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Abstract

We describe the period structure of the optimal continued fraction expansion of a quadratic surd, in terms
of the period of its nearest square continued fraction expansion. The analysis results in a faster algorithm
for determining the optimal continued fraction expansion of a quadratic surd.
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1. Introduction

In 1960, Selenius [7] introduced a new semi-regular continued fraction (SK) expansion
of areal number, arising from its regular continued fraction (RCF) expansion. Like the
RCEF, Selenius’ continued fraction is periodic for quadratic surds. Selenius discussed
the SK expansion of VD in detail, describing its period in terms of that of the
nearest square continued fraction (NSCF) of Ayyangar [1]. Bosma and Kraaikamp [3]
studied a more accessible version of Selenius’ continued fraction, namely the optimal
continued fraction (OCF) of Bosma [2] and also discussed periodicity for a quadratic
surd. The OCF algorithm is defined in Section 2, independently of the RCF algorithm.
However, in Section 3 we present the OCF in terms of the RCF, in such as way as to
emphasize similarities with the NSCF algorithm. A connection between the OCF and
NSCEF is made in Section 6 using work of Selenius, and in Section 8 we give an explicit
description of an OCF period of a quadratic surd in terms of its NSCF period. In
Section 9 our analysis results in a faster algorithm for determining the OCF expansion
of a quadratic surd, which starts with the Bosma algorithm and soon switches to the
NSCF algorithm, with perturbations in exceptional cases. This second stage avoids
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the time-consuming calculation of a second integer part in the Bosma algorithm at
step (2.3) below.

2. The optimal continued fraction

Derinition 2.1 [2]. The OCF expansion of an irrational number &, is defined
recursively as follows: first, r_y =1,7, =0, s =0, s, =1, ¢ = 1. Then for k>0,
with & = &,

b = 1&] 2.1)

U _ by + i 2.2)
Ve biSk—1 + &Sk

Br = i/ Qv + s5-1)

ax = L& + Bl (2.3)

T Ggle—1 + €72

S o+ asis -
=& — (2.5)
€1 = sign(fy) (2.6)
&1 = €1 /M, Q2.7)

where | -] denotes the integer part.

For k > 0, the OCF complete quotients satisfy & = &y + €1 /&1, With convergents
i/ sk. We give some properties of the OCF.

Lemma 2.2. With by and @ defined as in (2.1) and (2.3),

(2.8)

b, +1 lf€k+1=—1.

Uy

{bk if €1 = 1,

l:fek‘i-l = 19
Te_ g 2.9)
Sk Up +re-1 ’
— faa=-1
Vi + Sk-1

If A/B is a rational number with B > 0 and H(A/B) = B|B&y — A|, then

1 #Hcﬁ)<HG&iEi>
Vi Vi + Sk—1
ot = (2.10)

1 yHGﬁ)>HG&iﬂi)

Vk Vi + Sk-1
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Proor. Equation (2.8) is stated in [2, Lemma (4.6)]. Equation (2.9) follows from
(2.4), (2.8) and (2.2). Equation (2.10) follows from [2, Lemma (4.3)], which states

that
e ug Uy U + T
i ) R ey
Sk Vk Vk Vi + Sk-1

together with (2.9). O
3. The OCF algorithm via the RCF algorithm

In this section we show how the OCF expansion of an irrational number & may be
derived from the RCF expansion &y =ag+ 1 | /| a; + - - -, using the function H.
We recall that the nth RCF complete quotient &, is defined for n > 0 by

ay = |_‘fnJ and é:n =a,+ 1/§n+1'

The nth RCF convergent A, /B, is defined forn>-2by A ,=0,A_1=1, B,=1,
B_; =0and, for k> -1,

A1 = Qe Ag + Aga,
Biy1 = agy1 By + Bi_y.

Lemma 3.1. Let h(k) be defined recursively by h(0) = 0 and

hk)+1 i =1,
hk + 1y = O e 3.1
hk) +2 if ey =—1.
Then
P
b= @0 da=l (3.2)
ah(k)+1 lek:—l,
and
i fe=1,
g = Eny lffk (3.3)
é‘:h(k)"'l lekZ—l.

Proor. We prove (3.2) and (3.3) kly induction on k > 0. Tl}ese are clearly true when
k=0, as h(0) =0 and & = 1, s0 & = &o = Eno) and by = [£o] = [£o] = ao = anw). We
now assume that (3.2) and (3.3) hold. Now by (2.7), &1 = €1/ (Ex — ax)-
Case 1. Assume that €., = 1. Then using (2.8) and (3.2),
1
z 1 1 Enky = Ao
k+1 = o = — =
T &-a &-b 1
(Eniy + 1) = (angy + 1)
1

- fh(k) = Ah(k)

ife =1,

if g = -1,

= &1 = Ener1)s

by (3.1).
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Case 2. Assume that €., = —1. Then, again using (2.8) and (3.2),
-1

_— ifg =1,
: -1 -1 Eny — (anwy + 1)
k1 = = — == =
T E&G-a &-(be+ 1) -1 ife =1
Eny + 1) = (anpy +2) (34
_ -1 3 -1
Enty — Angky — 1 [ 1'
Enoy+1
But by Equation (4.17) of [2, Proposition 4.14], namely
any+1 =1 if gy = -1, (3.5)

we have ‘fh(k)+1 =1+ l/fh(k)+2‘ Hence by (34),

-1
Snwr2
Eny2 + 1

=&hy+2 + 1= Engery + 1,
1

gk+1 =

by (3.1). Thus we have shown that (3.3) holds when & is replaced by k + 1.
Also, by (2.1),

brs1 = 11

LEhgsn] + 1 if g = -1,

{ah(k+1) if g1 =1,

{l.fh(kn)] if g1 =1,

angsny + 1 if g =—1.

Hence (3.2) holds when & is replaced by k + 1. O

We now see from Lemmas 2.2 and 3.1 how the OCF can be derived from the RCF,
in terms of the function H. With ¢y =1, (0)=0,r»,=0,r_1=1,5s,=1,s_1=0and
assuming that e, h(k), ri—1, Sk-1, rr—2 and s;_, are defined, we define €., h(k + 1) and
rr/ sk as follows. Let

by = Ap(k) ifekz 1,
k Apky + 1 if € = -1,

U _ brey + &
Vk  bSio1 + €S2

1 ifH(%)<H(M),

Vi Vi + Sk-1
€k+1 =
. Uy U + Tg-1
1 1fH(—)>H(—),
Vk Vi + Sk-1
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i if 41 =1,
Tk | Vk
Sk Uk + Ti-1 if g,y =—1,
Vi + Sk-1
hk) +1 if =1,
hk+ 1) = (k) 1 €+
l’l(k)+2 lf€k+1 =-1.

