 is 2,
we have |�̂� | = 2 or 4.

Since 𝜙(𝜏𝑚) ≥ 1, 𝜏′𝑚 exp(2𝜋𝑖𝑚𝛿(0))-twisted module contains no weight one element and so we
have

�̃�1 = (𝑉𝑃)<𝜏′
𝑚 exp(2𝜋𝑖𝑚𝛿 (0))>

1 .

Since |𝜏𝑚 | = 𝑝 is a prime, the root vectors of (𝑉𝑃)<𝜏′
𝑚 exp(2𝜋𝑖𝑚𝛿 (0))>

1 are given by
(1) 𝑒𝜇 with 𝜇 ∈ 𝑃𝜏 or
(2) 𝑒𝜇+· · ·+(𝜏′ exp(2𝜋𝑖𝑚𝛿(0))) 𝑝−1(𝑒𝜇) with 𝜇 ∈ 𝑃. In this case, it corresponds to the root associated

with 𝜋(𝜇) ∈ (𝑃𝜏)∗ and 〈𝜋(𝜇), 𝜋(𝜇)〉 = 2/𝑟 𝑗 �̃� 𝑗 . Note also that

〈𝜋(𝜇), 𝜋(𝜇)〉 = 〈𝜋(𝜇), 1
𝑝

𝑝−1∑
𝑗=0

𝜏𝑚𝑗𝜇〉 = 〈𝜇, 1
𝑝

𝑝−1∑
𝑗=0

𝜏𝑚𝑗𝜇〉 ∈ Z/𝑝.

Therefore, if p is an odd prime, then 𝑟 𝑗 �̃� 𝑗 = 1 or p, and if 𝑝 = 2, then 𝑟 𝑗 �̃� 𝑗 = 1, 2, 4.
However, since 𝜎 ∈ P0, we have shown |�̂� | = LCM({𝑟 𝑗 �̃� 𝑗 | 𝑗}). If 𝑟 𝑗 �̃� 𝑗 = 1 for all j, then we can

easily get a contradiction since rank(𝑉1) = 8, 6, 4, respectively.
Hence, if the order p of 𝜏𝑚 is an odd prime, we have |�̂� | = 𝑝, and if the order of 𝜏𝑚 is 2,

we have |�̂� | = 2 or 4. From the choice of 𝜎, we have rank(CΛ𝜎) = rank(CΛ𝜏𝑚). Therefore, if
𝜏𝑚 = −2𝐴, 𝑡ℎ𝑒𝑛 dimΛ−2𝐴 = 8, but there is no 𝜎 ∈ P0 of order 2 or 4 such that Λ𝜎 = 8. If 𝜏𝑚 = 3𝐶,
then rankΛ3𝐶 = 6, but there is no 𝜎 ∈ P0 of order 3 with rankΛ𝜎 = 6. If 𝜏 = 5𝐶, then rankΛ5𝐶 = 4,
but there is no 𝜎 ∈ P0 of order 5 with rankΛ𝜎 = 4. �

Lemma 6.9. 𝜏 ∉ −4𝐶.

Proof. Suppose 𝜏 ∈ −4𝐶. We note 𝑉 = (𝑉𝑃) [ �̂� exp(2𝜋𝑖 𝛿 (0)) ] . Since 𝜙(𝜏) ≥ 1, �̂� exp(2𝜋𝑖𝛿(0))-twisted
module does not contain elements of weight one. Recall that �̂� exp(2𝜋𝑖𝛿(0)) is the reverse automorphism
of exp(2𝜋𝑖𝑁0𝛼(0)); the above statement means that there is no root 𝜇 ∈ 𝑉1 such that |𝜏 |〈𝜇, 𝑁0𝛼〉 = 1.
Since |𝜏 | = 4, LCM({𝑟 𝑗ℎ

∨
𝑗 /𝑁0 | 𝑗}) divides 2, which contradicts LCM({𝑟 𝑗ℎ

∨
𝑗 /𝑁0 | 𝑗}) = |𝜏 |. �

Therefore, the remaining possibilities of 𝜏 ∉ P0 are 4𝐷, 4𝐹,−6𝐶. Then since 4𝐷2 = 2𝐴, 4𝐹2 =
2𝐶, (−6𝐶)2 = 3𝐵, (−6𝐶)3 = 2𝐴, nontrivial powers of 𝜏 are in P0.

Furthermore, 𝜙(4𝐷) = 1 − 1/8, 𝜙(4𝐹) = 1/16, 𝜙(−6𝐶) = 1. Namely, �̂� is not of type zero or
𝜙(𝜏) = 1.

We note that since 𝑉 = 𝑉
[ �̂� exp(2𝜋𝑖𝛽 (0)) ]
Λ , �̃� = 𝑉 [𝑔𝑚 ] is a holomorphic VOA for any 𝑚 | |𝜏 |. Assume

𝑚 ≠ 1. Unfortunately, �̃�𝑚 is not necessary to be a reverse automorphism for an automorphism defined
by W-element in �̃� . Let �̃� be a W-element of �̃�1 and �̂� exp(2𝜋𝑖𝜇(0)) be a reverse automorphism of
exp(2𝜋𝑖�̃�(0)).

Lemma 6.10. Let 1 ≠ 𝑚 | |𝜏 |. If 𝜏𝑚 = 2𝐴, 2𝐶, 3𝐵, then 𝜎 is conjugate to 𝜏𝑚.

Proof. If 𝜏𝑚 = 2𝐴, 2𝐶, 3𝐵, then �̃� := 𝑉
[ �̂�𝑚 exp(2𝜋𝑖𝑚𝛿 (0)) ]
𝑃 is not a counterexample. Let �̃� be a W-element

of �̃�1 and �̂� exp(2𝜋𝑖𝜇(0)) a reverse automorphism for exp(2𝜋𝑖�̃�(0)). In particular, 𝜎 ∈ P0.
As we have shown, rank(CΛ)𝜏𝑚

= rank�̃�1 = rank(CΛ)𝜎 . Let H̃ be a Cartan subalgebra of �̃� and set
Comm(Comm(H̃, �̃�), �̃�) = 𝑉�̃� with an even lattice �̃�.

Since 𝜎 ∈ P0,
√
|�̂� | ( �̃�)∗ is an even lattice by Lemma 5.1. However, since 𝜏𝑚 ∈ P0 and

�̃� = (𝑉𝑃) [ �̂�
𝑚 exp(2𝑚𝜋𝑖𝛿 (0)) ] , we have 𝜙(𝜏𝑚) = 1 − 1

| �̂�𝑚 | and 𝑒𝑚𝛿 ⊗ 𝑡 ∈ �̃� with wt(𝑒𝑚𝛿) ≡ 1
| �̂�𝑚 | (mod Z).

Therefore, |�̂�𝑚 | has to divide |�̂� |.
If 𝜏𝑚 = 2𝐴, then rank(CΛ)𝜏𝑚

= 16 and 𝜎 = 2𝐴. If 𝜏𝑚 = 2𝐶, then rank(CΛ)𝜎 = 12 and so 𝜎 = 2𝐶
or 3𝐵. If 𝜎 = 3𝐵, then |�̂� | = 3 is not a multiple of |𝜏𝑚 | = 2. If 𝜏𝑚 = 3𝐵, then rank(CΛ𝜎) = 12 and so
𝜎 = 2𝐶 or 3𝐵. Since |�̂�𝑚 | = 3 does not divide |�̂� | = 4 if 𝜎 = 2𝐶. Hence, 𝜎 = 3𝐵. �

https://doi.org/10.1017/fms.2023.86 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2023.86


20 C. H. Lam and M. Miyamoto

As a corollary, for 𝜇 ∈ 𝐿∗, if 〈𝜇, 𝑁0𝛼〉 ∈ Z
𝑚 , then 𝑆(𝜇) ⊗ 𝑒𝜇 ∈ 𝑉 [ |𝜏 |𝑔/𝑚] and so we have

|�̂�𝑚 |〈𝜇, 𝜇〉 ∈ 2Z.

Lemma 6.11. 𝜏 ≠ −6𝐶.

Proof. Since 𝜙(−6𝐶) = 1, �̂� exp(2𝜋𝑖𝛿(0))-twisted module does not contain weight one elements.
Therefore, 𝑟 𝑗ℎ

∨
𝑗 /𝑁0 = 2 or 3 and both have to appear. Recall that (−6𝐺)3 = 2𝐴 and (−6𝐺)2 = 3𝐵.

If 𝑟 𝑗ℎ
∨
𝑗 /𝑁0 = 2, then exp(2𝜋𝑖𝑁0𝛼(0))3 fixes all elements in G 𝑗 and so

√
3𝐿∗

𝑗 is an even lattice since
2𝐴 ∈ P0, where 𝐿∗

𝑗 is the co-root lattice of G 𝑗 . If 𝑟 𝑗ℎ
∨
𝑗 /𝑁0 = 3, then exp(2𝜋𝑖𝑁0𝛼(0))2 fixes all elements

in G 𝑗 and so
√

2𝐿∗
𝑗 is an even lattice. Therefore,

√
6𝐿∗ is an even lattice and 𝐾0 −𝑁0 = 1 and ℎ∨𝑗 = 𝑘 𝑗𝑁0.

If 𝑁0 = 1, then 𝑟 𝑗ℎ
∨
𝑗 = 2 and 3 and so G 𝑗 = 𝐴1 or 𝐴2, which contradicts to dim𝑉1 > 24 since rank𝑉1 = 6.

If 𝑁0 = 2, 𝑟 𝑗ℎ
∨
𝑗 = 4 and 6 and so G1 = 𝐴3 and G2 = 𝐴5, which contradicts rank𝑉1 = 6. If 𝑁0 = 3, then

one of 𝑟2ℎ
∨
2 = 9 and so G2 = 𝐴8, which contradicts rank𝑉1 = 6. If 𝑁0 = 4, then one of 𝑟1ℎ

∨
1 = 8 and

G2 = 𝐺2. So, G1 = 𝐴7, 𝐶3, 𝐷5. Since rank𝑉1 = 6 and G 𝑗 ≠ 𝐴1, we have a contradiction. If 𝑁0 > 4,
𝑟1ℎ

∨
2 ≥ 10 and 𝑟2ℎ

∨
2 ≥ 15, which contradicts rank𝑉1 = 6. �

So the remaining cases are 𝜏 = 4𝐷 or 4𝐹. Recall that a short root in G 𝑗 is called a shortest
root if 𝑟 𝑗ℎ

∨
𝑗 = LCM(𝑟𝑖ℎ∨𝑖 |𝑖) = |𝜏 |𝑁0 (or equivalently, 𝑟 𝑗 𝑘 𝑗 = LCM(𝑟𝑖𝑘𝑖 |𝑖)). Since |𝜏 | = 4 and

LCM(𝑟𝑖ℎ∨𝑖 /𝑁0 | 𝑖) = |𝜏 | = 4, there is a shortest root. Say, G1 contains a shortest root.

Lemma 6.12. If 𝜏 = 4𝐷 or 4𝐹, then exp(2𝑁0𝜋𝑖𝛼(0))2 fixes a root vector associated with a shortest root.

Proof. Since LCM({𝑟 𝑗ℎ
∨
𝑗 /𝑁0 | 𝑖} = |𝜏 | and ℎ∨𝑗 is divisible by 𝑁0, 𝑟 𝑗 divides |𝜏 |. Therefore, G 𝑗 ≠ 𝐺2.

If G1 � 𝐵𝑚, then there is a shortest root which is a sum of two shortest roots in the fundamental
root system, and thus exp(2𝑁0𝜋𝑖𝛼(0))2 fixes a root vector associated with a shortest root in G1. So we
may assume G1 = 𝐵𝑚; however, 𝑟1ℎ

∨
1 = 2(2𝑚 − 1) in this case, which contradicts that |𝜏 | = 4 divides

𝑟1ℎ
∨
1 . �

Lemma 6.13. 𝜏 ≠ 4𝐷 nor 4𝐹.

