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Abstract

Let A be a uniformly complete vector sublattice of an Archimedean semiprime f -algebra B and p €
{1,2,...}. Itis shown that the set l'I"f(A) ={f1--fp:fr€eA k=1,...,p}isauniformly complete
vector sublattice of B. Moreover, if A is provided with an almost f -algebra multiplication * then
there exists a positive operator 7, from I'[l’,’(A) into A such that fy .- % f, = T,(fy--- fp) for all

f],...,fp € A.

As application, being given a uniformly complete almost f -algebra (A, ) and a natural number
p =3 theset II(A) = {f1*---%f, : fr € A,k =1,...,p}is a uniformly complete semiprime
f -algebra under the ordering and the multiplication inherited from A.
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1. Introduction

The only lattice-ordered algebras under consideration are almost f -algebras, f -
algebras and commutative d-algebras. The definition of an almost f -algebra was
first given in 1967 by Birkhoff [4]. Contrary to the f -algebras, introduced in 1956 by
Birkhoff and Pierce [5], the almost f -algebras provoked little interest for a long period.
In fact, it is only since 1981, year of the publication of Scheffold’s fundamental paper
[16], that this scope has attracted more attention and works in this field have been
more prolific. We cite particularly the important paper of Bernau and Huijsmans [2],
in which the authors give some almost f -algebras properties and especially an elegant
proof of commutativity of Archimedean almost f -algebras. In their work, Bernau
and Huijsmans present also a study on d-algebras, whose definition seems to go back
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to Kudlacek [13]. We also mention the work of Buskes and van Rooij [10] which
includes, among others, a survey on products of two (and three) elements in almost
f -algebras. Our works [7, 8, 6] on products in lattice-ordered algebras and more
precisely in almost f -algebras have been undoubtedly motivated by the Buskes and
van Rooij paper; It is in this context that, in [6], we proved the following results: if A
is a uniformly complete vector sublattice of an Archimedean semiprime f -algebra B
then M2(A) = {fg : f, g € A} is a uniformly complete vector sublattice of B with
T3(A) = {f?: f € A*} as positive cone. Moreover, if A is, in addition, an almost
f -algebra with respect to a multiplication * then there exists a positive operator T,
from [12(A) into A such that f x g = To(f g) forall f, g € A.

In this paper, and more precisely in the third section, we shall generalize these
results in the following sense: given a natural number p € {1, 2, ...} and a uniformly
complete vector sublattice A of an Archimedean semiprime f -algebra B, the set

A ={f1---f,:freA k=1,...,p)

is a uniformly complete vector sublattice of B with Ef (A) = {f? : f € A*} as
positive cone. Furthermore, if A is furnished with an almost f -algebra multiplication
then there exists a positive operator 7, from I1 If (A) into A such that

fixooxf,=T,(f1---fp) forall fi,...,f, € A.

The main topic of Section 4 of this work is to investigate ker 7,, the kernel of T,,.
To be more precise, we prove that if p > 3 then ker T, is an order ideal of IT 5 (A). An
example is produced showing that this result fails in the case p = 2.

The last section of this paper deals mainly with T;(Hf(A)), the range of 7,. In
particular, we show that if p > 3 then 7},(1’15 (A)) is a uniformly complete vector
lattice with respect to the ordering inherited from A, and we give an example proving
that this result does not hold if p = 2. As application, we re-prove (see [8]) that if
(A, x) is a given uniformly complete almost f -algebra then for every natural number
p > 3, the set

M@A)={fix---xf,: freAd k=1,...,p}

is auniformly complete semiprime f -algebra under the ordering and the multiplication
inherited from A with

T (A) ={f - xf (p-times) : f € A"}

as positive cone. We note that the case where (A, %) i1s a commutative d-algebra
(respectively, f -algebra) is also treated.

Finally, we point out that the second section is devoted to some preliminaries that
will be useful throughout this paper.
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2. Preliminaries

For terminology, notations and elementary properties of vector lattices not explained
or proved below we refer the reader to the standard works [1, 14, 17].

Let E be a vector lattice with positive cone E* and e € E*. The sequence {f,};-7°
in E is said to converge e-uniformly to f € E whenever, for every ¢ > 0, there exists
a natural number N, such that |f — f,| < ge for all n > N,. The sequence {f,}/=%°
is said to converge (relatively) uniformly to f € E if it converges e-uniformly to
f for some O < e¢ € E. In like manner the notion of (relatively) uniform Cauchy
sequence is defined. Uniform limits are unique if and only if E is Archimedean [14,
Theorem 63.2]. For this reason all vector lattices and lattice-ordered algebras under
consideration are supposed to be Archimedean. The (Archimedean) vector lattice E
is called uniformly complete whenever every uniform Cauchy sequence in E has a
(unique) limit. More about the (relatively) uniform convergence can be found in [14].

