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A B S T R A C T . Solar activity varying with an 11-year cycle is chaotic at large time scales. The 
evidence comes from an analysis of observations of the sunspot number and of radioactive carbon. 
Thereby an estimate of the dimension of the solar at tractor can be obtained. 

The origin of the sunspots can be associated with the interactions of the regular, large-scale, 
chaotic, and intermittent magnetic fields. 

1. I n t r o d u c t i o n 

Before t h e n ineteenth century solar activity was observed by people as r andom events , mainly 
th rough t h e appearance of sunspots . H. Schwabe was t he first who discovered the 11-year 
cyclicity in t he middle of t he 19th century. Since t h a t t ime solar scientists have been looking 
for t h e order in t he solar activity. 

Unti l t he present t ime the s t anda rd point of view has been t h e following: T h e r e is order 
in t h e large scales of space and t ime, e.g. larger t han a t en th of t he solar radius and one year. 
For example an annual average of the Maunder butterfly d iagram for t h e sunspot l a t i tude 
dis t r ibut ion represents order. Then there is disorder in t he small scales, e.g. a single spot 
appears and d isappears randomly. 

Modern knowledge has cast new light on this issue. It appears t h a t t h e activity becomes 
chaotic a t large t ime scales, say, hundreds of years . For example , the re were no sunspots 
dur ing t h e epochs of the Grand Minima, which occur randomly in t ime . T h e concept of 
global s tochast ici ty of solar activity was in t roduced eight years ago (Ruzmaikin , 1981; see 
also Zeldovich and Ruzmaikin , 1983). T h e origin of chaotic behaviour can b e associated with 
a s t range a t t r ac to r in t he phase space of t he solar dynamical sys tem. 

At t h e same t ime there exist some quasi-ordered s t ruc tures a t small scales, for example 
t h e network of granulat ion and mesogranulat ion. 

In t h a t sense t he active Sun is a kingdom of physics. I ts p ic ture resembles t h e Arab ian 
m a k a m a , a genre of l i te ra ture tha t mixes prose and verse, erudi t ion and knavish trickery, 
sermon and joke. Here I will t ry t o demons t ra te this p ic ture by crude strokes with t he 
M H D brush . It is magne tohydrodynamic because convection of t h e conduct ing fluid and the 
magne t ic field is responsible for all active phenomena on the Sun. 
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2 . S o l a r A t t r a c t o r 

Let us first consider the processes averaged over a t ime scale exceeding a year and a spatial 
scale exceeding the basic scale of solar convection, the d iameter of a supergranule . T h e 
mot ions and magnet ic fields evolving in the convection zone represent an averaged solar 
dynamical system. T h e phase space of the dynamical sys tem can be described, e.g. by the 
components of t he mean (large-scale) magnet ic field and the mean velocity field. A p a t h in 
this phase space corresponds to some solution of the averaged M H D equat ions . For tunate ly 
it is not necessary t o investigate all pa th s (solutions), because normal ly there are some 
manifolds in phase space t o which all or almost all pa ths a t t r a c t . It is sufficient t o find the 
a t t r ac to r s in order t o know the behaviour of the dynamical sys tem. Th i s problem is also 
very difficult. However, some impor tan t characterist ics of t he a t t r ac to r can easily be found 
directly from the observat ional da t a . T h e dimension of t he a t t r a c t o r can for ins tance be 
de termined. 

2 .1 . D I M E N S I O N 

T h e simplest a t t r ac to r s have an integer dimension. T h e a t t r ac to r of dimension d = 0 corre-
sponds t o a point . If such an a t t r ac to r were present a t t he origin of t he dynamica l system 
under considerat ion, the Sun would not have any large-scale magnet ic field and mot ions . A 
closed curve as an a t t r ac to r of dimension d = 1 is t he l imiting Poincaré cycle. It is exactly 
t he 11-year cycle if it can be stable in t ime. T h e a t t r ac to r of dimension d = 2, a so-called 
2-torus, may describe t h e 11-year cycle as modula ted by a secular variat ion. T h e trajectories 
of t he p a t h s are regular for a t t r ac to r s of integer dimensions. 

