
IDEAL DECOMPOSITIONS IN NOETHERIAN RINGS 
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An interesting identity is obtained for ideals A and B in a Noetherian ring : 

A = (A + Bn) r\ (A:Bn) 

for sufficiently large n. This identity is applied to obtain Fuchs' quasi-primary 
decomposition of A in an improved form, and to obtain Krull's theorem on 
the intersection of the powers of A, both developments making no use of the 
Noetherian primary decomposition of A. Finally, the identity is used to obtain 
the primary decomposition without reference to irreducible ideals, in a largely 
constructive manner which yields the decomposition in an illuminating, auto
matically normal form, and which, subject to certain simple conditions, is 
unique. 

Throughout the paper R is a (commutative) Noetherian ring (with unity). 

LEMMA 1. If A and B are ideals of R, then for a sufficiently large integer n, 
A = (A + Bn) H (A:Bn). 

Proof. Let B = (xi, . . . , xq), and choose positive integers r, n1} . . . , nq 

such that 

(1) A:Br = A:Br+l 

(2) nt> r for i = 1, . . . , q, 

(3) A:(x^) = A'.ixf*1) 

and 

[A + (x?\ . . . , ^ - i " ' - ! ) ] : (**w0 = [A + (*!«!, . . . , x,_iw<-i)]: (x w ) = . . . 
for i — 2, . . . , q. 

To simplify the notation, let x/*1* = yif i = 1, . . . , q. 
By a well-known identity (4, p. 22), A = (A + (yx)) Pi (A:(yi)), and if 

A = (A + (yu . . . , y4)) n (4 : fri, • • • > 3>f))> then 

4 = 04 + (yu . . . , y1+1)) H [(A + (yu • • • , y,)) : (y,+i)] H (4 : (yi, . . . , y<)) 

2 (4 + (yu • • •, yi+O) n (A : (y<+1)) n (4 : Gvi. • • • > yi)) 

= (A + (ylf . . . , y i+1)) H (4 : (ylf . . . , yi+1)). 

Thus, by induction, 

A = (A + (yi,...,yq))n(A:(y1,...,yq)). 
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If m = «i + . . . + nq — q + 1, then Bm C (yh . . . , yq) Ç J3r, and so 

4 ç (4 + B » ) H (4:B ' ) Ç (4 + (yi,...,yQ))n(A:(y1,...,yq)) = A. 

Thus, if n = max{w, r}, then by assumption (1), 4̂ = (A + Bn) C\ {A\Bn), 
and the proof is complete. 

COROLLARY. For ideals A and B of R and a sufficiently large integer n, 
(A:Bn) r\Bn CIA. 

Note that by Dedekind's modular law, 

(A \Bn) r\(A + Bn) = A + ((A :Bn) H Bn) 

and so A = (A :Bn) Pi (A + Bn) if and only if {A :Bn) r\BnQA. Also, if 
A = {A + Bn) C\ {A :Bn), then 

A :Bn = ((A + Bn):Bn) H (A :B2n) = A :B2n, 

and hence A :Bn = A :Bn+l = 
It follows directly from the maximum condition in R that any ideal A 

contains a finite product of prime over ideals (5, p. 200). The factors of such 
a product with the smallest number of distinct factors are precisely the minimal 
prime ideals of A. Thus, A is contained in a finite number of minimal prime 
ideals and contains a product of them. 

THEOREM 1. If A is any ideal of R and Pi , . . . , Pk are the minimal prime 
ideals of A, then for a sufficiently large integer n, 

A = {A + P?) C\ {{A :Px
n) + P2

n) H . . . r\ ((A :P? . . . Pk^
n) + Pf). 

Proof. By systematic application of Lemma 1, there exist wi, . . . , nk such 
that 

A = (A + P x
w 0 n (AiPfi) 

= (A + Pin i) r\ ({A'.Pfï) + P2
W*) n ((A:Pin'):P2

n2) 

= (A + P f 1 ) H ((A :PiWl) + P2
W2) H (A iPflP,"») 

= (A + Px"!) H ((4 :Pxn0 + P2
W2) H . . . H ((4 :PiW l . . . Pic-ik-1) + Pk

nk) 
n ( ^ : P i n i . . . P*Wft). 

There exists an n ^ nf, i = 1, . . . , k, such that ( P i . . . Pk)
n C 4 . Then 

4̂ :P i n . . . P / = P , and since by an earlier remark 

A :PiW l . . . Pini = (A :Pin0 :P2
n*. . . P,w* = (A :Piw) :P 2

n 2 . . . P?1 = . . . 