Then & and & can be defined by (2.8) and (3.3).

RemARrK 3.2. Bosma [2] used the notation n(k), rather than i(k). Letn(k) = h(k+ 1) — 1
for k > —1 and define n(—2) = —2. Then, for k > —1, it follows from (3.1) that

I’l(k—l)+1 if6k+1=1,
n(k) = .
nk-1)+2 ifgy =-1.

LEmma 3.3. For k> -2,
fe=Any, Sk = Bugy-

Proor. This was proved for k > 1 in [2, Proposition (4.14)] and is trivially true for
k=-1 and -2. It is also true for k =0. For so =1, (i) ¢, =1 implies that n(0) =0
and By, = Bp =1; whereas (ii) if ¢ =-1, we have n(0)=1 and B, = B| =aj.
Then (2.10) with k=0 gives H(by/1) > H((by + 1)/1), which implies that & > ag +
1/2, from which it follows that a; = [1/(£&y — ap)] = 1 and again B; = 1.

Similarly,
ap = A() if € = 1,
apg+1=A4A; if61=—1.

r0=510=L§0+1/2J={

Hence rg = An(O)' O

We note in passing that s; > s,_; for k > 1 (see [2, Lemma (4.5)]) and that 5o = 1.
Also, in [2, Corollary (4.27)], Bosma showed that & >2 for k> 1 and that Em >
(1 +5)/2if m > 1, by [2, Proposition (4.21)].

The OCF expansion of a quadratic surd is eventually periodic, that is to say,
€i+1 = €irps1 and a; = G,y for all i > iy (see [3, Theorem (6.1)]). The least such p is
called the period length.

From now on, & = (Py + D)/ Qo is assumed to be a quadratic irrationality in
standard form, that is, Py, Qo and (D — P(Z)) / Qo are integers whose greatest common
divisor is equal to 1. Then if the RCF complete quotient &, = (P, + VD)/Q, is in
standard form, we have the positive and negative representations

=P, +VD)/Qp=a, + —— =g, + 1 - —2

77

where (P,.; + VD)/ 0,41 >1and (P;; at D)/ Q ., > 1 are also in standard form.

n+1
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LemmaA 3.4 (Selenius). Let & be a quadratic irrational. Consider the positive—
negative representation of RCF complete quotient &,_1:

’”

QV QV
&=L +VD)/ Oy =ay g+ ————==a,. 1+ 1 - ———.
P,++VD P, ++D
1) Ifa,=1landv=>1, then:

@ Q=0
(b) PV = Pv+1 + Qv+1-
(i) Ifé,-1 is RCF reduced, then Q;,' < Q, implies that a, = 1.
Proor. See [7, Satz 37], where the results are proved for & = vD. m|
By (3.1) and (3.3), we can now view the RCF to OCF transformation as a sequence

of traversals of the sequence of RCF positive and negative representations of &

o’
Ongiy+1 — gy + 1 — h(k)+1 (3.6)

Enty = Ay + —————= ~ .
Ppioy+1 + \/5 Ph(k)+l + ‘/5

visiting the &x), where k > 0, in jumps of 1 or 2 and choosing
B = (Puy+1 + VD) Qnyer i €1 = 1,
1=9 " )
P VDV, if € = -1

For if ¢.,.1 = 1, then

&1 = (Prgsry + ‘/l_))/Qh(k+1) = (Ppy+1 + ‘/l_))/Qh(k)H-
Also if €., = —1 then h(k + 1) = h(k) + 2. Moreover, by (3.5), +1 = —1 implies that
ang+1 = 1, so by Lemma 3.4(i),
P;(k)+ 1 = Phy+2 + Ony+2  and Q;(k)+1 = Onky+2»

SO

Eert = (Phesty + VD) Qnesty = (Pryz + VD) Qo + 1 = (Phgoer + @)/Q;(k)ﬂ-
Lemma 3.5. If a, > 1 for some n > 1, then n = h(k) for some k > 1.

Proor. Let a, > 1 and h(k) <n<h(k+1). If h(k) <n, then h(k +1)=h(k) + 2 and
€+1 =—1; also n=h(k)+ 1. Hence, by (3.5), we get the contradiction a, =
Any+1 = 1. m|

ExawmpLE 3.6. The initial OCF expansion of &, = (36 + \/m) /81 in given in Table 2.
This is derived from the positive—negative representations of the RCF expansion
in Table 1, with line traversals indicated by 0 52 —-3—-55-56—->7—-59—
11, corresponding to A(1)=2, h(2)=3, h(3)=5, h(4)=6, h(5)=7, h(6)=9
and h(7) = 11.
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Optimal continued fraction of a quadratic surd

TasLE 1. Positive—negative representations for & = (36 + v405)/81

i & ai+ Qi1/(Piy + VD) a;+1- 0, /(P},, + VD)
0 (36 + V405)/81 0 — 11/(=36 + V405) 1 —20/(45 + V405)
1 (=36 +V405)/(-=11)  1+20/(25 + V405) 2 - 19/(14 + V405)
2 (25+V405)/20 2 +9/(15 + V405) 3 —41/(35 + V405)
3 (15 + V405)/9 3 +29/(12 + V405) 4 —4/(21 + V405)
4 (12 + V405)/29 1 +4/(17 + V405) 2 — 59/(46 + V4053)
5 (17 + V403)/4 9+ 11/(19 + V405) 10 — 31/(23 + V405)
6 (19+V405)/11 3+ 19/(14 + V405) 4 —20/(25 + V405)
7 (14 + V405)/19 1 +20/(5 + V405) 2 - 9/(24 + V405)
8 (5 + V405)/20 1 +9/(15 + V405) 2 — 41/(35 + V4053)
9 (15 + V405)/9 3 +29/(12 + V405) 4 - 4/(21 + V405)
10 (12 + V405)/29 1 +4/(17 + V405) 2 - 59/(46 + V405)
11 (17 + V405)/4 9+ 11/(19 + V405) 10 — 31/(23 + V405)

139

TasLE 2. Initial segment of the OCF expansion of (36 + V405)/81

i & € ai

0 (36+V405)/81 1 1
1 (45+v405)/20 -1 3
2 (15 +V405)/9 1
3 (21+V405)/4 -1 10
4 (19+V405)/11 1
5 (14+v405)/19 1
6 (24+V405)/9 -1
7 (21+V405)/4 -1 10

4. Selenius’ algorithm

We need to show that the OCF algorithm is identical to Selenius’ algorithm, as
originally presented by Selenius [7, Section 27, V 4]. We start by identifying the
quotients uy /vy and (uy + ri—1)/(vk + sx-1) that occur in Equation (2.9) of the OCF
algorithm.