Proof. Suppose false. Set �̃� = 𝑉 [exp(4𝑁0 𝜋𝑖𝛼(0)) ] . We may view that 𝜏 is an automorphism of
�̃� of order 2. Let H̃ be a Cartan subalgebra of �̃�1. Then there is an even lattice �̃� such that
Comm(Comm(𝑀 (H̃), �̃�), �̃�) � 𝑉�̃� . Let �̃� be a W-element of �̃�1 and �̂� exp(2𝜋𝑖𝜉 (0)) the reverse auto-
morphism of exp(2𝜋𝑖�̃�(0)). Since 4𝐷2 = 2𝐴 and 4𝐹2 = 2𝐶, we have 𝜎 = 2𝐴 and 2𝐶, respectively, by
the same argument as in the proof of Lemma 6.10.

Since �̃� [exp(2𝜋𝑖𝛼(0) ] = 𝑉Λ, there is no root orthogonal to 𝛼 in �̃� . Therefore, we can define positive
roots by the condition 〈𝜇, 𝛼〉 > 0. Note that 𝛼 is fixed by 𝜏. Therefore, if 𝜇 is a positive root, then so is
𝜏𝑖 (𝜇) for any i. By Lemma 6.12, there is a shortest root 𝜇 ∈ 𝐿∗ such that 𝑠 ⊗ 𝑒𝜇 ∈ 𝑉<exp(2𝜋𝑖𝑁0 𝛼(0))2> ⊆
�̃� = 𝑉 [exp(4𝜋𝑖𝑁0 𝛼(0)) ] .

Since 𝜏 has positive frame shape, we may choose 𝛿 in 𝐿∗. Note that 𝜙(𝜏) = 1 − 1
2ℓ for 𝜏 ∈ 4𝐶

or 4𝐷. If 〈𝛿, 𝛿〉/2 ∈ 1
ℓZ, then the irreducible �̂� exp(2𝜋𝑖𝛿(0))-twisted module has no subspaces with

integral weights, which is not possible. Therefore, it suffices to show that
√
ℓ𝐿∗ is an even lattice,

or equivalently, ℓ〈𝜇, 𝜇〉 ∈ 2Z since 𝜇 is a shortest root. Without loss of generality, we may assume
〈𝜇, 𝛼〉 > 0. Then we have one of the following two cases: (1) 𝜇 is still a root in �̃� = 𝑉 [exp(4𝑁0 𝜋𝑖𝛼(0)) ]

or (2) 𝑠 ⊗ 𝑒𝜇 = 𝑠′ ⊗ 𝑒𝜇′ + 𝜏(𝑠′) ⊗ 𝑒𝜏 (𝜇′) with a positive root 𝜇′ ∈ CΛ<𝜏2> and 𝜇 = 𝜇′+𝜏 (𝜇′)
2 . In

particular, 𝜇′ + 𝜏(𝜇′) is not a root. Note that 𝜇′ and 𝜏(𝜇′) are both positive roots of the same length,
and hence, 2〈𝜇′,𝜏 (𝜇′) 〉

〈𝜇′,𝜇′ 〉 = 0,−1 or 2, but −1 is not possible since 𝜇′ + 𝜏(𝜇′) is not a root. We have
𝑡 = 〈𝜇′,𝜏 (𝜇′) 〉

〈𝜇′,𝜇′ 〉 ∈ Z.
By Lemma 6.10, 𝜏2 is conjugate to 𝜎, and thus, |�̂� | = 2|�̂� |. Since �̃� is not a counterexample, 𝜎 ∈ P0

and so |�̂� |〈𝜇, 𝜇〉 ∈ 2Z for the case (1) and |�̂� |〈𝜇′, 𝜇′〉 ∈ 2Z for the case (2). For the case (1), ℓ〈𝜇, 𝜇〉 ∈ 4Z.
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For the case (2), |�̂� |〈𝜏(𝜇′), 𝜇′〉 = 𝑡 |�̂� |〈𝜇′, 𝜇′〉 ∈ 2Z. Then we have ℓ〈𝜇, 𝜇〉 = 2|�̂� |〈 𝜇′+𝜏 (𝜇′)
2 , 𝜇′+𝜏 (𝜇′)

2 〉 =
|�̂� |〈𝜇′ + 𝜏(𝜇′), 𝜇′〉 ∈ 2Z as desired. �

This completes the proof of P ⊆ P0.

7. Reverse construction

As we have already shown, one can define a pair of 𝜏 ∈ P0 and a 𝜏-invariant deep hole 𝛽 for any
holomorphic VOA V of central charge 24 with non-abelian 𝑉1 by choosing a W-element 𝛼 of 𝑉1 and
considering the reverse automorphism �̃� ∈ Aut(𝑉Λ) of 𝑔 = exp(2𝜋𝑖𝛼(0)) ∈ Aut(𝑉). The pair (𝜏, 𝛽)
satisfies the following conditions:

(C1) 𝜏 ∈ P0 (Proposition 6.1) and 𝛽 is a 𝜏-invariant deep hole of Leech lattice Λ with 〈𝛽, 𝛽〉 = 2
(Theorem 5.1);

(C2) the Coxeter number h of 𝑁 = Λ𝛽 + Z𝛽 is divisible by |𝜏 | (Remark 5.14);
(C3) 𝑁𝜏 = 𝐿𝐴(𝑐𝜏) with 𝑐𝜏 as defined in Appendix (Lemmas 5.2 and 5.4),

where Λ𝛽 = {𝜆 ∈ Λ | 〈𝜆, 𝛽〉 ∈ Z} and 𝑁𝜏 denotes an orthogonal complement of 𝑁 𝜏 in N. We also use
the same notation 𝜏 to denote the isometry of N induced from 𝜏 on Λ.

Let T be the set of pairs satisfying the conditions (C1) to (C3). In this section, we will study the reverse
construction. Take a pair (𝜏, 𝛽) ∈ T . Assume that 𝜏 has the frame shape

∏
𝑚𝑎𝑚 . Then 𝑁𝜏 > ⊕𝑚≠1𝐴

𝑎𝑚

𝑚−1,
and the conformal weight of the �̂�-twisted module of 𝑉Λ is given by 𝜙(𝜏) = 1 − 1

ℓ , where ℓ = |�̂� |.
Let 𝛽 = 1√

ℓ
𝜑−1 (𝛽) and define �̃� = �̂� exp(2𝜋𝑖𝛽(0)) ∈ Aut(𝑉Λ). Note that 〈𝛽, 𝛽〉 = 2

ℓ . Set 𝑁 = Λ𝛽 +Z𝛽
and let h be the Coxeter number of N. Since −𝛽 is a deep hole of Λ, 𝑁 (1) contains an affine fundamental
root system of rank 24 and 𝑁 = ⊕ℎ−1

𝑘=0 𝑁
(𝑘) , where 𝑁 (𝑘) = Λ𝛽 − 𝑘𝛽.

We may assume that �̂� |𝜏 | = exp(2𝜋𝑖𝛿(0)) for some 𝛿 fixed by 𝜏 and take 𝛿 = 0 if �̂� |𝜏 | = 1. For 𝑖 ≡ 𝑘
mod 2|𝜏 |, the irreducible �̃�𝑘 -twisted modules are as follows:

𝑇 𝑘 = 𝑉Λ [�̃�𝑘 ] =
{
C[−𝑘𝛽 + (Λ𝜏𝑖 )∗] ⊗ 𝑀 (1) [𝜏𝑖] ⊗ 𝑇𝜏𝑖 if 0 ≤ 𝑖 < |𝜏 |,
C[−𝑘𝛽 + 𝛿 + (Λ𝜏𝑖 )∗] ⊗ 𝑀 (1) [𝜏𝑖] ⊗ 𝑇𝜏𝑖 if |𝜏 | ≤ 𝑖 < 2|𝜏 |

(see [35, Propositions 6.1 and 6.2] and [11, Remark 4.2] for detail). In particular, 𝑇1 contains a weight
one element 𝑒𝛽 ⊗ 𝑡 with 𝑡 ∈ 𝑇𝜏 , which is the lowest weight element of 𝑇1, and so 𝑇1

Z
≠ 0 and the orbifold

construction gives a holomorphic VOA 𝑉 := 𝑉 [�̃�] of central charge 24, and 𝑉1 is non-abelian since 𝑉1
contains a root vector 𝑒𝛽 ⊗ 𝑡.

One of the main purposes of this section is to determine an equivalent relation ∼ on T so that two
pairs (𝜏, 𝛽) and (𝜏′, 𝛽′) define isomorphic VOAs if and only if (𝜏, 𝛽) ∼ (𝜏′, 𝛽′). It is clear that 𝜏 and
𝜏′ are conjugates in 𝑂 (Λ) and 𝛽 and 𝛽′ are equivalent deep holes of the Leech lattice Λ if (𝜏, 𝛽) and
(𝜏′, 𝛽′) define isomorphic VOAs.

For two equivalent deep holes 𝛽 and 𝛽′, there are 𝜎 ∈ 𝑂 (Λ) and 𝜆 ∈ Λ such that 𝛽′ = 𝜎(𝛽 − 𝜆).
Since 𝛽′ is 𝜏′-invariant, 𝛽 − 𝜆 is 𝜎−1𝜏′𝜎-invariant. Moreover, 〈𝛽, 𝜆〉 ∈ Z since 〈𝛽, 𝛽〉 = 〈𝛽′, 𝛽′〉 = 2. In
this case, Λ𝛽 + 𝛽 = Λ𝛽−𝜆 + (𝛽 − 𝜆). Therefore, up to the action of 𝑂 (Λ), we may identify 𝑁 = Λ𝛽 + Z𝛽
with 𝑁 ′ = Λ𝛽′ + Z𝛽′. We define an equivalent relation on T as follows:

(𝜏, 𝛽) ∼ (𝜏′, 𝛽′) if and only if

(1) 𝛽 and 𝛽′ are equivalent deep holes of the Leech lattice Λ (i.e., there are 𝜎 ∈ 𝑂 (Λ) and 𝜆 ∈ Λ such
that 𝛽′ = 𝜎(𝛽 − 𝜆));

(2) 𝜏 is conjugate to 𝜎−1𝜏′𝜎 in 𝑂 (𝑁).

Note that (𝜎−1𝜏′𝜎, 𝛽 − 𝜆) ∈ T and 𝑁 = Λ𝛽 + Z𝛽 = Λ𝛽−𝜆 + Z(𝛽 − 𝜆). Moreover, 𝜏 and 𝜏′ are conjugate
in 𝑂 (Λ) since they have the same frame shape by (2).

We will prove the following main theorem.
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Theorem 7.1. There is a one-to-one correspondence between the set of isomorphism classes of holo-
morphic VOA V of central charge 24 having non-abelian 𝑉1 and the set T /∼ of equivalence classes of
pairs (𝜏, 𝛽) by ∼.

7.1. W-element and the automorphism �̃�

Let (𝜏, 𝛽) ∈ T . Set 𝛽 = 1√
ℓ
𝜑−1(𝛽) and define �̃� = �̂� exp(2𝜋𝑖𝛽(0)) ∈ Aut(𝑉Λ). Let 𝑉 = 𝑉

[�̃�]
Λ be the

holomorphic VOA obtained by the orbifold construction from 𝑉Λ and �̃�. We will show that there is a
W-element 𝛼 of 𝑉1 such that �̃� can be viewed as a reverse automorphism of exp(2𝜋𝑖𝛼(0)) ∈ Aut(𝑉).

First, we will prove the following theorem.

Theorem 7.2. Let h be the Coxeter number of 𝑁 = Λ𝛽 + Z𝛽. Then |�̃� | = ℎ.

We need several lemmas.

Lemma 7.3. 𝑠𝛽 ∈ 𝜋(Λ) if and only if ℎ|𝑠.

Proof. Since
√
ℓ𝜑((Λ𝜏)∗) = Λ𝜏 , we have 𝑠𝛽 ∈ 𝜋(Λ) = (Λ𝜏)∗ if and only if 𝑠𝛽 ∈ Λ𝜏 , if and only if

ℎ|𝑠. �

Lemma 7.4. We have �̃�2ℎ = 1. Furthermore, �̃�ℎ = 1 if 2𝐶 ∉< 𝜏 >.