Let E be a vector lattice. A vector subspace I of E is said to be an order ideal of
E whenever |f | < |g|in E and g € I imply f € I. Every order ideal of E is a vector
sublattice of E. The order ideal generated by an element e € FE is denoted by E,
and it is the smallest (with respect to the inclusion) order ideal that contains e. Every
order ideal of the form E, is referred to as a principal order ideal. Moreover, if E is
uniformly complete then so is E,. Anelement 0 < e € E is called a strong order unit
whenever E = E,. In particular, e is a strong order unit in E,. Let G be a non-empty
subset of E. The collection G? of all elements f € E such that |f| A |g] = O for
every g € G is an order ideal of E.

A vector lattice A is said to be a lattice-ordered algebra (or £-algebra) if there
exists an associative multiplication in A with the usual algebra properties such that
fg>0forall0 < f, g € A. The £-algebra A is called an f -algebra if A has the
property that f A g = 0in A implies (fh) Ag=(hf)Ag=0forall0 < h € A.
An almost f -algebra is an £-algebra A such that f A g = 0in A implies fg = 0
(equivalently, f2 = |f|* for all f € A). The £-algebra A is said to be a d-algebra
whenever f A g =0in A implies (f h) A (gh) = (hf ) A (hg) =0forall0<h e A
(equivalently, |f gl = |f ||g| for all f, g € A).

We recall that all £-algebras considered in this paper are supposed to be Archi-
medean. Any f -algebra is an almost f -algebra and a d-algebra but not conversely.
Almost f -algebras need not be d-algebras and vice versa. An (almost) f -algebra is
automatically commutative. In general, d-algebras are not commutative. A d-algebra
which is commutative is an almost f -algebra. We summarize as follows:

f -algebra = commutative d-algebra = almost f -algebra.

For any (-algebra A, we denote by N (A) the set of all nilpotent elements of A. The
¢-algebra A is said to be semiprime if N(A) = {0}. Any (almost) f -algebra (or
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d-algebra) with positive multiplication unit is semiprime and any semiprime almost
f -algebra (or d-algebra) is an f -algebra. The subset {f € A : f 2 = 0} of an £-algebra
A is denoted by N,(A) and the subset {f € A : f3 = 0} is denoted by N3(A). If A is
an almost f -algebra then

N(A)={f e A:fg=0forall g € A}
and
NA)=N3;(A)=(f e A:fgh=0forall g, h € A}.

If A is an f -algebra then N(A) = N,(A) = {f €¢ A: fg =0forallg € A} and
fg e N(A) forall f, g € A. For more informations about f -algebras (respectively,
almost f -algebras and d-algebras) refer to [11, 17] (respectively, [2, 7]).

Let E and F be vector lattices. An operator T from E into F is said to be order-
bounded if the image under 1 of an order-bounded subset of E is an order-bounded
subset of F. The collection of all order-bounded operators from E into F is denoted
by %, (E, F) and by %,(E) if E = F. An operator t from E into F is called positive
ift(f) >0in F forall f > Oin E. The set of all positive operators from E into
F is denoted by %, (E, F)*. This notation is justified by the fact that Z,(E, F)
is an ordered vector space with %, (E, F)* as positive cone [1]. The operator t
from E into F is called a lattice homomorphism whenever f A g = 0 in E implies
1(f)A1(g) =0in F (equivalently, |t(f)| = t(|f |) in F forall f € E). Obviously,
every lattice homomorphism is positive. An order-bounded operator T of E is said
to be an orthomorphism if |f | A |g| = 0 implies |t(f)| A |g| = 0. A positive
operator t of E is an orthomorphism if and only if f A g = Oimplies t(f) A g = 0.
The collection Orth(E) of all orthomorphisms of E is, under the usual vector space
operations, the ordering inherited from .4, (E) and the composition as multiplication,
an Archimedean f -algebra with the identity mapping /¢ on E as unit element. If E is
a uniformly complete vector lattice then Orth(E) is as well and if, in addition, 0 < e
is a strong order unit of E then the map

Orth(E) — E

T 7(e)

is a lattice isomorphism. In particular, if 0 < f € FE then there exists a unique
0 < 15 € Orth(E) such that f = 77 (e) [11, Theorem 12.1 and Remark 19.5]. More
about orthomorphisms can be found in [11, 17].