More typical are however a t t r ac to r s of fractal dimensions. Crudely one can imagine an 
a t t r ac to r of fractal dimension, e.g. d = 3 - c, where e < 1, as a ball wi th an infinite number 
of small holes in i t . A p a t h travelling across this manifold will certainly seem very irregular 
or chaotic. A well known example is t he Lorenz a t t r ac to r (Lorenz, 1963), which has d = 2.09 
(something more t h a n a surface). T h e dimension of t he a t t r ac to r is a measure of t h e regular 
or chaotic behaviour of the dynamical system. 

Is it possible t o find t he dimension from observational d a t a ? At a first glance it appears 
impossible when one as usual only knows the t ime behaviour of a single quant i ty (a project ion 
in phase space) . One may, however, hope t h a t a sequence of values sufficiently prolonged 
in t ime will reveal the basic propert ies of the a t t r ac to r . Grassberger and Procacc ia (1983) 
suggested a m e t h o d of finding the a t t r ac to r dimension by using a t ime series of t h e observed 
quant i ty x(t),x(t + r ) , . . . , x[t -f (TV — l ) r ] , wi th a given t ime increment r . T h e a t t r ac to r 
sought for mus t b e embedded in a phase space of a large dimension m , defined by t h e vectors 

= [*(*). *(* + r ) , . . . , * ( * + ( m - l ) r ) ] , i = 1 , 2 , . . . , Ν - 1. 

T h e dimension d of t he a t t r ac to r is defined as t h e exponent of the correlation integral w(r) ~ 
rd for small distances r between the points 

Ν 

where Ν is t he to ta l number of exper imenta l points used, and θ is t he Heaviside function. 
T h u s , t o find t he dimension one needs t o isolate for small r a linear pa r t of t h e curve (log w 
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vs. l o g r ) , and t o determine i ts inclination. 

Applying th is me thod t o t h e series of relative sunspot numbers , a dimension close t o 2 
has been obta ined (Kur th s , 1987; Makarenko and Ajmanova, 1989). T h e series of sunspot 
numbers is, however, too short t o include such features as t he G r a n d Minima. I t is be t t e r 
to use more ex tended sequences, such as t he carbon isotope 1 4 C abundance in t h e annual 
tree rings available over 9000 years (Suess, 1965, 1978; Damon and Sonet t , 1989; Dergachev, 
private communica t ion) . T h e r a t e of 1 4 C formation in t he E a r t h ' s a tmosphere due t o t h e 
bombardment by cosmic ray particles is well anti-correlated with t he number of sunspots , 
as a result of the solar magnet ic field act ing as a filter for t he cosmic rays . Thus 1 4 C is an 
index of solar activity. 

An es t imate of the a t t r ac to r dimension from Suess's d a t a over 6000 years gives d « 3.3 
(Gizzatul ina et al . , 1988), i.e., t he dimension is close t o 3 . Because t h e 3-torus according 
to the theory of s tochast ic dynamical systems is uns table and will be t ransformed in to a 
s t range a t t r ac to r , t he above result means t h a t t he mean solar a t t r ac to r is fractal , i.e., t he 
dynamical system is chaot ic . T h e es t imate of t he dimension can be improved by using more 
extended and accura te da ta . T h e first es t imates of the a t t r ac to r dimension indicate a low 
dimension. Th i s also suggests t h a t t he mean solar dynamical system is very simple. It can 
be described in te rms of only few effective modes . Let us consider t h e probable origin of 
these modes (Ruzmaikin , 1985). 

2.2. 22 -YEAR S O L A R C Y C L E AS A M A N I F E S T A T I O N O F D Y N A M O WAVES 

One of t he possible effective modes of the mean solar dynamical system is t he 22-year mag-
netic cycle. T h e analysis of t he annual mean values of t he Wolf sunspot numbers W for 19 
of the 11-year cycles m a d e by Gudzenko and Cher toprud (1964) shows t he existence of a 
limiting cycle of near elliptical form in phase space (W, aW/at). Th i s analysis assumes t he 
existence of the derivative aW/at and hence excludes t he possibility for t he a t t r ac to r t o be 
fractal (Makarenko and Ajmanova, 1989). However, as a smooth approximat ion over a finite 
t ime interval it looks reasonable and gives the possibility of ext rac t ing one of t h e effective 
modes of t he dynamical system. 