Proof. By (C3) and 𝜏 ∈ P0, 𝑁𝜏 contains a root sublattice 𝑆 � 𝐴 |𝜏 |−1. For a root 𝜇 of S, there is 𝜆 ∈ Λ
and 𝑚 ∈ Z such that 𝜇 = 𝜆 + 𝑚𝛽 ∈ 𝑁𝜏 ⊆ CΛ𝜏 . Then

0 =
|𝜏 |−1∑
𝑖=0

𝜏𝑖𝜇 =
|𝜏 |−1∑
𝑖=0

𝜏𝑖𝜆 + |𝜏 |𝑚𝛽 ∈ Λ𝜏 .

Since h is the smallest positive integer satisfying ℎ𝛽 ∈ Λ𝜏 and 𝜏 is fixed point free on S with order
|𝜏 |, we have 𝑚 = ℎ/|𝜏 |. Moreover, we also have ℎ

|𝜏 | 𝛽 ∈ 𝜋(Λ) ∈ (Λ𝜏)∗ and so 〈 ℎ𝛽
|𝜏 | ,Λ

𝜏〉 ⊆ Z. Hence,

Z ⊇ ℎ
|𝜏 | 〈

√
ℓ𝜑(𝛽),

√
ℓ𝜑((Λ𝜏)∗)〉 = 〈 ℎℓ

|𝜏 | 𝛽, (Λ
𝜏)∗〉 and so ℓ

|𝜏 | ℎ𝛽 ∈ Λ, which means (exp(2𝜋𝛽(0))
ℓℎ
|𝜏 | = 1.

In particular, if 2𝐶 ∉< 𝜏 >, then ℓ = |𝜏 | and exp(2𝜋𝑖𝛽(0))ℎ = 1. �

From now on, we may assume 𝜏 = 2𝐶, 6𝐺, 10𝐹. In particular, |𝜏 | = 2𝑠 for some 𝑠 = 1, 3 or 5. Note
that 𝜎 = 𝜏𝑠 is a 2𝐶-element.

Lemma 7.5. Let 𝜏 ∈ 2𝐶, 6𝐺 or 10𝐹. Let 𝛽 be a 𝜏-invariant deep hole satisfying (C1)–(C3). Let h be
the Coxeter number of 𝑁 = Λ𝛽 + Z𝛽. Then ℎ/|𝜏 | is odd.

Proof. By our assumptions, 𝑁𝜏 � 𝐿𝐴(𝑐𝜏) as defined in the Appendix; namely,

𝑁𝜏 ⊃
⊕

𝑚𝑖 | |𝜏 |,𝑚𝑖≠1
𝐴𝑎𝑖

𝑚𝑖−1

as a full rank sublattice if the frame shape of 𝜏 is
∏

𝑚𝑎𝑖

𝑖 . Moreover,

[𝑁𝜏 :
⊕

𝑚𝑖 | |𝜏 |,𝑚𝑖≠1
𝐴𝑎𝑖

𝑚𝑖−1] = |𝜏 | and 𝑅(𝑁𝜏) =
⊕

𝑚𝑖 | |𝜏 |,𝑚𝑖≠1
𝐴𝑎𝑖

𝑚𝑖−1.

Since there are only 16 Niemeier lattices whose Coxeter number is even, it is straightforward to determine
all Niemeier lattices N such that 𝐿𝐴(𝑐𝜏) ⊂ 𝑁 as a direct summand. Indeed, 𝑅(𝑁) = 𝐴24

1 , 𝐷6
4, 𝐴

4
5𝐷4,

𝐷4
6, 𝐴

2
9𝐷6, 𝐷3

8, 𝐴17𝐸7, 𝐷2
12, or 𝐷24 if 𝜏 ∈ 2𝐶; 𝑅(𝑁) = 𝐴4

5𝐷4 or 𝐴17𝐸7 if 𝜏 ∈ 6𝐺; 𝑅(𝑁) = 𝐴2
9𝐷6 if

𝜏 ∈ 10𝐹.
It turns out that ℎ/|𝜏 | is odd for all possible cases. �
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The following lemma can be verified easily using the definition of 𝐴𝑚−1.

Lemma 7.6. Let 𝑚 = 2𝑠 be an even integer and let 𝜏 be a Coxeter element in Weyl(𝐴𝑚−1). Then
the (−1)-eigenlattice of 𝜏𝑠 on 𝐴𝑚−1 is isometric to 𝐴𝑠

1 = Z𝑥1 ⊕ · · · ⊕ Z𝑥𝑠 . Moreover, the vector
1
2 (𝑥1 + · · · + 𝑥𝑠) ∈ 𝑠𝛾 + 𝐴𝑚−1, where 𝛾 + 𝐴𝑚−1 is a generator of 𝐴∗

𝑚−1/𝐴𝑚−1.

Lemma 7.7. For 𝜏 = 2𝐶, 6𝐺, 10𝐹 and 𝑣, 𝑢 ∈ Λ𝜏 , 〈𝑣, 𝑢〉 ∈ 2Z.

Proof. We note Λ𝜏 ⊆ Λ𝜎 . Since ℓ(𝜎) = 4, Λ𝜎 = 2(Λ𝜎)∗. Hence, 𝑣
2 ∈ (Λ𝜎)∗ and 〈𝑣, 𝑢〉 =

2〈 𝑣
2 , 𝑢〉 ∈ 2Z. �

Now now on, we set 𝑝 = ℎ/|𝜏 |, which is an odd integer.

Proposition 7.8. For 𝜏 = 2𝐶, 6𝐺, 10𝐹 and 𝑣 ∈ (Λ𝛽 + 𝑠𝑝𝛽)𝜏 , we have 〈𝑣, 𝑣〉 ≡ 2(mod 4).

Proof. We first note that (Λ𝛽 + 𝛽)2 forms an affine fundamental system of roots of N. Choose a
fundamental root system X from Λ𝛽 + Z𝛽 such that 𝛽 ∈ 𝑋 . Let 𝜌 be the corresponding Weyl vector and
consider 𝜉 = exp(2𝜋𝑖𝜌(0)/ℎ) ∈ Aut(𝑉𝑁 ).

Although 𝜏 does not fix X, 𝜏 preserves (Λ𝛽 + 𝛽)2 and 𝜉 acts on {𝑒𝛼 | 𝛼 ∈ (Λ𝛽 + 𝛽)2} with the
same eigenvalue; hence, the commutator [𝜏, 𝜉] = 1. Therefore, we can induce 𝜏 to an automorphism of
(𝑉𝑁 ) [𝜉 𝑗 ] for any j. As it is well-known, (𝑉𝑁 ) [𝜉 ] � 𝑉Λ. Now consider the VOA obtained by the orbifold
construction using 𝑉𝑁 and 𝜉2. Then (𝑉𝑁 ) [𝜉 2 ] � 𝑉𝑀 for some Niemeier lattice M and the Coxeter
number of M is 2 (i.e., 𝑅(𝑀) = 𝐴24

1 ). It is clear that

Λ𝛽 + Z𝑠𝑝𝛽 = Λ𝛽 ∪ (Λ𝛽 + 𝑠𝑝𝛽) ⊂ 𝑀.

By Lemma 7.6, it is easy to check that

𝐿𝐴(𝑐2𝐶 ) � 𝑀𝜎 < Λ𝛽 + Z𝑠𝑝𝛽 = Λ𝛽 ∪ (Λ𝛽 + 𝑠𝑝𝛽) ⊂ 𝑀.

Then (Λ𝛽 + 𝑠𝑝𝛽)𝜏 < 𝑀 𝜏 < 𝑀 𝜏𝑠
= (𝐿𝐴(𝑐2𝐶 ))⊥.

Therefore, it suffices to check for the case 𝜏 ∈ 2𝐶 and 𝑁 � 𝑁 (𝐴24
1 ). In this case, we may assume

N contains 𝐴24
1 = ⊕24

𝑖=1Z𝑥𝑖 and 𝑁/(𝐴24
1 ) is the binary Golay code 𝐺24 of length 24 and 𝜏(𝑥𝑖) =

𝑥𝑖 for 𝑖 = 1, ..., 12 and 𝜏(𝑥𝑖) = −𝑥𝑖 for 𝑖 = 13, ..., 24. We may also assume 𝛽 = 𝑥1. By (C3),
𝑁𝜏 =< 𝑥13, ..., 𝑥24,

𝑥13+...+𝑥24
2 >. Then {13, ..., 24} is a dodecad of 𝐺24, and so 𝑁 𝜏 = (𝑁𝜏)⊥ =<

𝑥1, ..., 𝑥12,
𝑥1+...+𝑥12

2 >.
For a Weyl vector 𝜌 of N, we may choose 𝑥𝑖 such that exp(2𝜋𝑖𝜌(0)/2) (𝑥𝑖) =

√
−1𝑥𝑖 , and so

exp(2𝜋𝑖𝜌(0)/2) ( 𝑥𝑖+...+𝑥12
2 ) =

√
−1

12 ( 𝑥𝑖+...+𝑥12
2 ) = ( 𝑥𝑖+...+𝑥12

2 ). Namely,

(Λ𝑥1 )𝜏 =<
𝑥1 + ... + 𝑥12

2
, 𝑥𝑖 + 𝑥1 | 𝑖 = 1, ..., 12 > .

We note 〈 𝑥1+...+𝑥12
2 , 𝑥1+...+𝑥12

2 〉 +2〈𝛽, 𝑥1+...+𝑥12
2 〉 = 6+2 ≡ 0(mod 4) and 〈𝑥1 +𝑥𝑖 , 𝑥1 +𝑥𝑖〉 +2〈𝛽, 𝑥1 +𝑥𝑖〉 =

4 + 4 ≡ 0(mod 4). Since (Λ𝑥1)𝜏 is spanned by such elements and Λ𝑥1 is self orthogonal modulo 2,
〈𝑣, 𝑣〉 ≡ 2(mod 4) for all 𝑣 ∈ Λ𝛽 + 𝛽, as we desired. �

We come back to the proof of Theorem 7.2. We still assume 𝜏 = 2𝐶, 6𝐺 or 10𝐹 and 𝑠, 𝑝 are odd.
The main idea is to study the possibilities of weights in 𝑇1 modulo Z. Recall that

𝑇1 = 𝑉Λ [�̃�] = C[−𝛽 + (Λ𝜏)∗] ⊗ 𝑀 (1) [𝜏] ⊗ 𝑇𝜏

and the weights of 𝑀 (1) [𝜏] ⊗ 𝑇𝜏 are in 1 − 1
ℓ + 1

|𝜏 |Z. Therefore, we will focus on the set −𝛽 + (Λ𝜏)∗.
Since Λ𝛽 + 𝑝𝛽 contains a root 𝜇 in 𝑁𝜏 , 𝑝𝛽 ∈ 𝜋(Λ) as we explained and we have |Λ𝜏/Λ𝜏

𝛽
| =

| (Λ𝜏
𝛽
)∗/(Λ𝜏)∗ | = 𝑝. For 𝜆 ∈ Λ, set 𝜇 =

√
ℓ𝜑(𝜋(𝜆)) ∈ Λ𝜏 . We assume 〈𝜇, 𝛽〉 = 𝑡

𝑝 ; that is, 〈𝜋(𝜆), 𝛽〉 =
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𝑡
4𝑠𝑝 . Since 𝑝𝜇 ∈ Λ𝜏

𝛽
,

〈𝑝𝜇 + 𝛽, 𝑝𝜇 + 𝛽〉 = 𝑝2〈𝜇, 𝜇〉 + 2𝑝〈𝜇, 𝛽〉 + 2 = 〈𝑝𝜇, 𝑝𝜇〉 + 2𝑡 + 2

and 〈𝑝𝜇, 𝑝𝜇〉 + 2𝑡 ≡ 0mod 4 by Proposition 7.8. Since p is odd, we have 〈𝜇, 𝜇〉 + 2𝑡 = 4𝑚 for some
𝑚 ∈ Z; namely, 〈𝜋(𝜆), 𝜋(𝜆)〉 = 4𝑚−2𝑡

4𝑠 . Hence,

〈𝜋(𝜆) + 𝛽, 𝜋(𝜆) + 𝛽〉 = 4𝑚 − 2𝑡
4𝑠

+ 2
𝑡

4𝑠𝑝
+ 2

4𝑠
=

2𝑚𝑝 + 𝑡 (1 − 𝑝) + 𝑝

2𝑠𝑝

and so wt(𝑒𝜋 (𝜆)+𝛽) = 2𝑚𝑝+𝑡 (1−𝑝)+𝑝
4𝑠𝑝 . Since 2𝑚𝑝 + 𝑡 (1 − 𝑝) + 𝑝 is always odd, the possible weights

modulo Z are odd
4𝑝𝑠 ; that is, there are ℎ = 2𝑠𝑝 distinct weights modulo Z at most. That means |�̃� | ≤ ℎ,

and this completes the proof of Proposition 7.2. �
We next show that if we start the orbifold construction from V by using a W-element, we will come

back to the original (𝜏, 𝛽) and N.
Let 𝑉 = 𝑉

[�̃�]
Λ . Then we have

𝑉 =
|�̃� |−1⊕
𝑗=0

(𝑇 𝑗
Z
)<�̃�> .