Let E and F be vector lattices and p € {2,3,...}. The p-linear map  from
EP = E x---x E (p-times) into F is called positive if  (f, ..., f,) = Oin F forall
fi....,fp = 0in E. The positive p-linear map ¥ is said to have the property (A F)
if fi Af; =0 forsome i,j € {1,...,p} implies ¥ (f1,...,f,) = 0. In the proof
of commutativity of Archimedean almost f -algebras [2, Theorem 2.15], Bernau and
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Huijsmans do not make use of associativity. This shows that every positive bilinear
map with the property (A F) is automatically symmetrical.

The following two results are important in the context of this work; they are already
proven in our paper [8] but for the sake of completeness we reproduce the proofs.

PROPOSITION 2.1. Let E and F be Archimedean vector lattices, p € {2,3,...},
U be a positive p-linear map from E? into F having the property (AF) and o be a
permutation of the set {1, ...,p}. Then W(fy,...,fp) = VY(foq) ..., foq) forall

fl,...,fpeE.

PROOF. By multilinearity, we can establish the desired equality only for positive
elements f4, ..., f, € E. Besides, as groups of permutations are generated by trans-
positions, it suffices toprove thatif i % j € {1,...,p}thenW (..., f;, ..., f;,...) =
W(..,fjy.--sfi,...). Let ® be the map defined from E? into F by

®(u, v) =\Il(f1,...,zi4,...,{),...,fp) forall u,v € E>.

It is easy to see that ® is a positive bilinear map with the property (A F) and therefore
symmetrical. Consequently,

V(i...fieo s fjr )= =, f)=VY(...fj,....fi,...)
as required. O

As consequence, we get the following theorem which will turn out to be useful
later.

THEOREM 2.2. Let E and F be Archimedean vector lattices, p € {2,3,...}, V be
a positive p-linear map from EP into F having the property (AF) and © € Orth(E).
Then, foreveryi #j € {l,...,p}

\p(f],...,f(fi),...,fj,...,fp)=\p(f],...,f,',...,f(fj),...,fp)
forallf,,...,f, € E.

PROOF. It is clear that it suffices to prove this result for a positive orthomorphism
T € Orth(E). Leti #j € {1,..., p} and define the map ® : E? — F by

q)(f],...,fp):\y(f],...,f(f,'),...,fp)

forall f,,..., f, € E. The fact that ® is a positive p-linear map having the property
(A F) is derived immediately from the definition of orthomorphisms. Proposition 2.1
applied to ® and to the transposition o = (i, j ) yields that

(21) \p(f],...,l'(f,’),...,fj,...,fp)=\p(f],...,f(fj),...,f,‘,...,fp).

https://doi.org/10.1017/51446788700003451 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003451

28 Karim Boulabiar [6]

Again by Proposition 2.1, applied to W and o, we get

22) Y, ..t i )=V fi e Ty o )
The desired result is gotten combining (2.1) with (2.2). O

Throughout this paper, we will keep the following notations: if (A, %) is an ¢-
algebra, p € {2,3,...}and f € A then
() f*=f %---%f (p-times).
(2) N*(A) is the set of all nilpotent elements of A.
3) N;(A)={f €A:f? =0}
(4) NJA)={f €eA:f? =0}

3. Almost f-algebras as vector sublattices of f-algebras

Throughout this section, B stands for an Archimedean semiprime f -algebra and A
stands for a uniformly complete vector sublattice of B.

In [6] we have shown that [12(A) = (fg : f, g € A} is a vector sublattice of B
with £8(A) = {f?: f € A™*} as positive cone and if A is, in addition, equipped
with an almost f -algebra multiplication * then there exists a positive operator 7, from
[12(A) into B such that f x g = T,(f g) forall f, g € A. Our aim in this section is to
generalize these results to an arbitrary natural number p > 2 (note thatthe case p = 1
is obvious).

Let’s fix a natural number p > 2. Choose 0 < f € B and assume that there exists
0 < g € B such that g7 = f. As B is semiprime, g is the unique positive element of
B satisfying the equation g# = f [3, Proposition 2]. We say that g is the pth root of
f in B and we denote g = f /7.

We start this section by the following lemma.

LEMMA 3.1. Let 2 < p be a natural number, A be a uniformly complete vector
sublattice of an Archimedean semiprime f -algebra B and0 < f, g, f1,..., f, € A.
Then (f? + g?)'? and (f - -- f,)'/? exist and belong to A.