Lemwma 4.1. Let h(k) be defined as in (3.1). Let h(k) = r and ®, = H(A,/B,). Then

A, + e A+ A,
U S L 4.1
Vi B, Vi + Sk-1 B, + B,_;
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Proor. Observe that

ug = byri_1 + €rr
= DrAnk-1) + EAni—2) 4.2)
=biAr_1 + gAni-2).

Case 1. Assume that g = 1. Then from (3.2), by = ayx) = a, and
hk-1D=htk)y-1=r-1, nk-2)=r-2

and (4.2) becomes uy = a,A,_1 +A,_» =A,.
Case 2. Assume that ¢ = —1. Then by = a, + 1. Also by (3.5), apk-1)+1 = 1, where
h(k - 1) = /’l(k) —2=r—-2.Hencea,_;=1landA,_1=a,_1A, »+A, 3=A,r,+A,_3.
Then (4.2) becomes u; = (a, + 1)A,_.1 —A,3=a,A,_1 +A,_» =A,. Also in both
cases
up +r-1 = A+ Apgmy = Ar + Apgy-1 = A + A,

as required. O

CoroLLARY 4.2. Let h(k) =r and ®, = H(A,/B,). Then:
(@) €41 =1anda, =1 implies that ©, < O,
d) &+ =—1 implies that ©, > O, .

Proor. This follows from (4.1) and (2.9), as (ug + rr—1)/ (v + Si_1) = Arp1/Brsq, if
ar+1 = 1. This is indeed the case if €. = —1, as by (3.5), apky+1 = ar+1 = 1. O

Corollary 4.2 gives an alternative way of defining h(k), in terms of RCF
approximation constants ©,, which leads to Selenius’ algorithm.
Levma 4.3. Let h(k) =r and ®, = H(A,/B,).
(@) Ifar1 > 1, then €41 =1 and h(k + 1) = h(k) + 1.
d) Ifay =1; then:
(1) O, <0, implies that €1 =1 and h(k + 1) = h(k) + 1;
(i) O, > O, implies that €1 = —1 and h(k + 1) = h(k) + 2.

Proor. The contrapositive of (a) follows, as €. = —1 implies that a1 = a,+1 =1,
while (b)(i) and (ii) follow on taking contrapositives in Corollary 4.2(b) and (a). m]

REmARK 4.4. In cases (a) and (b)(i), we represent the change in A(k) as a jump of one
RCEF partial quotient:

—

Ay, dry].

In case (b)(ii) we represent the change in A(k) as a jump of two RCF partial quotients:

_—
ar, 19 Ary2.
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Lemma 4.3(b) tells us that the RCF to OCF transition depends on the relative sizes
of the approximation constants ®, corresponding to a unisequence, that is, a sequence
of consecutive partial quotients 1. The dependence is described in [6, Lemma 4.1] as

follows.

Lemwma 4.5. Consider the k-unisequence a,, 1, ..., 1, ayiiv1, where a, > 1 if r >0 and

Arike1 > 1
(@) Ifkisodd, then

®r > ®r+1’ ®r+2 > ®r+3s cees ®r+k—1 > ®r+k'

(b) Ifk =2t wheretis even, then

®r > ®r+] ’ ®r+2 > ®r+3a e ®r+t72 > ®r+t71 s

Ot <Oryret,

Oriti1 > Ori2, O3> Oy, .o, Opr 1 > 0Oy

(¢) Ifk=2twheretis odd, then

®r > ®r+l 5 ®r+2 > ®r+3, D) ®r+t73 > ®r+t72y
Ot >0ty O >0,0143, o0, Opp 1 >0,

Further, ©,1141 < Opypyn if 1 2 3.

In (c), Selenius called the k-unisequence indirect (ungerade) or direct (gerade),

according to whether ©,,;_1 < ©,;; or ;1 > O,;.

ReMaRrKk 4.6. From Lemmas 4.3 and 4.5, we have Selenius’ recipe for the variation in

h(k) on meeting a k-unisequence.
(a) kodd: there are (k + 1)/2 jumps of length 2.

(b) k=2t where tis even: there are ¢/2 jumps of 2, then a jump of length 1, then /2

jumps of length 2.
(c) k=2t where tis odd.

i) IfO,1 >0, thereare (r + 1)/2 jumps of length 2, then a jump of length

1, followed by (¢ — 1)/2 jumps of length 2.

(1) IO,y <O, thereare (r — 1)/2 jumps of length 2, then a jump of length

1, followed by (¢ + 1)/2 jumps of length 2.

For example:

_—

k=1:a,, 1, an2;

k=2:a,, 1, 1, a,3 (indirect unisequence, 0, < ®,,);
—>

k=2:a,, 1, 1, a,.3 (direct unisequence, @, > ©,,);
_

k:3 ay, la 13 1, ar+4;
—

k=4 ay, 1, 1’ 19 19 ar+5;
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- ay, 1, 17 1, 1’ 1, ari6;

@ a1, 1,_1>, 1, 1, 1, a,4+7 (indirect unisequence, @,., < @,3);

) a, 1, 1, 1, 1,—1>, 1, a,.7 (direct unisequence, ®,., > O,,3).

RemArk 4.7. It is well known [4, p. 29] that

®i = {[ai+1’ e al] + [09 ajy2, Ajy3, . . ']}71'
As pointed out by Selenius [7], for a k-unisequence with k = 2¢ and ¢ odd,

Orm1 >0 & ar, a1, .., a1l > [Gr21, Arii2, - - ] 4.3)
if r>0.

The following result from [3] is useful in establishing inequalities between regular
continued fractions.

Lemma 4.8. Suppose that x = lao, ..., a1, 0, ...], X' =lao, ..., a1,a,...] with
ay # ay. Then ay < a; if and only if k is even and x < x', or k is odd and x > x'.

There is one occasion when we always have an indirect unisequence.

Lemma 4.9. If k=2t where t is odd, then the k-unisequence ay, (DX, asyr1, where
ay+1 > 1, satisfies
®t—1 > G)t‘

Proor. Using the notation of Selenius [7, p. 18], where y;,=0 !