Define L by Comm(Comm(H), 𝑉), 𝑉) � 𝑉𝐿 . Since V is holomorphic, as a 𝑉𝐿-module, V contains a
submodule isomorphic to 𝑉𝐿+𝜇 for all 𝜇 ∈ 𝐿∗.

Note that �̃� |𝜏 | = exp(2𝜋𝑖(𝛿 + |𝜏 |𝛽) (0)) is an inner automorphism. Then

𝐿 =
|�̃� |/ |𝜏 |−1⋃

𝑗=0
𝑗 (𝛿 + |𝜏 |𝛽) + Λ𝜏

𝛽 . (7.1)

Recall that |�̃� | = ℎ and then (ℎ/|𝜏 |) (𝛿 + |𝜏 |𝛽) ∈ Λ𝜏
𝛽 . Since 𝑝 = ℎ/|𝜏 | is odd and 2𝛿 ∈ Λ𝜏 , we have

𝛿 ≡ ℎ𝛽mod Λ𝜏
𝛽 .

Proposition 7.9.
√
ℓ𝐿∗ � Λ𝜏

𝛽
+ Z𝛽 = 𝑁 𝜏 .

Proof. Set 𝑝 = ℎ/|𝜏 | = 2𝑘 + 1. Then (𝛿 + |𝜏 |𝛽) +Λ𝜏
𝛽 = (𝑘 + 1)ℓ𝛽 +Λ𝜏

𝛽 . Since 2ℎ𝛽 = (2𝑘 + 1)ℓ𝛽 ∈ Λ𝜏 ,
𝐿 =

⋃2𝑘
𝑗=0 𝑗 (𝑘 + 1)ℓ𝛽 + Λ𝜏

𝛽 = Λ𝜏
𝛽 + Zℓ𝛽. By the same argument as in Theorem 4.9, we have

√
ℓ𝐿∗ =

Λ𝜏
𝛽
+ Z𝛽 = 𝑁 𝜏 . �

Lemma 7.10. Comm𝑉 (H) = 𝑉 �̂�
Λ𝜏

.

Proof. Suppose false. Then there exists 0 < 𝑗 < |�̃� | = ℎ such that 𝑉Λ𝜏
𝛽

appears as a submodule of 𝑇 𝑗
Z

.
It implies 𝑗 𝛽 ∈ (Λ𝜏)∗. It contradicts that h is the smallest integer such that ℎ𝛽 ∈ Λ𝜏 (or equivalently,
ℎ𝛽 ∈ 𝜋(Λ) = (Λ𝜏)∗). �

As a corollary, we have the following:

Lemma 7.11. rank(𝑉1) = rank(Λ𝜏).

Proof. Since H ⊆ 𝑉
<�̃�>
Λ , we may assume H ⊆ 𝑉1. By the lemma above, we have Comm𝑉 (H) ∩

𝑉1 = 0. �

As we have shown, (Λ𝛽 + 𝛽)2 is a fundamental affine root system �̃� of 𝑅(𝑁). Note that 𝛽 ∈ �̃�
by our convention. Let 𝜌 be a Weyl vector of X. Then exp(2𝜋𝑖𝜌(0)/ℎ) is an automorphism of N
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of order h and 𝑁𝜌/ℎ = Λ𝛽 . If v is an extended root in Λ𝛽 + 𝛽, then 〈𝑣, 𝜌〉 = −(ℎ − 1). Therefore,
𝜌⊥ ⊆ Λ𝛽 = {𝑥 ∈ 𝑁 | 〈𝜌, 𝑥〉 ∈ ℎZ}. Furthermore, for any 𝑤 ∈ 𝑅(𝑁) ∩ 𝑁 (𝑘) , 〈𝜌, 𝑤〉 � 𝑘 (mod ℎ).

Set 𝛼 =
√
ℓ𝜑−1(𝜋(𝜌)/ℎ). Then

〈𝛼, 𝛽〉 = 〈
√
ℓ𝜑−1 (𝜋(𝜌)/ℎ), 1

√
ℓ
𝜑−1(𝛽)〉 = 1

ℎ
〈𝜋(𝜌), 𝛽〉 = 1

ℎ
〈𝜌, 𝛽〉 = 1

ℎ
.

More generally, 〈𝛼, 𝐿∗〉 = 〈𝜑−1(𝜋(𝜌)/ℎ), 𝜑−1(𝑁 𝜏)〉 = 1
ℎ 〈𝜌, 𝑁

𝜏〉 < Z
ℎ . Since H is a Cartan subalgebra

of 𝑉1 and 𝑉1 contains a root vector associated with 𝛽 (i.e., a weight one element 𝑒𝛽 ⊗ 𝑇𝜏 ∈ 𝑇1 with
〈𝛽, 𝛽〉 = 2

ℓ ). As we have shown in the previous sections, the isometry in 𝐶𝑜.0 determined by the reverse
automorphism defined by a W-element of 𝑉1 is 𝜏 itself and 𝛽 is one of shortest roots of 𝑉1.

Lemma 7.12. Let 𝛾 be a root of 𝑉1. Then 〈𝛼, 𝛾〉 ≠ 0.

Proof. Since 𝜌⊥ ∩ 𝑁 𝜏 ⊆ Λ𝜏 , we have 𝛼⊥ ∩ 𝐿∗ ⊆ 𝜋(Λ) and we have the desired result. �

In other words, 𝛼 is a regular element in H, and we can define a positive root 𝜇 by 〈𝜇, 𝛼〉 > 0.
Note that there is a correspondence between 𝐿∗ and 𝑁 𝜏 through the map

√
ℓ𝜑𝜏 . Since 〈𝜌, 𝑣〉 ∈ Z for

all 𝑣 ∈ 𝑁 , 〈𝛼, 𝜇〉 ∈ 1
ℎZ for all 𝜇 ∈ 𝐿∗. Since 〈𝛼, 𝛽〉 = 1

ℎ , we may assume 𝛽 is a simple short root of a
full component. Therefore, there is a W-element �̃� such that 〈�̃�, 𝛽〉 = 1

ℎ . In this case, �̂� exp(2𝜋𝑖𝛽(0))
is a reverse automorphism of 𝑉Λ for exp(2𝜋𝑖�̃�(0)), and we can recover the pair (𝜏, 𝛽) and a Niemeier
lattice 𝑁 = Λ𝛽 + Z𝛽.

7.2. The relation ∼

Next we will study the relation∼ onT . Let (𝜏, 𝛽) and (𝜏′, 𝛽′) be two pairs inT . Suppose (𝜏, 𝛽) ∼ (𝜏′, 𝛽′).
As we mentioned, up to the action of 𝑂 (Λ), one can assume 𝑁 = 𝑁 ′ and 𝛽′ = 𝛽 − 𝜆 for some 𝜆 ∈ Λ𝛽 .

Lemma 7.13. Suppose 𝛽′ = 𝛽 − 𝜆 is also fixed by 𝜏. Then the VOAs defined by (𝜏, 𝛽) and (𝜏, 𝛽′) are
isomorphic.

Proof. By our assumption, 𝜆 ∈ Λ𝜏 , and thus, �̄� = 1√
ℓ
𝜑−1 (𝜆) ∈ (Λ𝜏)∗. Then �̂� exp(2𝜋𝑖(𝛽 − �̄�) (0)) =

�̃� exp(−2𝜋𝑖�̄�(0)) is conjugate to �̃� by [27, Lemma 4.5 [2]]. Therefore, they define isomorphic VOAs by
orbifold constructions. �

In other words, the choice of 𝛽 is somewhat ambiguous, and we can choose any 𝜏-invariant root in
the affine fundamental root system as the starting point.

Proposition 7.14. If (𝜏, 𝛽) ∼ (𝜏′, 𝛽′), then the VOAs obtained by the orbifold constructions from 𝑉Λ

associated with �̃� = �̂� exp(2𝜋𝑖𝛽(0)) and �̃�′ = 𝜏′ exp(2𝜋𝑖𝛽′(0)) are isomorphic, where 𝛽 = 1√
ℓ
𝜑−1(𝛽)

and 𝛽′ = 1√
ℓ
𝜑−1(𝛽′).

Proof. Up to the action of 𝑂 (Λ), one may assume 𝑁 = 𝑁 ′ and 𝛽′ = 𝛽 − 𝜆 for some 𝜆 ∈ Λ𝛽 . Since 𝜏 is
conjugate to 𝜏′ in 𝑂 (𝑁), there is a 𝜇 ∈ 𝑂 (𝑁) such that 𝜏 = 𝜇𝜏′𝜇−1. Then 𝜇𝛽′ is fixed by 𝜏. Note that h
is still the smallest integer such that ℎ𝜇𝛽′ ∈ Λ𝜏 . Since 𝑁 = ∪ℎ−1

𝑗=1 (Λ𝛽 + 𝑗 𝛽), 𝜇𝛽′ ∈ (Λ𝛽 + 𝑘𝛽) for some
k with (𝑘, ℎ) = 1. Therefore, < �̃�𝑘 >=< �̃� > and 𝑉 [�̃�] � 𝑉 [�̃�𝑘 ] .

Recall that 𝑁𝜏 � 𝐿𝐴(𝑐𝜏) > 𝑅 = ⊕𝐴𝑎𝑖

𝑚𝑖−1 and 𝜏 acts on 𝑁𝜏 as a Coxeter element of the root system
R. Therefore, for (𝑘, |𝜏 |) = 1, 𝜏 is conjugate to 𝜏𝑘 by an element 𝑠 ∈ 𝑊𝑒𝑦𝑙 (𝑅). In this case, 𝑠𝜇𝛽′ = 𝜇𝛽′

and 𝑠𝜏𝑠−1 = 𝜏𝑘 . Therefore, (𝜏, 𝜇𝛽′) and (𝜏𝑘 , 𝜇𝛽′) define isomorphic VOAs. Moreover, by Lemma 7.13,
the VOAs obtained by the orbifold constructions from 𝑉Λ associated with �̃�𝑘 = �̂�𝑘 exp(2𝜋𝑖𝑘𝛽(0)) and
�̂�𝑘 exp(2𝜋𝑖𝜇𝛽′(0)) are isomorphic, and we have the desired result. �
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Therefore, there is a one-to-one correspondence between the set of isomorphic classes of holomorphic
VOA V of central charge 24 with non-abelian 𝑉1 and the set of equivalent classes (∼) of pairs (𝜏, 𝛽)
with 𝜏 ∈ P0 and 𝜏-invariant deep hole 𝛽 of Λ satisfying the conditions in Theorem 7.1.

Remark 7.15. Since there is a correspondence between deep holes, up to equivalence, and Niemeier
lattices, each pair in T will define a unique pair (𝑁, 𝜏), where N is a Niemeier lattice with 𝑅(𝑁) ≠ ∅
and 𝜏 ∈ 𝑂 (𝑁) with a positive frame shape. Therefore, the classification of holomorphic VOAs of central
charge 24 with non-abelian weight one Lie algebras can also be reduced to a classification of the possible
pairs of (𝑁, 𝜏), up to some equivalence.