This two-parameter l imit ing cycle can be explained by the mean field d y n a m o theory 
(cf. Krause and Rädler , 1980). T h e mean magnet ic field is excited and evolves in t h e 
solar convective zone due t o the differential ro ta t ion ( V Q ) , mean helicity ( a ) , and turbu len t 
diffusion (ντ)'-

where A is t h e az imuth component of t he vector potent ia l of t he poloidal field (Br,Be). 

T h e solution has t he form of waves propagat ing , when t h e value of v>t/(&R) is small , 
along t h e surfaces of constant angular velocity (Yoshimura, 1975). For ins tance , when the 
angular velocity only depends on the radial coordinate , t he d y n a m o wave travels along the 
solar surface: 

OA 

dt 

r s i n 0 ( V O χ νΑ)φ + ντΨΒφ, 

αΒφ + ντ V : '2Α, 

Α = A(wt - k9), Βφ = Βφ(ωί - k9 + ê). 
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T h e direction of propagat ion is determined by the sign of the dimensionless d y n a m o number 
D = Rç)(sme)amax(àQ/ar)max/uj>. T h e wave propagates from the pole t o t he equator 
when D is negat ive, and t o the pole when D is positive. T h e frequency of t h e wave is 
ω = (&I .DI / 2 ) 1 / 2 , t he phase speed is ω/k = (|Z^|/2A;) 1^ 2, and the group speed is a factor 
of two smaller t h a n t h e phase speed. T h e phase shift between t h e poloidal and toroidal 
components of t he magnet ic field is δ, which is close t o π / 4 in t h e s t a n d a r d kinematic 
models of t h e solar d y n a m o (cf. Parker , 1979; Krause and Rädler , 1980). In th is case the 
radial component of t he field is lagging behind Β ψ by 3π/4. 

In t h e other idealized case when Ω is only dependent on 0, t he d y n a m o wave propaga tes 
radially. It is of impor tance t o know the real dis t r ibut ion of t he angular velocity as well 
as t h e m e a n helicity in t h e solar convection zone. According t o mixing length models of 
stellar convection zones (Sprui t , 1974), the tu rbu len t diffusivity can be considered as almost 
constant in t h e bulk of t he solar convection zone. 

Makarov et al . (1987) (cf. also Brandenburg and Tuominen, 1988), have m a d e an a t t e m p t 
t o find t he d y n a m o wave dis t r ibut ion on the solar surface by using the dep th dependence 
of t h e angular velocity obta ined from current helioseismology d a t a (F ig . l ) and t h e mean 
helicity e s t ima ted via t he mixing-length theory. They found t h a t t h e source for genera t ing 
t h e m e a n magnet ic field, ar(dü/dr), has th ree ma in m a x i m a in t h e convection zone: near 
t h e solar surface a t 0.9Ä©, a t 0.8Ä©, and close t o t he b o t t o m a t 0.7 Rq. 

Ä d d V ) 
ι ί 

I 
I 
I I I 1 

0.7 0.8 0.9 1.0 

Figure 1. T h e radial profile of t h e angular velocity in t he solar convection zone appears t o 
have regions with different sign of t he gradient . 
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latitude 

Figure 2. Schematic representat ion of two magnet ic waves on the solar surface ( the polar and 
equator ia l d y n a m o waves, produced by the act ion of m e a n helicity and differential ro ta t ion 
of t he type given in F i g . l ) . 