PROOF. Let 0 < f,g € A and pute = f + g. As A is uniformly complete, the
principal order ideal A, generated by e is a uniformly complete vector sublattice of A
with e as a strong order unit. Therefore, there exist 7, and 7, positive orthomorphisms
on A,, such that 7, (e¢) = f and 1,(e) = g. Define the map  from (A,)” into B by

V(uy, ..., up) =uy---u, forall u,...,u, €A,
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Since B is an f -algebra, { is a positive p-linear map having the property (A F).
Hence, using Theorem 2.2

P+ =v(,....H+v(,....8
= Y(tr(e),..., 17 (e)) + Y(Te(e), ..., T,(e))
=vy(e....,e, 77 () +VY(e, ..., e Tl (e)
=VY(e ...,e (T} +10)(e)).

Now, A, is uniformly complete and so is the unital f -algebra Orth(A,). So the pth
root (7 + t2)"/7 of 1f + t? exists in Orth(A,) [3, Corollary 6]. Consequently,

fP+g =vle....e ((xf + )P (e))
=Y ((zf + )X, ..., (7 +T0)P)(e))
=[((zf + D)"Y ()P

(where we use Theorem 2.2). We infer that (f? + g#)'/? = ((tf + t7)"/?)(e) exists
and belongs to A, and thus to A.
The result concerning (f - - - f,)!/? is obtained by an analogous method. O

At this point, we put

nf(A)={f]...fp:fkeA, k=1,...,p}
and

TEA) = {f? : f € A",

The previous lemma implies that the set Ef (A) is closed under addition and therefore
it is a positive cone in B. Furthermore, 1f 0 < f, g € A, then

fvegl=frvegr

[3, Proposition 1]. As consequence, Ef (A) is closed under (finite) supremum. It
follows from [15, Proposition 1.1.4] that

T,(A)~Z)(A)=({fF —g":f,ge A"}

is a vector sublattice of B with Ef (A) as positive cone.
Now, we are in position to prove the first main result of this section.

THEOREM 3.2. Let 2 < p be a natural number and A be a uniformly complete
vector sublattice of an Archimedean semiprime f -algebra B. Then ﬂg(A) is a
uniformly complete vector sublattice of B with Ef (A) as positive cone.
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PROOF. We begin by showing that IT) (A) = £)(A) — X7 (A). Take0 < f, g€ A
and observe that

p—1
fr-g=¢-g (kag""-“)
k=0

(by agreement, x°y = yx® = y for all x,y € B*). According to Lemma 3.1,
frgr~'* e B} (A)forevery k € {0,..., p — 1}. But then

p—1
D T e B4
k=0

since Ef_l(A) is closed under addition. Therefore f? — gf € Hg (A) and thus
B B B
T(A)— X, (A) CII (A).

Conversely, let fy,...,f, € A. Itiseasy tosee that f,---f, = F — G, where F
(and G) is a sum of products of p positive elements of A (where we use an argument
of multilinearity). Using Lemma 3.1, we infer that F, G € Ef (A) and the second
inclusion follows. Summarizing, I17(A) is a vector sublattice of B with L7 (A) as
positive cone.

In the remainder of this proof, we shall show that l'I:’(A) is uniformly complete.
Let {f,}!=° be a sequence in A* and g € A™ such that {f?}'=° is a g”-uniform
Cauchy sequence in Hf (A) C B. Itis shown in [3, Corollary 3] that {f,}/Z° is a
g-uniform Cauchy sequence in B and therefore in A, which is uniformly complete.
Hence there exists f € A* such that {f,}:Z]° converges g-uniformly to f. Finally

n=

{f P }:=1° converges g?-uniformly to f? [3, Corollary 3]. The proof is complete.

Now, let’s equip A with a multiplication * in such a manner that (A, *) becomes an
almost f -algebra. We recall that for every f, g, f1,..., f, € A*, both (f? + g?)!/»
(the pth root of f? + g? in B) and (f, - - - f,)'/? (the pth root of f, - -- f,, in B) exist
and belong to A (Lemma 3.1). In the next lemma, we shall calculate the two powers

((fp + gp)l/p)*p and ((fl .. .fp)l/p)*p.

LEMMA 3.3. Let B be an Archimedean semiprime f -algebra, (A, x) be a uniformly
complete almost f -algebra such that A is a vector sublattice of B, 2 < p be a natural
number and0 < f, g, f1,...,fp € A. Then

((FP+€)'PYP =f* +g% and ((f1--f)"?)" =fi%-- %f,.