—|» We prove
equivalently that y, < y,,1.

ve=la,...,a1] + [0, ap1, .. .]
= [(l)t] + [O’ (1)t$ a21+]’ .. ] :y + l/x,
Yt = (D410, (D)7 aver, .. 1= 1/y + x,

where y = [(1)"] and x = [(1)’, ap41, - . .]. Hence

1 1
Ye<Viy] & Y+ -—-<-+X
X oy

+1 1+
Xy < Xy

X y
= y<nx
Now by [7, p. 30],
F, _ F&yn + Fry

y: £l X = £
Fiy Fi o1& + Froo
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where F, is the nth Fibonacci number (thatis, F_1 =0, Fp=1,and F,=F,_; + F,,_»
when n > 1) and &1 = [@2+1, - - -]. Then

F, < Fi&a1 + Frog

Fiy  Fiaéun +Fi

— FiFi &+ FiF o <Fi Fiéo + F12_1

&= 0<F> -FF_,=(-D)"=1,

y<x &

as required. O
For use in Section 8, we need the following result.

Lemma 4.10. If OCF complete quotient &, = (p — 1 + +/p* + 1)/2, where p >3 and
m >0, then:

@ Eui=(@-1+yp>+D/p;
(b) &, starts an OCF period of length 4.
Proor. (a) Suppose that &,=[p—1,1,1]. Then &,=¢& +1 or &, where & =
la;, ar+1, .. .]. In the first case, & =[p—-2,1,1,p—1,...] and €, =—1. Then we
have ®, < ®,,, as

[a}’»""a1]=[p_27"'7a1]<[ar+37ar+49"']=[p_1’ 17 1"--]’

using (4.3) and Lemma 4.8. Hence €, = 1.
In the second case, & = [p — 1, 1, 1] and €, = 1. The following cases are those that

give €, = 1:
i) (@ r=1:ay, p—1;
® r>l:a1>1:a9,...,a,-1, p—1;

. —_—
(i) (@) r=3:ap 1,1, p-1;

b)) r>3:a.3>p-1;

_—

(C) ar3=p— 1 and ®r—3 > ®r—2 ag, ..., -3, 1, 1, p—l.
These all give €, = 1, using (4.3), Lemmas 4.8 and 4.9. Only (ii)(c) needs care; we
assume that ®,_3 > ©,_,. Then (4.3), with D = p? + 1, gives

0=ldar3, a2, ..., a11> [ar arer, .. 1= (p— 1+ VD)/2. (4.4)
We have to deduce ©, < 0,1, that is,
[ara Ar—15 ... aa]] = [p - 1$ la 179] < [Clr+3, Arid, - - ] = (p - 1 + @)/2

Happily this turns out to be equivalent to inequality (4.4).
In view of €, = 1, we choose the positive representation in the equation

p

. p
En=(p-1+VD)2=p-1+——=p-—F—
p—1+vVD p+1++VD

to get g:mH = (P -1+ \/5)/[7
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(b) Periodicity. We have the positive—negative representation

P _, 2
1+VD p+1+vVD
Then €,4, = —1, as a@,+; > 1 by [2, Corollary 4.27] and hence

Eni=(p—1+VD)/p=1+

p-1+vVD p+1++VD

Also €, = 1 implies that ®, < @, and using (4.3), we have ©,,3 > 0,4 and hence
€n+3 = —1. Consequently,

Enia=(p+1+VD)2=p+

2 _4 3p—4
p-1+vVD 2p-1+VD

Then, as a,.3 = p — 1 > 1, by Lemma 4.3(a), we have €,,44 = 1 and hence

Ens=(p+1+VD)/p=2+

Enia=(p-1+VD)/2=E,,

thus establishing periodicity, with corresponding section of the OCF expansion

as required. |

5. The NSCF algorithm

To define the NSCF, we start with a quadratic irrationality & = (P + D)/ Qp in
standard form, that is, D is a nonsquare positive integer and Py, Qo, (D — Po%)/ Qo
are integers, having no common factor other than 1. We define complete quotients
recursively. Suppose that & = & and that &,, = (P,, + D)/ O, is in standard form and
let ¢,, = L&, ]. Then we have the positive and negative representations

~

g:mz(ﬁm"'\/ﬁ)/gmzcm"'.‘QLﬂ=Cm+1_~,,Q++lv
Pm+l+\/5 Pm+l+\/5
where (P,,.1 + VD)/ Ops1 > 1 and (15;1 a7t D)/ Qm +1 > 1 are also in standard form.
We choose
oo UG I<IG L orlQ =10, land Oy <0,
" New+1 010,110, or 10,1 =10.,, | and 0, > 0,

€Em+l = Sign(gm = Qp), (52)

. P +VD)/ O | if € = 1,
= {( m+1 Qm+l +1 (5.3)

~7

(P, +VD/Q | if€u1=-1.
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For m > 0, we also have

~ €
é‘:m — am + ~m+1

m+1

If O, ~;n 1 Q;l . are all positive, we have the simplification

e A ) e A ~

~ Cm if Qm+l < Qm+l’ _ 1 if Qm+l < Qm+l’

am = e A ~r €m+l = e A A’
cn+l ifQ >0 . -1 ifQ 20,

This will be the case for all m > n if &, is NSCF reduced, or if |Q,| < 2VD (see [1,
Definition, p. 27] and [1, Theorem I, p. 22]). Such an index n always exists. The
NSCEF expansion of a quadratic surd is ultimately periodic (see [1, Theorem II, p. 25]).
This is equivalent to &, = &+,, where p > 0. The NSCF reduced surds are precisely
the surds with a purely periodic NSCF expansion (see [1, pp. 101-102]).

Lemma 5.1 (John Robertson). If £ >2 is RCF reduced, then & or £+ 1 is NSCF
reduced.

Proor. This depends on the fact that if & is NSCF reduced, then £ or £ — 1 is RCF
reduced (see [6, Lemma (6.2)]). So a cycle {¢;} of NSCF reduced surds corresponds
to a subsequence {14} of a cycle {n;} of RCF reduced surds. If p is the RCF cycle
length, we see by Lemma 3.4 that ¢(i + 1) = ¢(i) + 1 or ¢(i) + 2 for i (modulo p) and
in the latter case ag(;)+1 = 1, which implies that g1 =1 + 1/ng@)+2 < 2. O

COROLLARY 5.2. Assume that Ek is an OCF complete quotient. If apyy > 1 and Epyy is
RCF reduced, then one of & or & + 1 is NSCF reduced.

Proor. If & is an OCF complete quotient, then by (3.3) & = Eny or Engy + 1. Then
anky > 1 implies that &) > 2, so if &) is RCF reduced, Lemma 5.1 implies that &,
or &y + 1 is NSCF reduced. Hence one of &, & + 1 is NSCF reduced. o

CorOLLARY 5.3. There exists a OCF complete quotient &, such that & or & + 1 is
NSCF reduced.