In t he first region the value of a(dü/ar) is positive, so t h a t t he d y n a m o wave originat ing there 
propagates towards the pole in each hemisphere . T h e m a x i m u m of t he wave ampl i tude is 
reached approximate ly a t a l a t i tude of 65°. This wave probably manifests itself in t h e act ivi ty 
of polar faculae migra t ing t o t he pole. T h e second m a x i m u m , a t 0.8 R©, has a(dQ,/dr) < 0. 
It is larger and creates a wave t h a t is t en t imes larger in ampl i tude , and which migrates t o 
t he equa tor . This wave is na tura l ly associated with t he s t anda rd M a u n d e r butterfly d iagram 
of sunspot act ivi ty (Fig. 2 ) . T h e th i rd and deepest m a x i m u m of t he source also creates a 
wave propaga t ing towards t he pole. This wave is , however, r a the r weak on t h e solar surface 
due t o t h e considerable dep th of the source. Makarov et al. (1987) have associated this wave 
with t h e apparen t e x t r a reversals of t h e poloidal magnet ic field. Let us finally ment ion an 
impor t an t element of order, which was pointed out by Stenflo (1988). T h e observed odd 
rotat ional ly symmet r ic modes of t he solar magnet ic field vary with t he 22 yr per iod, while 
this period is absent for t h e even modes . This fact agrees with t h e s y mmet ry and preferable 
exci ta t ion of odd modes in solar dynamo theory. 

2 .3. R O T A T I O N A L WAVES A N D M E R I D I O N A L F L O W S 

Observat ional evidence have been found for zones of higher and lower ro ta t iona l velocities 
(3 -6 m s " 1 in ampl i tude) , p ropagat ing with an 11-year per iod, superposed on t h e general 
differential ro t a t ion (LaBonte and Howard, 1982). T h e s tudy of sunspot mot ions have shown 
meridional flows with t he same periodicity (Tuominen et al., 1983). 
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T h e s t rong correlation between the mot ions and the large-scale magnet ic field suggests 
t h a t t he mot ions are created due to the action of dynamo waves. A simple pic ture of a 
ro ta t ional wave produced by a magnet ic dynamo wave has been drawn by Kleeorin and 
Ruzmaikin (1984 a) as follows: 

T h e ro ta t iona l velocity variat ions produced by the magnet ic field can be es t imated from 
t h e balance between the tu rbulen t and magnet ic stresses, 

d f ΐΐφ v ΒτΒφ 

T h e magnet ic field can be considered as given, because t he ro ta t ional variat ions observed 
are small . In par t icular , in t he case t h a t Ω = Ω ( Γ ) , t he field can be wr i t t en in t he form 

Br =6 r ( r , 0 ) cos (u r t - kO - π/2 - δ), 

Βφ =&0 ( r , 0 ) c o s ( o ; < - f c 0 ) , 

where t h e ampl i tude dis t r ibut ion, frequency, and phase are found by solving the dynamo 
equat ions . 

For t he t ime-varying p a r t of the ro ta t ional velocity one immediate ly obta ins a wave with 
t he double frequency, 

ηφ = u0(r, Θ) cos(2u>t - 2k6 + π/2 - δ). 

T h e dis t r ibut ion of the wave ampl i tude , uo ~ brbφ, proves t o be more homogeneous as 
compared wi th t he dis t r ibut ion of t h e ampl i tude of t he magnet ic field. Let t he az imuth 
component of t he magnet ic field (manifested on the surface in t h e form of sunspots ) be 
concent ra ted t o mid- la t i tudes , e.g. as αφ ~ sin 20, on t h e solar surface, and let t he radial 
component increase towards t he poles, e.g. as br ~ s i n0 . T h e n uo ~ sin θ cos 2 θ is dis t r ibuted 
more homogeneously over t he la t i tudes t h a n the field. T h e phase of t h e m a x i m u m of the 
ro ta t iona l wave is shifted as compared wi th the phase of t he m a x i m u m magnet ic flux (defined 
by \ΒφI). T h e shift is 1/8 of the wavelength of t he ro ta t ional wave if δ = π/4, as t he kinematic 
d y n a m o theory predicts . Th i s consequence of our simple model is in good agreement with 
t he observations of Howard and LaBonte . 

For more details concerning the magnet ic action on the ro ta t ion and meridional mot ion , 
we refer t o t h e papers by Rüdiger et al . (1986) and Kleeorin and Ruzmaik in (1989). 