8. Höhn’s observation and Lie algebra structure of 𝑉1

In [21], Höhn observed that there is an interesting bijection between certain equivalence classes of cyclic
subgroups of the glue codes of the Niemeier lattices with roots and the Lie algebra structures of the
weight one subspace of a holomorphic vertex operator algebras of central charge 24 corresponding to
the 69 semisimple cases in Schellekens’ list. In this section, we will provide an explanation for Höhn’s
observation using our main theorem. In particular, we will give a pure combinatorial classification of
holomorphic vertex operator algebras of central charge 24 with nontrivial weight one spaces. Indeed,
the orbit lattice 𝑁 (𝑍) described by Höhn is essentially the lattice 𝐿 =

√
ℓ(𝑁 𝜏)∗, and the glue vector v is

the vector 𝜆𝑐 as we defined in the appendix. The rescaling of the levels of the Lie algebras are handled
uniformly using the ℓ-duality map

√
ℓ𝜑𝜏 .

8.1. Roots of 𝑉1 and 𝑁 𝜏

First, we study the relationship between the root system of 𝑉1 and the lattice 𝑁 𝜏 �
√
ℓ𝐿∗. Recall from

[15] that

𝐿𝔤𝑖 (𝑘𝑖 , 0) =
⊕

𝑗∈𝑄𝑖/𝑘𝑖𝑄𝑖
𝑙

𝑉√
𝑘𝑖𝑄

𝑖
𝑙
+ 1√

𝑘𝑖
𝛽 𝑗

⊗ 𝑀0,𝛽 𝑗 , (8.1)

where 𝑄𝑖 and 𝑄𝑖
𝑙 denote the root lattice and the long root lattice of 𝔤𝑖 , respectively, and 𝛽 𝑗 is a

representative of 𝑗 ∈ 𝑄𝑖/𝑘𝑖𝑄
𝑖
𝑙 .

By (8.1), the roots of the Lie algebra 𝑉1 =
⊕𝑡

𝑖=1 𝔤𝑖 can be represented by elements in 𝐿∗. Indeed, we
can view them as roots of the lattice

√
ℓ𝐿∗.

First, we recall the definition for the root system of an even lattice K (cf. [43; 44]).

Definition 8.1. A vector 𝑣 ∈ 𝐾 is primitive if the sublattice spanned by v is a direct summand of L. A
primitive vector v is called a root if 2〈𝑣, 𝐾〉/〈𝑣, 𝑣〉 ⊂ Z. The set of roots

𝑅(𝐾) = {𝑣 ∈ 𝐾 | 𝑣 is primitive, 2〈𝑣, 𝐾〉/〈𝑣, 𝑣〉 ⊂ Z}

is called the root system of K.

Definition 8.2. Let K be an even lattice. The level ℓ of K is the smallest positive integer ℓ such that√
ℓ𝐾∗ is still even.

As in [43], we denote the scaled root system as follows.

𝛼𝐴𝑛 , 𝛼𝐷𝑛 , 𝛼𝐸𝑛 roots of length 2𝛼
𝛼𝐵𝑛 short roots of length 𝛼
𝛼𝐶𝑛 short roots of length 2𝛼
𝛼𝐺2 short roots of length 2𝛼
𝛼𝐹4 short roots of length 2𝛼
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We also consider the reduced discriminant group of an arbitrary scaled root system R, which is
a subgroup of the discriminant group of the sublattice generated by R (see [43, Definition 2.1]). For
an irreducible root system 𝛼𝑋 of type A, D or E, the reduced discriminant group of 𝛼𝑋 is simply the
discriminant group D(𝑋).

For non-simply laced root systems, the corresponding root lattices and reduced discriminant groups
are as follows.

Root system Root lattice Reduced discriminant

𝛼𝐵𝑛
√

𝛼Z𝑛 Z2
𝛼𝐶𝑛

√
𝛼𝐷𝑛 Z2

𝛼𝐺2
√

𝛼𝐴2 �
√

3𝛼𝐴∗
2 1

𝛼𝐹4
√

𝛼𝐷4 �
√

2𝛼𝐷∗
4 1

For explicit description of the reduced discriminant groups for the root systems of 𝛼𝐵𝑛 and 𝛼𝐶𝑛, we
use the following standard model for their root lattices; namely,

𝛼𝐵𝑛 =
𝑛⊕

𝑖=1
Z𝑒𝑖 , where (𝑒𝑖 , 𝑒 𝑗 ) = 𝛼𝛿𝑖, 𝑗 ,

roots: 𝑒𝑖 of norm 𝛼 and ±𝑒𝑖 ± 𝑒 𝑗 of norm 2𝛼; and

𝛼𝐶𝑛 = {
𝑛∑

𝑖=1
𝑥𝑖𝑒𝑖 |

𝑛∑
𝑖=1

𝑥𝑖 ≡ 0 mod 2} where (𝑒𝑖 , 𝑒 𝑗 ) = 𝛼𝛿𝑖, 𝑗 ,

roots: ±𝑒𝑖 ± 𝑒 𝑗 of norm 2𝛼 and 2𝑒𝑖 of norm 2𝛼.
The reduced discriminant group of 𝛼𝐵𝑛 is 0 if 𝛼 is odd, and the reduced discriminant group of R is

given by 〈�̄�〉 � Z2 where {
𝑔 = 1

2 (𝑒1 + · · · + 𝑒𝑛) if 𝑅 =2𝛼𝐵𝑛,

𝑔 = 𝑒1 if 𝑅 =𝛼𝐶𝑛.

Remark 8.3 (see [43]). An element 𝑣 ∈ 𝐾 is a root if and only if 𝑣 ∈ 〈𝑣, 𝑣〉/2 · 𝐾∗ and v is primitive in
K. In particular, 〈𝑣, 𝑣〉/2 divides the exponent of D(𝐾) = 𝐾∗/𝐾 .

Lemma 8.4. Let 𝑣 ∈ 𝐾 such that 𝑣 ∈ 〈𝑣, 𝑣〉/2 · 𝐾∗. Assume that 𝑣/𝑛 ∈ 𝐾 for some 𝑛 ∈ Z with 𝑛 > 1.
Then 𝑛 = 2. Moreover, 𝑣

2 is a root and 𝐾 = Z( 𝑣
2 ) ⊥ (𝐾 ∩ 〈𝑣〉⊥).

Proof. Since 𝑣/𝑛 ∈ 𝐾 and 𝑣 ∈ 〈𝑣, 𝑣〉/2 · 𝐾∗, we have

〈 𝑣
𝑛
, 𝑣〉 ∈ 〈𝑣, 𝑣〉

2
Z, or equivalently, 2/𝑛 ∈ Z;

hence, 𝑛 = 2. Then 𝑣
2 is primitive in K and 2〈𝑣/2,𝑥 〉

〈𝑣/2,𝑣/2〉 =
4〈𝑣,𝑥 〉
〈𝑣,𝑣 〉 ∈ Z for any 𝑥 ∈ 𝐾; hence, it is a root.

Let 𝑝𝑣 : 𝐾 → (Z 𝑣
2 )

∗ be the natural projection. For any 𝑥 ∈ 𝐾 , 𝑝𝑣 (𝑥) = 𝑟𝑥𝑣 for some 𝑟𝑥 ∈ Q. Then
2〈𝑣,𝑥 〉
〈𝑣,𝑣 〉 = 2〈𝑣,𝑟𝑥 𝑣 〉

〈𝑣,𝑣 〉 = 2𝑟𝑥 ∈ Z. That means 𝑟𝑥 ∈ 1
2Z and 𝑝𝑣 (𝐾) = Z( 𝑣

2 ) as desired. �

The following results can be found in [43].

Theorem 8.5. Let K be an integral lattice and R a root system contained in K. Let K = 𝐾/(〈𝑅〉 ⊥
(𝑅⊥ ∩ 𝐾)) be the glue code of K over R. Then the elements of R are actually roots of K if and only if K
is contained in the reduced discriminant group of R. Furthermore, K contains no elements of the form
𝑒/2, where e is a basis vector of an 𝐴1-component.

Recall that ℓ is divisible by |𝜏 | (𝐾0 − 𝑁0) = LCM({𝑟𝑖𝑘𝑖}𝑡𝑖=1) by Lemmas 2.3 and 4.12.
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Lemma 8.6. Let 𝛽 be a root of 𝔤𝑖,𝑘𝑖 and 𝑀 =
√
ℓ𝐿∗. Then

𝑣 =

√
ℓ

√
𝑘𝑖

𝛽 ∈ 〈𝑣, 𝑣〉
2

𝑀∗.

In particular, 𝑣 =
√
ℓ√
𝑘𝑖
𝛽 is a root of M if it is primitive in M or Z(𝑣/2) is an orthogonal summand of M.

Proof. Let 𝑀 =
√
ℓ𝐿∗ and 𝑣 =

√
ℓ√
𝑘𝑖
𝛽. Then 𝑀∗ = 1√

ℓ
𝐿 and

〈𝑣, 𝑣〉
2

=

{
ℓ

𝑟𝑖𝑘𝑖
if 𝛽 is a short root,

ℓ
𝑘𝑖

if 𝛽 is a long root.

Therefore,

𝑣 =

√
ℓ

√
𝑘𝑖

𝛽 =

{ 〈𝑣,𝑣 〉
2

1√
ℓ

√
𝑘𝑖 (𝑟𝑖𝛽) if 𝛽 is a short root,

〈𝑣,𝑣 〉
2

1√
ℓ

√
𝑘𝑖𝛽 if 𝛽 is a long root.

Since 𝐿 >
√
𝑘𝑖𝑄

𝑖
𝑙 and 𝑟𝑖𝛽 ∈ 𝑄𝑖

𝑙 (resp. 𝛽 ∈ 𝑄𝑖
𝑙) if 𝛽 is a short root (resp., a long root), 𝑣 ∈ 〈𝑣,𝑣 〉

2 𝑀∗ as
desired. �

Lemma 8.7. Let 𝔤𝑖,𝑘𝑖 be a simple Lie subalgebra of 𝑉1. Suppose there is a root 𝛽 of 𝔤𝑖,𝑘𝑖 such that
𝑣 =

√
ℓ√
𝑘𝑖
𝛽 is not a root of 𝑁 𝜏 . Then 𝛽 is a long root, and the long root lattice of 𝔤𝑖 is of the type 𝐴𝑟

1 ,
where 𝑟 = rank(𝔤𝑖). In particular, 𝔤𝑖 is of type 𝐴1 or 𝐶𝑟 .

Proof. Without loss of generality, we may assume rank(𝑉1) > 1. By Lemma 8.6,Z(𝑣/2) is an orthogonal
summand of 𝑁 𝜏 . Suppose 𝛽 is a short root. Then for any short root 𝛽′, 𝑣′ =

√
ℓ√
𝑘𝑖
𝛽′ is not a root of 𝑁 𝜏 .

Therefore,
√
ℓ

2
√
𝑘𝑖
𝑄𝑖 �

√
𝑠𝐴𝑟

1; however, Z
√
ℓ

2
√
𝑘𝑖
𝛼 is not an orthogonal summand of

√
𝑠𝐴𝑟

1 for any long root
𝛼. Therefore, 𝛽 is a long root and the long root lattice is of type 𝐴𝑟

1. �

By the lemmas above, the lattice 𝑁 𝜏 =
√
ℓ𝐿∗ contains the information of the (scaled) root system of 𝔤.