Proor. If & is equivalent to (1 +V5)/2, then &, = (1 + V5)/2 for all n>ny and so
& =3 +5)/2 for all k such that h(k) > ng. Also (3 + V5)/2 is NSCF reduced.
Otherwise there exists n such that a, > 1 and hence, by Lemma 3.5, h(k) = n for some
k. If we choose n large enough so that &, is RCF reduced, then Corollary 5.2 gives the
desired result. O

6. Some inequalities of Selenius

In this section, we establish a connection between the OCF and NSCF algorithms,
based on a result of Selenius.

Lemma 6.1 [7, Satz 29]. Suppose that ®, = B,|B,&) — A,|, where A,/ B, is the rth RCF
convergent to &y = (Py + VD)/Qo. Suppose that Q, and Q.1 are positive for all large
r>0.
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(@ IfQr1 =0, then forr>1,
(=1)(®, - ©,_)t >0,

where t = sign(Qy).
(b) Ifris sufficiently large (for example, B,B,+1 > |Qo|) and Q41 # Q,, then

Qr+l < Qr = ®r < ®r—1- (61)
Moreover, if & = D, then (6.1) holds for r > 1.
(Selenius stated his result in terms of y, = 1/0,_1.)

CoROLLARY 0.2. Assume that &gy is RCF reduced and & has positive-negative

representation
=P+ VD) Oy =bp+ —H —=b + 1 - —
kst + VD P, +VD
(a) Suppose that Q,’{ = Qk +1- Then
+ Fp—
H(ﬂ) > H(M) — (~1fe---at=1, 6.2)
Vi Vi + Sk-1

where t = sign(Qp).
(b)  Suppose that Q, | # Q, ., and apgy+1 = 1. Then if s, > |Qo|,

Uy U + r—q ~, =
H(—) > H(— — 01> 09
Vk Vi t Sk-1

ReMARK 6.3. If & = VD, then (b) holds for all k > 0.

Proor. From (3.6), 0., = Onw+1 and O, = Q;(k) ., and both are positive if & is
RCF reduced, by [1, Theorem I, p. 22], as then 0 < Oy < 2VD.

For case (a), 0,,,=0,,, becomes Q1 = Q;(k)ﬂ. Then appy+1 =1, by
Lemma 3.4, and hence Qppy+1 = Q;(km = Ony+2- Lemma 6.1(a), with r = h(k) + 1,
now gives

A A
(_l)h(k)+1(H( h(k)+1 ) : H( h(k) ))t> 0
By +1 B

and Lemma 4.1 gives

(—1)”(")+1(H(M) - H(ﬂ))t >0, 6.3)

Vi + Sk—1 Vi
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Also

(=1 = Ay Byt — A1 B

= (Vi + Sk-Dug — vi(uy + r-1)

= USk-1 — ViTk-1

= (brri-1 + &ri-2) k-1 — (biSi—1 + € Sk—2)Tk-1
= & (re-28k-1 = Ti—15k-2)

=(-D""e - g

So inequality (6.3) gives
(=D)Fe - ek(H(M) _ H(”" ))t >0
Vi + Sk-1 Vi

and this gives (6.2).
For case (b), if app)+1 = 1, we again have Q;(k) +1 = Onky+2, s0 Lemma 6.1(b) applies
with r = h(k) + 1. We also note that

se(se + se-1)  if g1 =1,

BBy = vi(vi + s5-1) = .
’ (sk = sk-Dse i g1 =—1.

So B.B. > |Q0| if Sk > |Q0| O
The case where ay)+1 > 1 is easier to deal with.

Lemma 6.4. If €y is RCF reduced and apgy+1 > 1, then:
(1) H(u/vi) < H((u + ri-1)/ (v + si-1));
(i) O,y < Opyy-
Proor. Assume that ap)+1 > 1. Then we know that €.; = 1 and hence (i) holds.
If Q. > 0,,,then Oypy+1 = Qh(k)Jr1 and so apyy+1 = 1, by Lemma 3.4(b)(ii). ]

The phenomenon Q'

o1 = O, 18 NOW investigated in detail.

Lemma 6.5. Suppose that &, is an OCF complete quotient for which &, + b is also
NSCF reduced for some integer b. If Q;n = Qm +p» then

En=(QRa+1Dg-p+p*+¢»/2q, p=>2qg>0,

where a = | &,].

~ 17

Proor. Suppose that Q~;n = Qm 1 Then from [1, Theorem 1, p. 22],

Pm+1 + P m+l — 2Qm+1
P”

m+l m+1 - Qm

2Perl = Qm + 2Qm+1

1A ~
Pm+l - sz + Qm+l'
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Also
D= (p;;m)z - QmQ;m
= (30m + 0,i1) = 000,y
= (30 + (0,1
.
where p = Q;;Hl and ¢= %Qm where p >0, since 0< Qm < \/5 by [I,
Theorem 1(iv), p. 22] and ¢ > 0. Again, by [1, p. 22],

Pn=aQ0, - P, =2ag—(p-q)=Qa+1)g-p.
Hence y 5 5
En=Pn+\p*+¢*)/0n=(Qa+1)qg—p++p*>+¢>)/2q.

Hence Q0,41 = p. Also &, +b=(P,, +b0,, + D)/ O, is a special NSCF complete
quotient ([1, Theorem IV, p. 28]), whose NSCF successor is (p + g + v/p? + ¢/ p, s0

Q2 +1p*<D. (6.4)

Hence (6.4) gives 4¢> + ipz < p* +¢q* and s0 2¢g < p. |

7. Occurrences of (p + q + \p* + ¢*)/p, p > 2q > 0 in an NSCF period

Ayyangar proved that there are at most two complete quotients of the form (p + g +
\VpP?+q?)/p, where p >2q >0, in an NSCF period (see [1, Lemma (2), p. 106]). The
case of just one occurrence was described by Ayyangar [1, 5.6.2, pp. 112—-113]. In the
case where there are two occurrences, we need to know that they are separated by half
a period length. This is stated explicitly in the next result. We will also need part (d)
in the proof of Theorem 8.1.