= (. . . (A -.Pi") :P2
n) : . . .) :P«» = 4 :Piw . . . P,", 

we have that 

A = (A + P?) C\ ((A :Pxw) + P2
n) r\ . . . H ( U :^iw • • • P*-in) + P*"), 

as required. 
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COROLLARY. If A is any ideal of R and Ph . . . , Pk are the minimal prime 
ideals of A, then for a sufficiently large integer n, 

A = (A + i Y ) n (A + p2
n) n...n(A + pk

n). 

Recall that, following Fuchs (1), an ideal A is quasi-primary if and only if 
the radical of A is prime. A representation of an ideal A as an intersection of 
quasi-primary ideals is in shortest form if none of the quasi-primary compo
nents can be omitted and no intersection of two or more of the components is 
itself quasi-primary. 

If A is an ideal contained in the prime ideal P , then the radical of A + Pn 

is P and so A + Pn is quasi-primary. Thus, the decomposition above is a 
representation of A as an intersection of quasi-primary ideals. Moreover, this 
is a shortest representation, since the prime ideals Pi , . . . , Pk are the minimal 
prime ideals of A, and hence none of the quasi-primary components A + P/1 

can be omitted and no intersection of two or more is quasi-primary. 
If the index of a quasi-primary ideal Q is defined as the smallest power of 

the radical of Q contained in Q, then given any shortest representation 
A = Qi r\ . . . C\ Qm of A as an intersection of quasi-primary ideals Qt of 
index rt and radical Pu the component Qt can be replaced by the ideal A + P\Ti\ 
indeed, A + P / M S the minimal quasi-primary ideal of index rt which can be 
substituted for Qt in the decomposition. Of course, any exponent of Pi greater 
than rt can also be used. Since Qi P\ . . . P\ Qm is in shortest form, the Pt are 
exactly the minimal prime ideals of A and the decomposition 

(A + pfi) n...n(A+ pm
Tm) 

is also in shortest form. Since the minimal prime ideals of A are determined 
only by A, we have proved the following results of Fuchs (1, Theorems 5 
and 6). 

THEOREM 2. Every ideal A of R can be represented as a finite intersection of 
quasi-primary ideals. Given two shortest representations of A, there is a one-to-one 
correspondence between the components such that corresponding components have 
the same radical. 

We now establish Krull's intersection theorem (3) without the use of the 
Noetherian primary decomposition. (The referee has called our attention to 
the fact that Herstein (2) has recently also obtained such a proof by different 
methods.) 

THEOREM 3. Let M be any ideal of P , and A = CX=\ Mn. Then A = (0) 
if and only if no element of 1 — M is a zero-divisor. 

Proof. The proof in (5, p. 216) utilizes the primary decomposition only to 
obtain the preliminary result AM 3 A. Now, applying Lemma 1, we have 
that for n sufficiently large 
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AM = (AM + Mn) r\ (AM:Mn) 2 A C\ A = A, 

as required. 
Next we turn our attention to the primary decomposition. Recall that for P 

any prime ideal and A any ideal of R the P-component of A is 

AP = {x\xt Ç A for some t$P}, 

and that since R is Noetherian, there exists an s not in P such that AP = A : (s). 
We collect several simple results concerning P-components in the following 
lemma. 

LEMMA 2. (i) If A is any ideal, P a prime ideal, and B an ideal contained 
in AP, then A:B $£ P . 

(ii) If P is a minimal prime ideal of A, then AP is the (unique) minimal 
P-primary ideal containing A, and is a minimal primary ideal containing A. 

(iii) If Q is a minimal primary ideal containing A, then Q is equal to AP 

for some minimal prime ideal P of A. 
(iv) If A and B are any ideals and P is a prime ideal, then P ~D A:B if 

and only if P 3 AP:BP. 
(v) P is a minimal prime ideal of A if and only if P is a prime ideal con

taining A and A:Pn Çt P for some positive integer n. 

Proof, (i) Since s A P C A for some 5 not in P , it is immediate that A:AP 

£ P , whence if B C AP so that A :B 2 A :AP, then A:B £ P . 
(ii) Now let P be a minimal prime ideal of A, and P2 , . . . , Pk, the remaining 

minimal prime ideals of A. Clearly i P Ç P . There exists an n such that 
(PP2 . . . PJCT Q A. If k = 1, then Pn C A C AP, while if k > 1, then there 
exists some y in (P 2 . . . Pk)

n such that y is not in P , whence Pny C A and 
so Pn C 4p . Thus we have PnQAPQ P . 