8.2. Orbit diagrams and Lie algebra structures of 𝑉1

Let V be a holomorphic VOA of central charge 24 and 𝛼 a W-element of 𝑉1. Let 𝑔 = exp(2𝜋𝑖𝛼(0)) ∈
Aut(𝑉) and let �̃� = �̂� exp(2𝜋𝑖𝛽(0)) ∈ Aut(𝑉Λ) be the reverse automorphism of g, where 𝛽 ∈ CΛ𝜏 . Let
𝜑𝜏 :

√
ℓ(Λ𝜏)∗ → Λ𝜏 be the isometry described in Theorem 4.2. Recall that the vector 𝛽 = 𝜑(

√
ℓ𝛽) is

a deep hole of Λ and 𝑁 = Λ[𝛽 ] � Λ. Moreover, the Coxeter number h of N is equal to 𝑛 = LCM(𝑟𝑖ℎ∨𝑖 )
and 𝑁 𝜏 �

√
ℓ𝐿∗.

Let R be the set of roots in N and set 𝑅𝑘 = {𝜇 ∈ −𝑘𝛽 + Λ𝛽 | 〈𝜇, 𝜇〉 = 2}. Then 𝑅 = ∪ℎ−1
𝑘=1𝑅𝑘 .

Since the Leech lattice does not contain a root, 〈𝜇, 𝜈〉 ≤ 0 for 𝜇, 𝜈 ∈ 𝑅𝑘 with 𝜇 ≠ 𝜈 for each k. Indeed,
〈𝜇, 𝜈〉 = 0 or −1 for any 𝜇, 𝜈 ∈ 𝑅𝑘 with 𝜇 ≠ 𝜈.

One can associate a (simply laced) Dynkin diagram with 𝑅𝑘 for each k. Namely, the nodes are labeled
by elements of 𝑅𝑘 , and two nodes x and y are connected if and only if 〈𝑥, 𝑦〉 = −1. By abuse of notations,
we often use 𝑅𝑘 to denote both the Dynkin diagram and the subset of roots. Note that 𝜏 acts on 𝑅𝑘 for
each k and acts as a diagram automorphism associated with the diagram defined by 𝑅𝑘 .

Since 𝛽 is a deep hole of the Leech lattice Λ, 𝑅1 is a disjoint union of the affine diagrams associated
with the root system of N. Moreover, 𝜏 acts on 𝑅1. Since 𝑁𝜏 � 𝐿𝐴(𝑐) and 𝜏 acts as 𝑔Δ ,𝑐 on a root
sublattice of 𝑁𝜏 , 𝜏 ∈ Weyl(𝑅) and preserves all irreducible components of 𝑅(𝑁). Note also that 𝑔Δ ,𝑐

induces an isometry in 𝑂 (Λ) if and only if 𝜆𝑐 ∈ 𝑁 [5]. Therefore, the vector 𝜆𝑐 corresponds to a
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Table 2. Diagram automorphisms of affine diagrams..

Type 𝐴𝑛 𝐷2𝑘 𝐷2𝑘 𝐷2𝑘+1 𝐷2𝑘+1 𝐸6 𝐸7

Root subsystem (𝐴 𝑛+1
𝑘 −1)𝑘 𝐴𝑘

1 𝐴2
1 𝐴3 𝐴𝑘−1

1 𝐴2
1 𝐴2

2 𝐴3
1

Frame Shape 1−1 ( 𝑛+1
𝑘 )𝑘 2𝑘 12𝑘−422 1−12𝑘−14 12𝑘−322 32 1123

Quotient diagram 𝐴𝑘−1 𝐵𝑘 𝐶2𝑘−2 𝐶𝑘−1 𝐶2𝑘−1 𝐺2 𝐹4

Fixed sublattice
√

𝑛+1
𝑘 𝐴𝑘−1 𝐴𝑘

1 𝐷2𝑘−2 𝐴𝑘−1
1 𝐷2𝑘−1 𝐴2 𝐷4

Fixed simple roots ∅ 𝐴1 𝐴2𝑘−3 ∅ 𝐴2𝑘−2 𝐴1 𝐴2

codeword of the glue code 𝑁/𝑅. In particular, 𝑃𝑄𝑖 (𝜆𝑐) ∈ (𝑄𝑖)∗ for every irreducible root sublattice 𝑄𝑖

of N. Note also that 𝜏 has a positive frame when viewing as an isometry of N.
Therefore, for each irreducible component, we can consider the quotient diagram as follows: we

identify an orbit of nodes as one node, and two nodes are connected if the nodes in the corresponding
orbits are connected. By removing the node associated with the extended node, one obtains a usual
Dynkin diagram (see Table 2).

Note that the fixed sublattice is the (scaled) root lattice of the quotient diagram. A fixed node (or
fixed simple root) corresponds to a simple short root of a full component.

Remark 8.8. Let G𝑖 be a simple Lie subalgebra of𝑉1 with 𝑟𝑖ℎ
∨
𝑖 = 𝑛 = ℎ. Then ℓ = 𝑟𝑖𝑘𝑖 and 𝑘𝑖/ℎ∨𝑖 = ℓ/ℎ.

Therefore, the level 𝑘 𝑗 of the simple Lie subalgebra G 𝑗 is given by 𝑘 𝑗 = ℓℎ∨𝑗 /ℎ for any j. Note also
that the short roots of G𝑖 will correspond to an irreducible (connected) component 𝑆𝑖 of 𝑁 𝜏

2 . Moreover,
𝑆𝑖 ∩ 𝑅1 corresponds to the simple short roots of G𝑖 . Therefore, 𝑆𝑖 and 𝑆𝑖 ∩ 𝑅1 determines the type of G𝑖

uniquely.

Remark 8.9. In [40], a notion of generalized hole diagrams is introduced. It was shown that a generalized
hole diagram determines a generalized deep hole up to conjugacy and that there are exactly 70 such
diagrams. This notion of generalized hole diagrams essentially corresponds to the diagram associated
with simple short roots of the full components (i.e., elements in 𝑅1 ∩ 𝑁 𝜏

2 ).

8.3. Possible pairs for (𝑁, 𝜏)

Next, we will discuss the possible choices for the pair (𝑁, 𝜏) for each 𝜏 ∈ P0.

8.3.1. 𝜏 ∈ 2𝐴
For 𝜏 ∈ 2𝐴 of𝑂 (Λ), we have ℓ = |�̂� | = |𝜏 | = 2. In this case,Λ𝜏 �

√
2𝐸8. Let 𝑁 = Λ[𝛽 ] . Then the Coxeter

number of N is divisible by 2 and 𝑁𝜏 = SpanZ{𝐴8
1,

1
2 (𝛼1 + · · · + 𝛼8)}, where Z𝛼1 + · · · +Z𝛼8 � 𝐴8

1. The
vector 𝑣 = 1

2 (𝛼1 + · · · + 𝛼8) corresponds to a codeword 𝑐 ∈ 𝑁/𝑅. The possible choices for (𝑁, 𝜏), the
codeword c and the corresponding root systems and Lie algebra structures for 𝑉1 are listed in Table 3.

8.3.2. 𝜏 ∈ 3𝐵
For 𝜏 ∈ 3𝐵 of 𝑂 (Λ), we have ℓ = |�̂� | = |𝜏 | = 3. In this case, Λ𝜏 � 𝐾12 is the Coxeter-Todd lattice of rank
12. Let 𝑁 = Λ[𝛽] . Then the Coxeter number of N is divisible by 3 and 𝑁𝜏 = SpanZ{𝐴6

2, (𝛾1, . . . , 𝛾6)},
where 𝛾𝑖 + 𝐴2 is a generator of 𝐴∗

2/𝐴2 for each i. The vector (𝛾1, . . . , 𝛾6) corresponds to a codeword
𝑐 ∈ 𝑁/𝑅. The possible choices for (𝑁, 𝜏), c and the corresponding root systems and Lie algebra
structures for 𝑉1 are listed in Table 4.

8.3.3. 𝜏 ∈ 5𝐵
For 𝜏 ∈ 5𝐵 of 𝑂 (Λ), we have ℓ = |�̂� | = |𝜏 | = 5 and the Coxeter number of 𝑁 = Λ[𝛽] is divisible by 5.
In this case, 𝑁𝜏 � SpanZ{𝐴4

4, (𝛾1, 𝛾2, 𝛾3, 𝛾4)}, where 𝛾𝑖 + 𝐴4 is a generator of 𝐴∗
4/𝐴4 for each i. Again,

the vector (𝛾1, 𝛾2, 𝛾3, 𝛾4) corresponds to a codeword 𝑐 ∈ 𝑁/𝑅. That means 5 = |𝜏 | divides |𝑁/𝑅 | also.
The possible choices for (𝑁, 𝜏), c and the corresponding root systems and Lie algebra structures are
listed in Table 5.
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Table 3. (𝑁 ,𝜏) for the case 2𝐴..

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴24
1 (18 , 08) 𝐴8

1 ↩→ 𝐴8
1 𝐴16

1 𝐴16
1,2

𝐴8
3 (22022000) (𝐴2

1)
4 ↩→ 𝐴4

3 𝐴4
3 (
√

2𝐴1)4 𝐴4
3,2 𝐴

4
1,1

𝐷6
4 (233200) (𝐴2

1)
4 ↩→ 𝐷4

4 𝐷2
4𝐶

4
2 𝐷2

4,2𝐶
4
2,1

𝐴4
5𝐷4 (3300 |1) (𝐴3

1)
2 + 𝐴2

1 ↩→ 𝐴2
5 + 𝐷4 𝐴2

5𝐶2 (
√

2𝐴2)2 𝐴2
5,2𝐶2,1 𝐴

2
2,1

𝐴2
7𝐷

2
5 (44 |00) (𝐴4

1)
2 ↩→ 𝐴2

7 𝐷2
5 (
√

2𝐴3)2 𝐷2
5,2 𝐴

2
3,1

𝐴2
7𝐷

2
5 (20 |33) (𝐴4

1) + (𝐴2
1)

2 ↩→ 𝐴7 + 𝐷2
5 𝐴7𝐶

2
3 (
√

2𝐴3) 𝐴7,2𝐶
2
3,1 𝐴3,1

𝐷4
6 (2222) (𝐴2

1)
4 ↩→ 𝐷4

6 𝐶4
4 𝐶4

4,1
𝐷4

6 (1230) (𝐴2
1) + (𝐴3

1)
2 ↩→ 𝐷6 + 𝐷2

6 𝐷6𝐶4𝐵
2
3 𝐷6,2𝐶4,1𝐵

2
3,1

𝐴2
9𝐷6 (05 |3) (𝐴5

1) + (𝐴3
1) ↩→ 𝐴9 + 𝐷6 𝐴9 (

√
2𝐴4)𝐵3 𝐴9,2 𝐴4,1𝐵3,1

𝐴11𝐷7𝐸6 (620) 𝐴6
1 + 𝐴2

1 ↩→ 𝐴11 + 𝐷7 𝐸6𝐶5 (
√

2𝐴5) 𝐸6,2𝐶5,1 𝐴5,1
𝐷3

8 (033) (𝐴4
1)

2 ↩→ 𝐷2
8 𝐷8𝐵

2
4 𝐷8,2𝐵

2
4,1

𝐷3
8 (221) (𝐴2

1)
2 + 𝐴4

1 ↩→ 𝐷2
8 + 𝐷8 𝐶2

6 𝐵4 𝐶2
6,1𝐵4,1

𝐴15𝐷9 (80) 𝐴8
1 ↩→ 𝐴15 𝐷9 (

√
2𝐴7) 𝐷9,2 𝐴7,1

𝐸2
7 𝐷10 (11 |2) (𝐴3

1)
2 + 𝐴2

1 ↩→ 𝐸2
7 + 𝐷10 𝐶8𝐹

2
4 𝐶8,1𝐹

2
4,1

𝐸2
7 𝐷10 (01 |1) 𝐴3

1 + 𝐴5
1 ↩→ 𝐸7 + 𝐷10 𝐸7𝐵5𝐹4 𝐸7,2𝐵5,1𝐹4,1

𝐷2
12 (21) 𝐴2

1 + 𝐴6
1 ↩→ 𝐷12 + 𝐷12 𝐶10𝐵6 𝐶10,1𝐵6,1

𝐸8𝐷16 (01) 𝐴8
1 ↩→ 𝐷16 𝐵8𝐸8 𝐵8,1𝐸8,2

Table 4. (𝑁 , 𝜏) for the case 3𝐵..