Lemma 7.1. Let k be the period length of the NSCF expansion of (p + q + \p* + ¢»)/p,
where p >2q > 0. If some &,, where 1 < h <k, also has this form, then:

(a) kisevenand h=k/2;

® O0,=0w,for0<v<k-1;

© Isk+1—v:Pvf0r23VS%k_1;

(d) @y =8, 2<V< k=2, Gy — L =@y, Gt = Anjo-1 — L, Gk = 2;

) €s1v=6,2<v< %k -Le&gp=-1gpa=1€e=1 =-1

Proor. See [5] for a proof that is an extension of the argument in [1, pp. 112-113],
which dealt with the case where there is only one complete quotient of the above type
in a period. |

ExampLe 7.2 (see Table 3). Here & = (324 + V81770)/283 = (p + g + \/p2 + )/ p.

where p>2g>0. Then & = (348 + V81770)/277 = (P + Q + /P2 + 0%)/p, where
P>20>0. Here p*> + ¢*> = P> + Q> =81770, where p =283, g=41, P=277 and
Q =71. Also k =8 and h = 4. The two occurrences are highlighted.
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TasLE 3. NSCF expansion of (324 + V81770)/283

i & & Q,,'n Q;;]
0 (324 + V81770)/283 1 2 8 685
1 (242 +V81770)/82 1 6 235 347
2 (250+V81770)/235 1 2 142 533
3 220+ V81770)/142 -1 4 277 277
4 (348 +481770)/277 1 2 142 547
5 (206+V81770)/142 1 3 235 347
6 (220+V81770)/235 1 2 82 653
7  (250++81770)/82 -1 7 283 283
8 (324+V81770)/283 1 2 82 685

8. The structure of the OCF period of a general quadratic surd

Selenius proved periodicity with possible doubling for the SK expansion of VD and
stated without proof that for a general quadratic surd, the SK algorithm is periodic and
that the period-doubling phenomenon can occur (see [7, Satz 36]). This was proved by
Bosma and Kraaikamp [3, Theorem (6.1)]. We prove periodicity of the OCF algorithm
by showing how the OCF period is related to the NSCF period. We have the following
possible OCF periods.

THEOREM 8.1.

(@) If no complete quotient in an NSCF period of &) has the form (p+q+
VP2 +q?)/p, where p>2q>0, for example, if a period contains only m-
unisequences with m odd or m =0 (mod 4), or if & is equivalent to (1 + V5)/2,
then the OCF and NSCF ultimately agree.

(b) Suppose there is only one occurrence in an NSCF period. We write L-RCF,
L-NSCF, and L-OCF to denote the RCF, NSCF and OCF period lengths for &.
Then:

(i) L-OCF =2L-NSCF if L-RCF is odd. This gives a triad reversal if
L-NSCF > 3, while if L-NSCF =2, then D = p*> + 1, p >3 and the OCF
and NSCF periods have the form

—

1 1 1
|+---, OCF:p—1+—|——|——|+

NSCF: p —

)
*
©
BS
+
—
©

(ii)) L-OCF =L-NSCF if L-RCF is even. The OCF period is essentially the
same as the NSCF period, apart from a possible triad reversal.

(¢) If we have two complete quotients of the form (p + q ++/p* + q*)/p, where
p>2q>0 in the NSCF period of &y, the periods of the OCF and NSCF will
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be essentially the same, apart from at most two reversals of triads of partial
quotients in an NSCF period, corresponding to these two complete quotients.

ExampLE 8.2. Here are some examples of the various possible OCF period structures.
For brevity, we define a special surd to be a quadratic irrationality of the form

(p+qg++/p*+¢3/p, where p>2g>0.

(@) & =54+ V1584)/36. Here no complete quotient in the NSCF period is a
special surd.

1y 1) 1] 1| 1] 1| 1]
NSCF:2+— - —————____1__
273718 13 013 13 13

1y 1 1) 1 1} 1] 1]
OCF:3—- — + — - — — — — — — —
2 1271813 13 13 13

(b) In the following five examples, one complete quotient in the NSCF period is a
special surd.

(i) k' =5,L-RCF =9, &, = (13 + Vv697)/22 (period doubling, one reversal).
1] 1] 1] 1]

NSCF: 2— — - — — — — — 4
= |5 IS I3 |2

i 1y 1 1y 1} 1 1 1] 1] 1]
OCF: 2—-——-——-—— —t = - — - — + === .
15 15 13 12 (2 [5 [5 [2 (2 |3

(i) kK =4,&=V29.

L1 1 1
NSCF: 5+ —— — 4+ — 4+ — +---
1312 712 ]
iyt 1y 1y 1 1] 1] 1]
OCF: 5+ =+ —=-—=+—+—=—-—+—=+— -
1212 {3 110 |3 |2 |2 |1

(iii) k' =2,& = %\/(211 +1)2+ 1 where n > 1.

1] 1]
NSCF: n+1—-— + -
" 12 [2n+1

o1 1 1
OCF: n+l-—+—"
R T S )

(iv) k' =9,L-RCF =12, &, = (19 + v205)/13 (no reversal).
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(v) k' =3,L-RCF =4, &, = (2865 + V725)/1250 (one reversal).

1 1 1) 1]
NSCF: 24+ —4+ —4+ —— — + —
37715 14 |2 |3

1 1] |
OCF: 2+ — —
|3

[u—
—
—

+...

9]

[\

S

(c) In the following three examples, two complete quotients in the NSCF period are
special surds.

(1) & =487+ V159197)/386: (no reversals)

L 1 1 1 1]
OCF=NSCF: 24+ — + — — 44 1.,
N ERRERNPANPART:

(i) & =109 + V7453)/82: (one reversal)
1y 1 1) 1]
NSCF : 2 _—— ..
131 12 12 |4

SN U A
OCF: 2+ L B L O D

(i) & =(—41 + V1961)/28: (two reversals)

L S O O 5 NS S B S O N B
NSCF: 0+ — — — + — T S e PRl

Ig PMEMENP R PMEN

1 1 1) 1] 1) 1] 1]

12712 3 (2 |6 |22 13

I 1 1 1y 1) 1] 1
ocr: o+ d U 11 |__|__|+_|__|

18 12 19 3 122 |6 |2 |3 |
1

[ 1] 1|+1| L] 1|+1—|+
2 13 1312 16 12213

We need two preliminary results for the proof of Theorem 8.1.
Lemma 8.3. There exists an OCF complete quotient &, such that &,, is NSCF reduced.

Proor. By Corollary 5.3, there exists m such that & or &, + 1is NSCF reduced and we
can assume that s, > |Qg| of Lemma 6.2(b) is satisfied and that &, is RCF reduced.
If Q~:n a7 Q;n .1- then the OCF and NSCF make the same choice and Emﬂ is NSCF
reduced.