If xy £ AP and y$P, then there exists s $ P such that xys Ç ^1. Then 
ys $P implies that x f i P , and AP is P-primary. 

Now if Q is any P-primary ideal containing A, then x f i P implies that 
there exists s$P such that xs G ̂ 4 Ç Q, whence x G Q, so that ^4P is the 
minimal P-primary ideal containing ^4. Clearly AP is also a minimal primary 
ideal containing ^4. 

(iii) It is well known (e.g. 4, p. 51) that Krull's intersection theorem implies 
(again without essential use of the primary decomposition) that for any prime 
ideal P of R the intersection of all symbolic prime powers, P{n), of P or, equi-
valently, of the ideals (Pn)P is equal to the P-component, (0)P, of the zero 
ideal. Noting that if A C P , then under the canonical homomorphism, / , of 
R modulo A the ideal PC=i (A + Pn)P corresponds to the ideal 

nf(P)(n)= (o)/(P), 
we see that 

n(A + pn)P = A P. 
7 1 = 1 
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If, now, Q is a minimal primary ideal containing A, then, a fortiori, Q is a 
minimal P-primary ideal containing A for some prime ideal P . Thus, Q is 
equal to (A + Pn)P for all sufficiently large » and so is equal to AP. But AP 

P-primary implies that P is a minimal prime ideal of A. 
(iv) Suppose that P is prime and P Z) A:B. Now s^4P C A for some 5 

not in P . If x G AP:BP, then x £ P C ylP and sxi?P C ^4. Thus, sx G ^4:£P 

C ,4 :£ Ç P , whence x g P and , 4 P : £ P C P . 
Conversely, suppose P is prime and P ^ A:B. Then si? C A for some 5 

not in P . Also, £#P C B for some £ not in P . Hence s£BP C A with s£ not in 
P , so that £ P C APy AP:BP = R £ P . 

(v) Suppose that P is a minimal prime ideal of A. Then AP is P-primary by 
(ii), Pw C ^ P for some », and by (i), A:Pn £ P . 

Conversely, suppose that P is prime, 4̂ C P , and A:Pn(£P for some 
positive integer ». The result is trivial if P = A ; so suppose .4 is properly 
contained in P and let C be any ideal which contains A and is properly con
tained in P . There exists a £ in P such that p $ C and an 5 not in P such that 
sPn Ç ^4. Hence, ŝ ?w (z A Cl C and C is not prime. Thus, P must be a mini
mal prime ideal of A. 

This completes the proof of Lemma 2. 

To obtain the primary decomposition of A, let Si be the intersection of all 
ideals ^4P for P a minimal prime ideal of A, or, equivalently, the intersection 
of all minimal primary ideals containing A, let Sk+i = Sk P\ Bk, where Bk is 
the intersection of all AP for P a minimal prime ideal of A :Sk, and consider 
the chain of ideals thus obtained. 

Since the Sk form a descending chain, the ideals A :Sk form an ascending 
chain, and hence for some », A :Sn = A :Sn+i — . . . . If A\Sn ^ P , then A :Sn 

has a minimal prime ideal P , .Sw+i C ^4P and A :Sn+i $£ P . Thus 4̂ :5n = P . 
Thus the chain of ideals Si D S2 D . . . D 5n = 4̂ associates with 4̂ a finite 
set of prime ideal divisors Px , . . . , Pq of A such that 

^ = APlr\...r^APq. 

We have that Si is the intersection of primary ideals whose radicals are the 
minimal prime ideals of A. Assume, inductively, that for some k, 1 < k < », 
each AP> in Sk — C\ AP> has a primary decomposition for which the prime 
radicals are contained in P'. 

Now let P be a minimal prime ideal of A :Sk. Then for some s not in P we 
have (Sk)p — Sk:(s) and s(Sk)P C Sk. Since ^4:5^ contains a product of its 
minimal prime ideals, for all integers r greater than some integer m and some 
q not in P we have PrqSk C A. Then Prqs(Sk)P C ^4, and since gs $ P , thus 
P r(5*)P Ç ^ P and (Sk)P C 4 P : P r . 