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴12
2 (1606) 𝐴6

2 ↩→ 𝐴6
2 𝐴6

2 𝐴6
2,3

𝐴4
5𝐷4 (2220 |0) (𝐴2

2)
3 ↩→ 𝐴3

5 𝐴5𝐷4 (
√

3𝐴1)3 𝐴5,3𝐷4,3 𝐴
3
1,1

𝐴3
8 (630) (𝐴3

2)
2 ↩→ 𝐴2

8 𝐴8 (
√

3𝐴2)2 𝐴8,3 𝐴
2
2,1

𝐸4
6 (0111) (𝐴3

2)
3 ↩→ 𝐸3

6 𝐸6𝐺
3
2 𝐸6,3𝐺2,1

3

𝐴11𝐷7𝐸6 (401) 𝐴4
2 + 𝐴2

2 ↩→ 𝐴11𝐸6 𝐷7 (
√

3𝐴3)𝐺2 𝐷7,3 𝐴3,1𝐺2,1
𝐴17𝐸7 (60) 𝐴6

2 ↩→ 𝐴17 𝐸7 (
√

3𝐴5) 𝐸7,3 𝐴5,1

Table 5. (𝑁 , 𝜏) for the case 5𝐵..

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴6
4 (123400) 𝐴4

4 ↩→ 𝐴4
4 𝐴2

4 𝐴2
4,5

𝐴2
9𝐷6 (24 |0) (𝐴2

4)
2 ↩→ 𝐴2

9 𝐷6 (
√

5𝐴2
1) 𝐷6,5 𝐴

2
1,1

Table 6. (𝑁 , 𝜏) for the case 7𝐵..

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴4
6 (0124) 𝐴3

6 ↩→ 𝐴3
6 𝐴6 𝐴6,7

8.3.4. 𝜏 ∈ 7𝐵
For 𝜏 ∈ 7𝐵 of 𝑂 (Λ), we have ℓ = |�̂� | = 7. Let 𝑁 = Λ[𝛽] . Then the Coxeter number of N is
divisible by 7 and 𝑁𝜏 = SpanZ{𝐴3

6, (𝛾1, 𝛾2, 𝛾3)}, where 𝛾𝑖 + 𝐴6 is a generator of 𝐴∗
6/𝐴6 for each i.

The vector (𝛾1, 𝛾2, 𝛾3) corresponds to a codeword 𝑐 ∈ 𝑁/𝑅. The possible choices for (𝑁, 𝜏), c and the
corresponding root systems and Lie algebra structures are listed in Table 6.

8.3.5. 𝜏 ∈ 2𝐶
For 𝜏 ∈ 2𝐶 of 𝑂 (Λ), we have ℓ = |�̂� | = 2|𝜏 | = 4. Let 𝑁 = Λ[𝛽 ] . Then the Coxeter number of N
is divisible by 2 and 𝑁𝜏 = SpanZ{𝐴12

1 , 1
2 (𝛼, . . . , 𝛼)}, where Z𝛼 � 𝐴1. The vector 1

2 (𝛼, . . . , 𝛼) again
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Table 7. (𝑁 , 𝜏) for the case 2𝐶..

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴24
1 (112012) 𝐴12

1 ↩→ 𝐴12
1 𝐴12

1 𝐴12
1,4

𝐷6
4 (111111) (𝐴2

1)
6 ↩→ 𝐷6

4 𝐵6
2 𝐵6

2,2
𝐷4

6 (2222) (𝐴3
1)

4 ↩→ 𝐷4
6 𝐵4

3 𝐵4
3,2

𝐷3
8 (111) (𝐴4

1)
3 ↩→ 𝐷3

8 𝐵3
4 𝐵3

4,2
𝐷2

12 (11) (𝐴6
1)

2 ↩→ 𝐷2
12 𝐵6

2 𝐵2
6,2

𝐷24 (1) 𝐴12
1 ↩→ 𝐷24 𝐵12 𝐵12,2

𝐴4
5𝐷4 (3333 |0) (𝐴3

1)
4 ↩→ 𝐴4

5 𝐷4
√

2𝐴4
2 𝐷4,4 𝐴

4
2,2

𝐴2
9𝐷6 (55 |2) (𝐴5

1)
2 + 𝐴2

1 ↩→ 𝐴2
9 + 𝐷6 𝐶4

√
2𝐴2

4 𝐶4,2 𝐴2
4,2

𝐴17𝐸7 (9 |1) 𝐴9
1 + 𝐴3

1 ↩→ 𝐴17 + 𝐸7 𝐹4
√

2𝐴8 𝐴8,2𝐹4,2

Table 8. (𝑁 , 𝜏) for the case 4𝐶..

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴8
3 (32001011) 𝐴4

3 + 𝐴2
1 ↩→ 𝐴4

3 + 𝐴3 𝐴3
3
√

2𝐴1 𝐴3
3,4 𝐴1,2

𝐴2
7𝐷

2
5 (02 |13) 𝐴2

3 + (𝐴3 𝐴1)2 ↩→ 𝐴7 + 𝐷2
5 𝐴72𝐴1 𝐴2

1 𝐴7,4 𝐴
3
1,1

𝐴2
7𝐷

2
5 (22 |20) 𝐴2

3 + 𝐴2
3 + 𝐴2

1 ↩→ 𝐴7 + 𝐴7 + 𝐷5 𝐷5𝐶32𝐴2
1 𝐷5,4𝐶3,2 𝐴

2
1,1

𝐴11𝐷7𝐸6 (310) 𝐴3
3 + 𝐴3 𝐴2

1 ↩→ 𝐴11 + 𝐷7 𝐸6𝐵22𝐴2 𝐸6,4𝐵2,1 𝐴2,1
𝐴15𝐷9 (4 |2) 𝐴4

3 + 𝐴2
1 ↩→ 𝐴15 + 𝐷9 𝐶72𝐴3 𝐶7,2 𝐴3,1

Table 9. (𝑁 , 𝜏) for the case 6𝐸 ..

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴4
5𝐷4 (0255 |1) 𝐴2

5 + 𝐴2
2 + 𝐴2

1 ↩→ 𝐴2
5 + 𝐴5 + 𝐷4 𝐴5

√
3𝐴1𝐵2 𝐴5,6𝐵2,3 𝐴1,1

𝐴11𝐷7𝐸6 (222) 𝐴2
5 + 𝐴2

1 + 𝐴2
2 ↩→ 𝐴11 + 𝐷7 + 𝐸6

√
6𝐴1𝐶5𝐺2 𝐶5,3𝐺2,2 𝐴1,1

corresponds to a codeword 𝑐 ∈ 𝑁/𝑅. The possible choices for (𝑁, 𝜏), c and the corresponding root
systems and Lie algebra structures are listed in Table 7.

8.3.6. 𝜏 ∈ 4𝐶
For 𝜏 ∈ 4𝐶 of 𝑂 (Λ), we have ℓ = |�̂� | = |𝜏 | = 4. Let 𝑁 = Λ[𝛽 ] . Then the Coxeter number of N is
divisible by 4 and the coinvariant lattice

𝑁𝜏 = SpanZ{𝐴4
3𝐴

2
1, (𝜆, 𝜆, 𝜆, 𝜆,

1
2
𝛼,

1
2
𝛼)},

where 𝜆 = 1/2(1, 1, 1,−3) ∈ 𝐴∗
3 and Z𝛼 = 𝐴1. Note that 𝑁 𝜏 contains 𝐴4

3𝐴
2
1 as an index 4 sublattice.

The possible choices for (𝑁, 𝜏), c and the corresponding root systems and Lie algebra structures are
listed in Table 8.

8.3.7. 𝜏 ∈ 6𝐸
For 𝜏 ∈ 6𝐸 of 𝑂 (Λ), we have ℓ = |�̂� | = 6. Let 𝑁 = Λ[𝛽] . Then the Coxeter number of N is divisible by
6 and the coinvariant sublattice

𝑁𝜏 � SpanZ{𝐴2
5𝐴

2
2𝐴

2
1, (𝛽, 𝛽, 𝛾, 𝛾,

1
2
𝛼,

1
2
𝛼)},

where 𝛽 = 1
6 (1

5,−5) ∈ 𝐴∗
5, 𝛾 = 1

3 (1, 1,−2) ∈ 𝐴∗
3 and 〈𝛼, 𝛼〉 = 2. Note that 𝑁 𝜏 is an index 6 sublattice

of 𝐸8 ⊥ 𝐸8. The possible choices for (𝑁, 𝜏), c and the corresponding root systems and Lie algebra
structures are listed in Table 9.

https://doi.org/10.1017/fms.2023.86 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2023.86


32 C. H. Lam and M. Miyamoto

8.3.8. 𝜏 ∈ 8𝐸
For 𝜏 ∈ 8𝐸 , ℓ = |�̂� | = 8. Let 𝑁 = Λ[𝛽] . Then the Coxeter number of N is divisible by 8 and the
coinvariant lattice 𝑁𝜏 is an index 8 over-lattice of the lattice 𝐴2

7𝐴3𝐴1. More precisely,

𝑁𝜏 = SpanZ{𝐴2
7𝐴3𝐴1, (𝛾3, 𝛾1, 𝛽, 𝛼)},

where 𝛾3 = 1
8 (3

5,−53), 𝛾1 = 1
8 (1

7,−7) are in 𝐴∗
7, 𝛽 ∈ 1

2 (1, 1, 1) ∈ 𝐴∗
3 and 𝛼 = 1

2 (1, 1) ∈ 𝐴∗
1.

The possible choices for (𝑁, 𝜏), c and the corresponding root systems and Lie algebra structures are
listed in Table 9.

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴2
7𝐷

2
5 (37 |10) 𝐴2

7 + 𝐴3 𝐴1 ↩→ 𝐴2
7 + 𝐷5 𝐷5 𝐴1 𝐷5,8 𝐴1,2

8.3.9. 𝜏 ∈ 6𝐺
For 𝜏 ∈ 6𝐺, ℓ = |�̂� | = 12. Let 𝑁 = Λ[𝛽] . Then the Coxeter number of N is divisible by 6 and 𝑁𝜏

contains 𝐴3
5𝐴

3
1 as an index 6 sublattice. The possible choices for (𝑁, 𝜏), c and the corresponding root

systems and Lie algebra structures are listed in the following table.

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴4
5𝐷4 (31110) 𝐴3

5 + 𝐴3
1 ↩→ 𝐴3

5 + 𝐴5 𝐷4
√

2𝐴2 𝐷4,12 𝐴2,6
𝐴17𝐸7 (3 |1) 𝐴3

5 + 𝐴3
1 ↩→ 𝐴17 + 𝐸7 𝐹4

√
6𝐴2 𝐹4,6 𝐴2,2

8.3.10. 𝜏 ∈ 10𝐹
For 𝜏 ∈ 10𝐹, ℓ = |�̂� | = 20. The Coxeter number of 𝑁 = Λ[𝛽] is divisible by 10 and 𝑁𝜏 contains 𝐴2

9𝐴
2
1

as an index 10 sublattice. The possible choices for (𝑁, 𝜏), c and the corresponding root systems and Lie
algebra structures are listed in the following table.

Type Codeword c Embedding 𝑅 (𝑁 𝜏 ) 𝑉1

𝐴2
9𝐷6 (79 |2) 𝐴2

9 + 𝐴2
1 ↩→ 𝐴2

9 + 𝐷6 𝐶4 𝐶4,10

Remark 8.10. Since 𝑁𝜏 = 𝐿𝐴(𝑐) with c as a codeword of the glue code 𝑁/𝑅, we can recover the same
information as in [21, Table 3]. In particular, there are exactly 46 possible Lie algebra structures for 𝑉1
if 0 < rank(𝑉1) < 24. This gives an alternative proof for the Schellekens list.

A. Properties of the lattice Λ𝜏 for 𝜏 ∈ P0

In this appendix, we review some properties of the coinvariant sublattice Λ𝜏 for 𝜏 ∈ P0. Let Λ be the
Leech lattice and let

𝜏 ∈ P0 = {1𝐴, 2𝐴, 2𝐶, 3𝐵, 5𝐵, 7𝐵, 4𝐶, 6𝐸, 6𝐺, 8𝐸, 10𝐹}.