Otherwise we have Q' Qm .1 and hence by Lemma 6.5, with D = P+ 4,

gm=((261+1)q—p+\/5)/2q=a+—:a+1— P

p—q+\D p+q+VD

m+l

8.1)
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where p >2¢>0. Then &,.; =(p— g+ VD)/p or (p+q+D)/p. If p=2q, then
p=2,g=1and &,.1 =3+ V5)/2, as we know that &,.; > (1 + V5)/2. Then (3 +
V5)/2 is NSCF reduced.

Now assume that p > 2q. If €,,41 = —1, then gmﬂ =(p+q+ \/l_))/p, which is NSCF
reduced, whereas if €,.; = 1, then

P _,__ 2
g+ VD p+q+\VD
Hence $m+2 =(p+q+ \/l_)) /2q, as we know that &,,.; > 2. Then $m+2 =n+ 1 where

n=(pP-qg+ \/5)/2q is NSCF reduced, as it is the NSCF successor of (p + g + \/5)/p,
by virtue of the positive—negative representation

Eni=(p—q+VD)/p=1+

2 3p—4
q 3 P —2q

(p+q+VD)/p=2+ —F—=3—
P P p—q+\/5 2p—q+\/5

7

and the inequality 2g <3p —4q. If Q;ﬂ 7 Qm +1» then &ns3 is the NSCF successor
of n. Otherwise (p — g + v/p? + ¢?)/2q has the form (2A + 1)Q — P + /P2 + 0?)/20,
where P>20>0. Theng=Q,p=Pand p—g=2A+1)Q0—P. Hence p=A + 1,
g=1and p>3. Hence &,,3 = (p + 1 + y/p? + 1)/2 and by Lemma 4.10,

Ensa=(p+1+4/p2+1D/p,
which is NSCF reduced. |

LemmMa 8.4. Suppose that &, is an OCF complete quotient that is NSCF reduced. Then
Enemy 1s RCF reduced if and only if 0 < P, <D when €, = 1, while P,, > D when

€, =—1.

Proor. We know that &,, = Engmy OF Engmy + 1, according to whether €, = 1 or —1. Also
if £, is NSCF reduced, then —1 < (P,, — VD)/0,, < 1 (see [1, Theorem III, p. 27]).
Further, 0 < 0,, < VD (see [1, Theorem IV, p. 28]) and the definition of special surd
at [1, p. 27]. Then O < P,, follows from Theorem I(iv), [1, p. 22].

Case I. Assumethate, = 1. Then P,, < VD implies that —1 < (P,, — VD)/(,, <0,
that is, —1 < &gy < 05 also Exgny > 1 and hence &y is RCF reduced. Also P, > VD
implies that 0 < (P, — D)/ Op = Enimy» SO Engmy 18 not RCF reduced.

Case 2. Assumethate, = —1. Then P,, > VD implies that 0 < (P,, — VD)/0,, < 1,
that is, —1 < % < 05 also &ugny > 1 and hence &y is RCF reduced. Also P, < D
implies that (P,, — @)/Qm <0 and hence (P,, — @)/Qm —-1= % < —1. Hence
Enemy 1s not RCF reduced. O

We now prove Theorem 8.1. We need the fact that equivalent quadratic surds
eventually have the same NSCF expansions. This can be shown to be a consequence
of the corresponding result for the RCF expansions.
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Proor. Find the first OCF complete quotient &, that is NSCF reduced and that satisfies
Sm > |Qol and either €, =1 and P,, < VD or ¢, = —1 and P,, > vVD. We show that En
starts an OCF period of length £’ or 2k’.

If 0., # 0, holds for all OCF , in the range m <u <m + k' — 1, then the OCF
and NSCF expansions will be identical for u > m + 1 and &, starts an OCF period of
length &’.

Otherwise choose the first u with O/ = 0 4j» Where m <u<m+k'— 1. Then as
the OCF and NSCF make the same choice for &, . .., &, it follows that £, = 7, is
NSCF reduced, where with D = p? + ¢,

o=(Qa+1g-p+VD)2g=a+ —L — =a+1-—L (82
p—q+\D p+q+\D
where p > 2¢q > 0. Hence the NSCF complete quotient 7; is given by
2 3p—4
i=(p+q+VD)/p=2+ 4 _3- P77 (8.3)
p—q+\/5 2p—q+\/5

Case I. Assume that k' = 1. Then 7y = 7; and p = 2q. Then 7 = (3 + V5)/2. Then

because
2

2
-3 i
1+v5 3+45

and noting that &,,, > (1 + V5)/2, we have &, = (3 + V5)/2 and we have an OCF
cycle of length 1.

We can now assume that p > 2¢q. Then 2¢g < p < 3p — 44, so for the NSCF, we take
the positive representation in (8.3), with 7, = (p — ¢ + VD)/24.

Case 2. Assume that k' =2. Then 7jg =7, = (p — ¢ + VD)/2g and 2a + 1)g — p =
p—q,or p=(a+1)q. Hence p=a+1,a>1and g=1. Then fjp=(p — 1 + VD)/2
and &, =(p—1+ vVD)/2. This was dealt with in Lemma 4.10 and &, starts an OCF
period of length 4.

E=3+V5)2=2+

Case 3. Assume that K’ > 2. By (8.2),if ¢,.; = —1,thena, =a + 1 and
i = =(p+q+VD)/p, @i =2, €ur=1,
&2 = =(p—q+VD)/2g.
However, if €,,1 = 1, then @, = a and

=2 2
q+\/_ p+q+VD

The OCEF partial quotient &,4; > 1, so @, =2, €,42 = —1 and

Ei=(p—q+VD)p=1+——

Er=(p+q+VD)/2q=1p + 1. (8.4)
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Now it cannot be true that Q; 3= Qu +3» as this would imply that

=P -q+P*+4)/2¢=(2A+1)Q - P+ VP> + 0%)/20,

where P>20>0. Hence Q=¢q,P=pand QA+ 1)Q-P=p—q. Hence p=A+1,
g=1,p>2and#» =(p—1++/p?+ 1)/2, which has NSCF period 2, which gives the
contradiction k" = 2.

Hence in both cases, the OCF and NSCF subsequently agree until we reach
Eyere =T if K is odd, or &, =7 if K’ is even, where k = k’ or k’/2, according to
whether there are one or two occurrences of an equation of type (8.1).