2.4. CAUSES F O R T H E S T O C H A S T I C B E H A V I O U R O F S O L A R A C T I V I T Y 

T h e second effective mode of t he mean solar dynamical sys tem can be identified with the 
secular modula t ion of t h e 22-year solar cycle. Nonlinear bea t s between odd (dipole type) 
and even (quadrupole type) magnet ic fields may provide a mechanism for t he modula t ion 
(Kleeorin and Ruzmaikin , 1984 b ) . Magnet ic fields of bo th symmetr ies in t h e form of waves 
with closely spaced frequencies may be excited by dynamo act ion. T h e bea t s s t rongly com-
pe te with t h e synchronizat ion t h a t t ends t o equalize t h e frequencies. Pe rhaps th is causes 
t h e observed irregulari ty of t he secular modula t ion . 

Another reason for this irregular variation is a possible decay of t he magnet ic field t o zero. 
Actual ly t h e existence of a non-magnet ic sun does not contradict t he equi l ibr ium condit ions 
or o the r fundamentals . It may even be profitable from some point of view. However, the 
non-magnetic state is unstable due t o t he dynamo number ( the ampl i tude of t h e source for 
t h e generat ion of magnet ic fields in t he solar convection zone) being sufficiently large. 
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T h e magnet ic field grows when the d y n a m o number is large. However, t h e growing field 
smoothes ou t t h e angular velocity gradients and removes t he p redominance of left-handed 
vortices over t he r ight -handed ones, i.e., it reduces the mean helicity. As a result t h e effective 
dynamo number decreases and the dynamical system can fall down in to a non-magnet ic s t a te . 
Some simple models demons t ra t ing such a behaviour have been cons t ruc ted (Ruzmaikin , 
1981; Weiss et al., 1984; Malinetsky et al., 1986). In the first paper based on a Lorenz 
type model an es t imate of t he characterist ic t ime t o s tay in t he vicinity of t h e non-magnet ic 
s ta te is given by r(D — Dcr)"

1^2, where τ is the decay t ime of t he m e a n helicity, and Dcr is 
the value of t he dynamo number a t which excitat ion of d y n a m o waves s t a r t s . In t he more 
developed model by Malinetsky et al. (1986) it is shown how groups of regular 22-years 
oscillations are separa ted by deep min ima (Fig.3) . T h e behaviour of t h e sys tem in phase 
space is similar t o the dynamics of t he 3-torus. 

30! 

20-

i0< 

0-

-/0 

-20 

20 t 

Figure 3 . T ime evolution of t he mean magnet ic field in t he model of Malinetsky et al . 
(1986). 

3 . I n t e r m i t t e n c y o f so lar m a g n e t i c f ie lds 

Together with the mean magnet ic field a f luctuat ing, small-scale magnet ic field is excited. 
Observat ions provide evidence t h a t t he field is concentrated in th in magne t ic flux tubes . 
T h e fluctuating field can also be associated with t he origin of t h e sunspots . Let us consider 
briefly these two problems. 

3.1. D I S T R I B U T I O N O F T H E F L U C T U A T I N G M A G N E T I C F I E L D 

Let hi(r,t) represent the deviation of the magnet ic field from i ts m e a n value, and 

w(r) =< / i , ( r i ) / i i (r 2 ) > , r = \τχ - r 2 | 

be a space correlat ion function of the field. 
As was shown by Kleeorin et al . (1986) in t he framework of a k inemat ic d y n a m o model 

wi th a velocity field having a short correlation scale, assuming a magnet ic Reynolds number 
of t h e order of 10 8 typical for the solar convection zone, two modes of t h e fluctuating magnet ic 
field can be excited (Fig.4) . 

T h e first m o d e corresponds t o a simple loop having a d iameter comparable t o t h e cor-
rela t ion scale of t h e tu rbu len t convection / ~ 10 4 km ( the size of a supergranule) , and a 
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Figure 4. T h e modes of t h e fluctuating magnet ic field t ha t can be excited by d y n a m o action 
in t h e solar convection zone. 

thickness of IR^^2 ~ 1 k m . T h e second mode is associated with a more complicated loop 

having a subset of smaller loops of d iameter IRZ%^ ~ 100 km. Th is scale may be compared 

with t h e dimensions of observed flux tubes (Muller, 1985). 