Let Λ𝜏 be the coinvariant lattice of 𝜏. Then 𝜏 is fixed-point free on Λ𝜏 .
The following can be verified by MAGMA.
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Lemma A.1. Let 𝜏 ∈ P0. Then

1. (1 − 𝜏)Λ∗
𝜏 = Λ𝜏 .

2. The quotient group 𝐶𝑂 (Λ𝜏 ) (𝜏)/〈𝜏〉 acts faithfully on D(Λ𝜏).

For 𝜏 ∈ P0, the coinvariant lattice Λ𝜏 can be constructed by the so-called generalized ‘Construction
B’. First, we review the construction.

Generalized ‘Construction B’.

Let 𝑅𝑖 (1 ≤ 𝑖 ≤ 𝑡) be a copy of the root lattice of type 𝐴𝑘𝑖−1, where 𝑘𝑖 ∈ Z≥1 for 1 ≤ 𝑖 ≤ 𝑡. Let 𝑅 = 𝑅1 ⊥
𝑅2 ⊥ · · · ⊥ 𝑅𝑡 . Then D(𝑅𝑖) � Z𝑘𝑖 and D(𝑅) �

⊕𝑡
𝑖=1 Z𝑘𝑖 . Let 𝜈 : 𝑅∗ → 𝑅∗/𝑅 = D(𝑅) �

⊕𝑡
𝑖=1 Z𝑘𝑖 be

the canonical surjective map. For a subgroup C of
⊕𝑡

𝑖=1 Z𝑘𝑖 , let 𝐿𝐴(𝐶) denote the lattice defined by

𝐿𝐴(𝐶) = 𝜈−1(𝐶) = {𝛼 ∈ 𝑅∗ | 𝜈(𝛼) ∈ 𝐶}; (A.1)

we call 𝐿𝐴(𝐶) the lattice constructed by Construction A from C. Note that 𝐿𝐴({0}) = 𝑅, where 0 is the
identity element of

⊕𝑡
𝑖=1 Z𝑘𝑖 .

We now fix a base Δ 𝑖 of the root system of 𝑅𝑖 , which is of type 𝐴𝑘𝑖−1. Then Δ =
⋃𝑡

𝑖=1 Δ 𝑖 is a base
of the root system of R. For 𝑥 = (𝑥𝑖) ∈

⊕𝑡
𝑖=1 Z𝑘𝑖 , denote

𝜆𝑥 = (𝜆1
𝑥1 , . . . , 𝜆

𝑡
𝑥𝑡 ) ∈ 𝑅∗

1 ⊥ · · · ⊥ 𝑅∗
𝑡 = 𝑅∗, (A.2)

where 𝑥𝑖 is regarded as an element of {0, . . . , 𝑘𝑖 −1} and {𝜆𝑖
𝑗 | 1 ≤ 𝑗 ≤ 𝑘𝑖 −1} is the set of fundamental

weights in 𝑅∗
𝑖 with respect to Δ 𝑖 . The following lemma is immediate from the definition of 𝐿𝐴(𝐶).

Lemma A.2. For a generating set C of C, the set {𝜆𝑐 | 𝑐 ∈ C} and R generate 𝐿𝐴(𝐶) as a lattice.

Set

𝜒Δ = (
𝜌Δ1

𝑘1
, . . . ,

𝜌Δ𝑡

𝑘𝑡
) ∈ Q ⊗Z 𝑅, (A.3)

where 𝜌Δ𝑖 is the Weyl vector of 𝑅𝑖 with respect to Δ 𝑖 .
Define 𝐿𝐵 (𝐶) = {𝛼 ∈ 𝐿𝐴(𝐶) | (𝛼 |𝜒Δ ) ∈ Z}; we call 𝐿𝐵 (𝐶) the lattice constructed by Construction

B from C.

Remark A.3. Up to isometry, 𝐿𝐵 (𝐶) does not depend on the choice of a base Δ .

By definitions, it is easy to show the following results (see [34]).

Lemma A.4. Let 𝑥 = (𝑥𝑖) ∈
⊕𝑡

𝑖=1 Z𝑘𝑖 . Then (𝜆𝑥 |𝜆𝑥) ∈ 2Z if and only if (𝜆𝑥 |𝜒Δ ) ∈ Z.

Set 𝑛 = LCM({𝑘1, . . . , 𝑘𝑡 }).

Lemma A.5. |𝐿𝐴(𝐶) : 𝐿𝐵 (𝐶) | = 𝑛 if and only if 𝜒Δ ∈ (1/𝑛)𝐿𝐴(𝐶)∗.

Next, we consider some isometry of R. Recall that 𝑅𝑖 � 𝐴𝑘𝑖−1 is a root lattice of type 𝐴𝑘𝑖−1. Let
Δ 𝑖 = {𝛼𝑖

1, . . . , 𝛼
𝑖
𝑘𝑖−1} be a set of simple roots and let 𝛼𝑖

0 = −
∑𝑘𝑖−1

𝑗=1 𝛼𝑖
𝑗 be the negative of the highest

root. Then the map 𝑔Δ𝑖 (𝛼𝑖
𝑗 ) = 𝛼𝑖

𝑗+1 if 1 ≤ 𝑗 ≤ 𝑘𝑖 − 2 and 𝑔Δ (𝛼𝑖
𝑘𝑖−1) = 𝛼𝑖

0 defines an isometry on 𝑅𝑖 ,
which is a Coxeter element of the Weyl group of 𝑅𝑖 . In particular, 𝑔Δ𝑖 acts on Δ̃ 𝑖 = Δ 𝑖 ∪ {𝛼𝑖

0} as a cyclic
permutation of order 𝑘𝑖 .

For 𝑒 = (𝑒𝑖) ∈
⊕𝑡

𝑖=1 Z𝑘𝑖 , set

𝑔Δ ,𝑒 = ((𝑔Δ1 )𝑒1 , . . . , (𝑔Δ𝑡 )𝑒𝑡 ) ∈ 𝑂 (𝐿𝐴(𝐶)). (A.4)

Lemma A.6. 𝑔Δ ,𝑒 ∈ 𝑂 (𝐿𝐵 (𝐶)) if and only if 𝜆𝑒 ∈ 𝐿𝐴(𝐶)∗.
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Table 10. Coinvariant lattices Λ𝜏 for 𝜏 ∈ P0..

Class R c Λ∗
𝜏/Λ𝜏 𝑂 (Λ𝜏 ) 𝐶𝑂 (Λ𝜏 ) (𝜏)

2𝐴 𝐴8
1 (11111111) 28 21+8.𝐺𝑂+

8 (2) 21+8.𝐺𝑂+
8 (2)

2𝐶 𝐴12
1 (112) 212 211.Sym12 211.Sym12

3𝐵 𝐴6
2 (111111) 36 31+6𝑃𝑆𝑈4 (2) 31+6𝑃𝑆𝑈4 (2)

5𝐵 𝐴4
4 (1234) 54 (𝐹𝑟𝑜𝑏20 × 𝐺𝑂+

4 (5))/2 5 × 2.(𝐴𝑙𝑡4 × 𝐴𝑙𝑡4) .2
7𝐵 𝐴3

6 (124) 73 7.3.2.𝐿2 (7) .2 7 × 2.𝐿2 (7) .2
4𝐶 𝐴4

3 𝐴2
1 (1111 |11) 2244 210+3.𝑆𝑦𝑚6 29+3.𝑆𝑦𝑚6

6𝐸 𝐴2
5 𝐴2

2 𝐴2
1 (11 |11 |11) 2434 6.(𝐺𝑂+

4 (2) × 𝐺𝑂+
4 (3)) .2 6.(𝐺𝑂+

4 (2) × 𝐺𝑂+
4 (3))

6𝐺 𝐴3
5 𝐴3

1 (111 |111) 2633 6.(𝐺𝑂3 (3) × 𝑃𝑆𝑂+
4 (3)) .2 6.(𝐺𝑂3 (3) × 𝑃𝑆𝑂+

4 (3))
8𝐸 𝐴2

7 𝐴3 𝐴1 (13 |1 |1) 2.4.82 26.(𝐷𝑖ℎ8 × 𝑆𝑦𝑚4) 25.(4 × 𝑆𝑦𝑚4)
10𝐹 𝐴2

9 𝐴2
1 (13 |11) 2452 (2 × 𝐴𝐺𝐿1 (5)) .𝐷𝑖ℎ2

8 10.𝐷𝑖ℎ2
8

Proof. By definition, it is easy to see that

𝑔Δ (𝜆 𝑗 ) = 𝜆 𝑗 −
𝑗∑

𝑖=1
𝛼𝑖 , 𝑔Δ (𝜌Δ ) = 𝜌Δ − 𝑘𝜆1. (A.5)

Then we have 𝑔Δ ,𝑒 (𝜒Δ ) ∈ 𝜒Δ + (𝑒1𝜆
1
1, . . . , 𝑒𝑡𝜆

𝑡
1) + 𝑅 = 𝜒Δ + 𝜆𝑒 + 𝑅. By the definition of 𝐿𝐵 (𝐶),

𝑔Δ ,𝑒 ∈ 𝑂 (𝐿𝐵 (𝐶)) if and only if 𝜆𝑒 ∈ 𝐿𝐴(𝐶)∗. �

Lemma A.7. The isometry 𝑔Δ ,𝑒 is fixed-point free and of order n if and only if gcd(𝑒𝑖 , 𝑘𝑖) = 1 for all
1 ≤ 𝑖 ≤ 𝑡

It turns out that the coinvariant lattice Λ𝜏 for 𝜏 ∈ P0 can be constructed as 𝐿𝐵 (𝐶) with C generated
by a single glue vector c. Moreover, 𝜏 can be identified with 𝑔Δ ,𝑐 as defined above.

Proposition A.8 [5]. For any 𝜏 ∈ P0, the coinvariant lattice Λ𝜏 of the Leech lattice can be constructed
as 𝐿𝐵 (𝐶) with C generated by a single glue vector c. Moreover, 𝜏 |𝐿𝐵 (𝐶) = 𝑔Δ ,𝑐 as defined above.

Some properties of Λ𝜏 are summarized in Table 10; the structures of 𝑂 (Λ𝑔) and 𝐶𝑂 (Λ𝑔) (𝑔) are
computed by using MAGMA. The symbol

∏
𝑎𝑖

𝑏𝑖 for Λ∗
𝜏/Λ𝜏 means the abelian group

⊕
(Z/𝑎𝑖Z)𝑏𝑖 .

For the notations of groups, see [1].
For 𝜏 ∈ 𝑂 (Λ) and 𝑘 ∈ Z>0, set

L𝜏,𝑘 = {𝜆 + Λ𝑔 ∈ D(Λ𝜏) | 𝑞(𝜆 + Λ𝜏) = 0, 𝑜(𝜆 + Λ𝜏) = 𝑘}, (A.6)

where 𝑜(𝜆 + Λ𝜏) is the order of 𝜆 + Λ𝜏 in D(Λ𝜏). The following lemmas can be verified by using
MAGMA [5].

Lemma A.9. Let 𝜏 be an isometry ofΛwhose conjugacy class is 2𝐴, 3𝐵, 5𝐵 or 7𝐵. Then𝐶𝑂 (Λ𝜏 ) (𝜏)/〈𝜏〉
acts transitively on the set of all nonzero singular elements.

Lemma A.10. Let 𝜏 be an isometry of Λ whose conjugacy class is 4𝐶, 6𝐸 or 8𝐸 . Let k be a divisor of
|𝜏 |. Then 𝐶𝑂 (Λ𝜏 ) (𝜏)/〈𝜏〉 acts transitively on L𝜏,𝑘 .

Lemma A.11. Let 𝜏 be an isometry of Λ whose conjugacy class is 6𝐺 or 10𝐹. Then the group
𝐶𝑂 (Λ𝜏 ) (𝜏)/〈𝜏〉 acts transitively on L𝜏, |𝜏 |/2.
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