In the assumed primary decomposition of each AP> in Sk = P\ ^4P ' the 
prime ideal P does not occur as one of the prime radicals, since, by Lemma 2, 
SkQAP> implies A:Sk $£ P ' , whereas 4̂ :5A; £ P . Now (5A;)P also has a 
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primary decomposition for which the prime radicals are all contained in P 
(4, p. 17) and hence properly contained in P . Thus, if yPT C AP C (Sk)P, 
then we must have y £ (Sk)P, and so AP:Pr C (S^p- We conclude that 
^ : P r = ( 5 , ) P . 

Now take r sufficiently large that AP:Pr = AP:PT+l = . . . , , 4 P :P r = (Sk)P, 
and ^ P = (AP:Pr) H ( 4 P + P r ) . Then 4 P = (5»)P H ( A P + P r ) , and taking 
P-components we obtain AP = (Sk)P Pi ( 4 P + P r)p. But (AP + Pr)P 

= (A + P r)pi hence ^4P = (SJOP P (̂ 4 + Pr)p- Since P is the unique minimal 
prime ideal of A + P r , {A + P r)p is P-primary and AP has a primary decom
position, all components of which have radicals contained in P . 

Thus, by induction, A has a primary decomposition. We note that if P is 
a minimal prime ideal of A, then for some m, Pm C ^4P and 

^ p = (Ap)p = (AP + Pm)P = (A + Pm)P. 

Moreover, since for P a minimal prime ideal of A :Sk, AP = (Sk)Pr\ (A + Pr)Pi 

it is clear that 

sk+1 =skn Bk = sk n m (A + P/OP,-], 

where the P2- are the minimal prime ideals of A :Sk, and hence do not occur as 
radicals of any of the primary ideals in the decomposition of Sk. Thus, each 
P occurring as a minimal prime ideal of A or of some A :Sk is the radical of 
exactly one P-primary ideal (namely (A + Pr)P, the unique minimal P -
primary ideal containing (A + P7*)) in the primary decomposition of A thus 
obtained. 

We now show that this decomposition of A as a finite intersection of primary 
ideals Qt = (A + Pt

Ti)Pi is automatically a normal decomposition of A. 
Since the P 7 are all distinct, it suffices to show that no Qt is redundant. Sup
pose, on the contrary, that some Qt = Q = (A + PT)P is redundant, where 
P is a minimal prime ideal of A :Skl so that 

A = <2i r\... P QTO p . . . P Qn p <2 = & r\... P Qn, 

where Qi, . . . , Qm are those Qj whose radicals are contained in the radical 
P of Q. Then 

AP = Qi P . . . p Qm P Q = d P . . . p QM 

and Ç is a l s o redundant in the resulting decomposition of AP. But this decom
position is precisely AP = (Sk)P P Ç, which implies that AP — (Sk)P and 
-4p: (Sk)P = P . But by Lemma 2 (iv), i ^ Ç P implies AP: (Sk)P Q P 9* R. 
Hence the original primary decomposition of A is irredundant, and therefore 
also normal. 

We have proved the following theorem: 

THEOREM 4. Let A be any ideal of R. Then by the above process A is repre
sented as an (automatically normal) intersection of a finite number of primary 
ideals of the form (A + Pr)P. 
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The usual uniqueness theorems concerning primary decompositions now 
follow by standard arguments. 

For decompositions of the above form, an additional uniqueness property 
can be obtained by use of the following theorem. 

THEOREM 5. Let 

A=Q1n...nQk = Q1'n...n &', 
where Qt and Q/ are primary with radical Pif i = 1, . . . , k, and Pt ^ Pj 
if i T^ j . Then 

A = <2i r\... r\ <2,-i r\ Q; r\ Qj+1 r\... r\ Qk. 
Proof. Assume the indexing chosen so that P i , . . . , P3-i are those prime 

ideals of A not contained in P = Pj. Then A = Qi Pi . . . Pi <2;_i P AP. 
But for n sufficiently large, AP = Q/ P (AP:Pn) and AP:Pn = Qj+1 P . . . 
P Qk. Thus, 

A = Qx P . . . P &__! P Q/ P Qj+l n...nQk. 

THEOREM 6. Any ideal A of R has a normal decomposition 

A = n u + p%
mi)Pi 

which is unique in that each exponent mt is the minimum exponent that yields 
a primary component of A of the given form. 

Proof. By Theorem 4, A has a normal decomposition 

A = n (A + pt
ri)Pt. 

By Theorem 5 the exponents associated with the prime ideals Pi can be mini
mized independently and, moreover, each minimum mt thus obtained depends 
only upon A and P t. 
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