It is fur ther necessary t o take in to account t he cell s t ruc ture of t h e solar convection. It 
causes advection and concentra t ion of t he magnet ic field t o t h e cell boundar ies (Galloway et 
al. , 1977). 

T h e dis t r ibut ion of t he magnet ic field in a turbulent flow with a large magne t ic Reynolds 
number should be very inhomogeneous from a fundamental point of view (Molchanov et al. , 
1985). T h e magnet ic field in such a flow is concentra ted in to in te rmi t t en t bundles with large 
regions in between with a relatively weak field. Thus t he appearance of solar magne t ic flux 
tubes can be considered as a na tu ra l manifestat ion of such a behaviour of t h e magne t i c field 
due t o t h e action of r andom motions of t he highly conduct ing fluid. 

3.2. ON T H E O R I G I N O F S U N S P O T S 

A sunspot is a region of reduced t e m p e r a t u r e (by a t most 1500 K ) . It originates randomly 
in t he vicinity of t h e m a x i m u m of the large-scale magnet ic field t h a t evolves wi th t h e solar 
cycle. T h e to ta l a rea covered by sunspots over t he 11-year cycle does no t exceed 2 % of the 
solar surface. 

Sunspots thus appear as a set of t empera tu re spots . However, they are not like temper-
a tu re spots in a tu rbu len t flow, where excesses and deficits of t h e t e m p e r a t u r e are equally 
a b u n d a n t . 

T h e origin of sunspots should be associated with t h e magnet ic field. We recall t h a t solar 
magnet ic fields were discovered by G. Hale in sunspots . A pa i r of sunspots is normal ly 
connected by a loop of t h e az imutha l magnet ic field emerging th rough t h e solar surface, 
p robably due t o buoyancy (Parker , 1979). It is , however, not clear why separa te loops and 
not t h e whole l a t i tude belt of t he az imutha l field emerge. Let us no te t h a t t h e magnet ic field 
is r a t h e r irregular even inside sunspots , a l though the same field direction is p redominan t 
inside t h e spots (Bray and Loughead, 1969). 

It is na tu r a l t o associate t he origin of sunspots wi th t he in te rmi t tency of t h e solar magnet ic 
field, i.e., wi th r a n d o m , infrequent bu t intense concentrat ions of t h e fluctuating magnet ic 
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field genera ted by r andom mot ions . Deviations from t h e mean magnet ic field occur b o t h t o 
increase and to decrease t ha t field. However, only after an increase t he to ta l magne t ic field 
(mean field plus fluctuation) can reach the critical value t h a t makes i t float due t o buoyancy 
(Fig.5) . 

Figure 5. T h e sum of t h e mean < H > and t h e in te rmi t ten t , fluctuating field h may reach 
a critical value t o allow the field t o emerge from the solar convection zone. 

T h e dis t r ibut ion of t he in te rmi t ten t magnet ic field is close t o a log-normal dis t r ibut ion 
(Zeldovich et al . , 1987): 

P ( l n # ) = -exp 
- ( l n f f - q ) 2 

2 σ 2 

where a = < ΙηϋΓ > and σ2 = < ( I n i f — a ) 2 > . T h e symbol < > means 'mean value ' . T h e 
successive s tat is t ical moments grow wi th increasing order p: 

To el iminate the unknown value of a it is be t t e r t o use dis t r ibut ion for t h e normalized 
magnet ic field Hn = Ej < H >, 

determined by the single pa rame te r σ. 
T h e probabi l i ty for the normalized field t o exceed a critical value ζ is 

Prob 
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Equa t ing this probabil i ty with t he relative area covered by sunspots ( 1 % of t he to ta l a rea of 
t h e Sun) one can obta in an es t imate for the pa rame te r σ. In principle this pa r ame te r should 
be de termined from theory. 
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