From the NSCF period properties of Lemma 7.1(d) and [1, Section 5.6.3(ii), p. 113],
we have the NSCF period extract

_ 1]

n0=a+1——2+

[am—

+_

If the OCF makes the choice &,41 = (p — g + \/p* + ¢%)/p, then from (8.4), the OCF
makes the same choice at &,,, as the NSCF does at 77, and hence @,,» = a + 1. Then
we have the OCF period segment with reversed triad:

x| 1] 1] vl

vl

Q

+_
la |2 |a+1 |

Thus we eventually get &, = &,,+ and this turns out to signify either an OCF period
or half-period, as we now demonstrate. We now consider the various possibilities for
when we have (i) one case or (ii) two cases of (p + g + \/p% + g%)/p, with p > 2q > 0,
occurring in a NSCF period.

From Corollary 6.2, we saw that Q; = Qu .1 implies that

H)> o) = cota s ar=t 83)
Vy Vy + Su-1

where ¢ = sign(Qp). So if k" is the NSCF period length, 0’ .., = Q. .. implies that

H( Uk ) S H( Uyrk + i’u+k’—1) = (1 ey - Gt = 1. (8.6)
Vy+k! Vutk + Su+k—1

However, in case (i), from [I, Section 5.6.3, p. 113], we have €, -+ - €400 = —1
if ¥’ is even and the OCF period consists of a doubling of the NSCF period, with
consecutive halves differing by a reversal of a triad. This is also the situation if
€41 €4 = 1 and k' is odd. Whereas if €,.; - - - €,4x» = —1 and k’ is odd, we see that
the OCF period is essentially the same as the NSCF period, apart from a possible triad
reversal. Using the equation L-NSCF + N-NSCF = L-RCF (see [6, Theorem (6.5)]),
where N-NSCF is the number of instances that €; = —1 in the NSCF period, we arrive
at the formulation in Theorem 8.1(b).

In case (ii), from Lemma 7.1(e), we have €,.] - - - €,41» = 1, so the OCF period is
derived from the NSCF period by at most two reversals of triads. O
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If & = VD, Ayyangar proved that there are two types of NSCF expansions, where
Type I has no complete quotient of the form (p + g + v/p? + ¢*)/q, with p >2g> 0,
while Type II has one complete quotient of this type in a least period (see [, pp. 110-
114]). Then in view of the remark following Corollary 6.2, we have the following
result of Selenius.

CoroLLARY 8.5 [7, Satz 38]. The OCF expansion of VD is identical to the NSCF
expansion in the case of a Type I NSCF expansion. However, in the case of a Type
Il NSCF expansion, a period of length 2h is formed by juxtaposing two copies of the
NSCF period, where one copy is changed by replacing the central portion

_ 1 1
11 1] N |
lap-1 12 lap-1—1
by
€t | 1] 1]
+ —_—
lap1—1 | | an—

9. An OCF algorithm based on the NSCF algorithm

We now describe an algorithm for finding the OCF of a quadratic surd as far as the
end of a period. This algorithm eventually bypasses the bottleneck of the original OCF
algorithm of Bosma in Definition 2.1, where in step (2.3) a second integer part has to
be calculated. The algorithm starts off as the Bosma algorithm, but soon switches to
the NSCF, incorporating the differences noted in Theorem 8.1.

First find k such that s; > |Qol, & is NSCF reduced and either ¢ = 1 and P; < \D
or  =—1 and Py > VD. This will start an OCF cycle of length k¥’ or 2k’. Record
5o = (=1)¥e - - - gt, where t = sign(Qy).

Now loop on i > k: if Q~l/‘+1 + Qlﬂ, calculate ;| as the NSCF successor of &;.

Otherwise & has the form (P + VD)/Q = (2a + 1)g — p + \/p? + ¢*)/2q, where

p>2g>0and & =(pxg++p*+¢>)/p=Pi+~p> +¢>)/p.

Now compute ¢, p and a:

q=0/2, p=+D-¢>. a=3-1+(p+P)g).

where Py, @; and €;,, are determined as follows. Let s = (=1)¢; - - - €. Then:
(i) ifs=-1,choose Pi=p—gq, €4 =1,and @ = a;
(i) ifs=1,choose Pi=p+gq,€6; =—1,anda; =a+ 1.

Eventually we find k; with &, =&. Suppose that 0}, = 0/, occurs only once.
Then if k; — k is even, or else k; — k is odd and (-1)"1¢, - - - €, t # So, we keep going
until we reach k, where k, — k; = k; — k, to get an OCF period of length k; — k =
2(k, — k). If these conditions are not satisfied, we have reached an OCF period of
length k) — k.

See http://www.numbertheory.org/php/ocf3.html for a BCMATH implementation.

https://doi.org/10.1017/51446788712000596 Published online by Cambridge University Press


http://www.numbertheory.org/php/ocf3.html
https://doi.org/10.1017/S1446788712000596

156 K. R. Matthews [24]

Acknowledgements

I am grateful to Jim White for introducing me to the papers of Selenius, Ayyangar,
Bosma, and Bosma and Kraaikamp, and for pointing out the relevance of the function
H in deriving the OCF from the RCF. I am indebted to John Robertson for noticing
that in Theorem 8.1(b) I had omitted one case, and for pointing out its connection with
L-RCF.

References

[1] A. A. K. Ayyangar, ‘Theory of the nearest square continued fraction’, J. Mysore Univ. Sect. A 1
(1941), 97-117.

[2] W.Bosma, ‘Optimal continued fractions’, Indag. Math. 49 (1987), 353-379.

[3] W.Bosma and C. Kraaikamp, ‘Optimal approximation by continued fractions’, J. Aust. Math. Soc.
Ser: A 50 (1991), 481-504.

[4] 1. F. Koksma, Diophantische Approximation (Springer, Berlin, 1936).

[5] K.R.Matthews, ‘On the nearest square continued fraction expansion of (p + g + v/p? + ¢*)/p, p >
2g > 0, see http://www.numbertheory.org/continued_fractions.html.

[6] K. R.Matthews and J. P. Robertson, ‘Period length equality for the NICF and NSCF expansions of
a quadratic surd’, Mat. Glasnik 46 (2011), 269-282.

[71 C.-O. Selenius, ‘Konstruktion und Theorie halbregelmissiger Kettenbriiche mit idealer relativer
approximation’, Acta Acad. Abo. Math. Phys. 22 (1960), 3-77.

KEITH R. MATTHEWS, Department of Mathematics,
University of Queensland, Brisbane 4072, Australia

and

Centre for Mathematics and its Applications,

Australian National University, Canberra, ACT 0200, Australia
e-mail: keithmatt@ gmail.com

https://doi.org/10.1017/51446788712000596 Published online by Cambridge University Press


http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
http://www.numbertheory.org/continued_fractions.html
https://doi.org/10.1017/S1446788712000596