PROOF. We opt for the gait followed in the proof of Lemma 3.1.
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LetO < f,g € Aandpute = f + g. We consider 1, (respectively, 7,) the positive
orthomorphism of A, such that 7, (e) = f (respectively, 7,(e) = g). Define the map
¥* from (A,)? into A by ¥*(uy, ..., up) = uy *---xu, forall uy, ..., u, € A,. Itis
shown in the proof of Lemma 3.1 that (f? + g”)'/? = ((zf + t7)"/?)(e). Therefore,

((fp + gp)l/p)*" =y ((f” + gl’)l/P’ P+ gp)l/p)
=¥ (T + )Y (), ..., (T} + T)P)(@)).
Since (A, *) is an almost f -algebra, {* is a positive p-linear map having the property
(A F). In view of Theorem 2.2, we obtain
(7 + )PP =y (e, ..., e, (2 + )PV (e))
=y*(e,...,e (1} +17)(e))
=V*(e,...,e, 7 () + Y™ (e, ..., e, T0(e))
=¥ )+Y ..., =f"+g".
The second assertion can be obtained in the same way. O

At this point, we are able to prove the second principal result of this section, namely
a generalization of [6, Theorem 1] to a natural number p > 2.

THEOREM 3.4. Let B be an Archimedean semiprime f -algebra, (A, x) be a uni-
formly complete almost f -algebra such that A is a vector sublattice of B and 2 < p
be a natural number. There exists a positive operator T, from I1 f (A) into A such that

L, fp)=Ffix---xf, foral fi,...,f, €A.

PROOF. Let 0 < f, g € A such that f? = g”. Since B is semiprime, f = g [3,
Proposition 2] and thus f** = g*. Therefore a map 7, : }3;’ (A) > A1 can be
defined by putting T,(f?) = f* forall0 < f € A. Setnow h = (f? + gP)'/P.
Lemma 3.3 implies that

LU+ =T[((F" +M)") ] =(F"+8")")" =f* +g”
forall0 < f, g € A. Hence, T, is additive on £7(A). As TJ(A) is the positive cone
of the vector lattice I1 f (A) (Theorem 3.2), T, extends uniquely to a positive operator

from I'I,’f (A) into A [1, Theorem 1.7]. This extension is also denoted by 7,. We
intend to show that T,(f,---f,) = fi*x--- % f, forall f,,...,f, € A. It suffices

to prove this formula for f, ..., f, > 0 (the general case follows straightforwardly
from multilinearity). To do this, put f = (f;---f,)/?. Using again Lemma 3.3, we
get

T(fr - f)=TU)=f"P=fi*---*f,

and we are done. O
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4. The kernel of the operator T,

We already mentioned in the preliminaries that every f -algebra is an almost f -
algebra but not conversely. It is a very natural question to ask under which supple-
mentary condition any (Archimedean) almost f -algebra will be an f -algebra? The
answer is given in the next proposition.

PROPOSITION 4.1. Let A be an Archimedean almost f -algebra. The following
statements are equivalent:

(1) Aisanf -algebra.

(i1) A has the property that0 < f, g, hand fgh =0imply (fg) Ah =0.

PROOF. (i) implies (ii). Assume that A is an f -algebraandlet0 < f,g,h € A
such that fgh = 0. So,0 < ((fg) A h)? < f gh = 0 whence,

4.1 (fg)ynheNA).
Moreover, 0 < (fg) Ah < fg € N(A)? Since N(A)? is an order ideal in A, we get
4.2) (fg) ANh e N(A).

Combining (4.1) with (4.2), we obtain (f g) A h = 0.

(i1) implies (i). Let 0 < f, g, h € A such that g A h = 0. Since A is an almost
f -algebra, gh = 0 and thus f gh = 0. It results from the hypothesis that (f g) Ah =0
which implies that A is an f -algebra, as desired. O

Let (A, x) be an Archimedean almost f -algebra. With every f € A, we associate
ns the element of .%},(A) defined by m, (g) = f = g forall g € A. The set of all ny is
denoted by o (A). Putting T = I, in [7, Theorem 4.4], we deduce that o (A) is, with
respect to the composition and the ordering inherited from %,(A), an Archimedean
f -algebra in its own right with the following supremum and infimum:

T Vﬂ'g‘:T[fvg, Y 43 /\7Tg=ﬂ'f,\g

forall f, g € A. In other words, the map o : A — o (A), defined by o (f ) = n for
all f € A, is a lattice homomorphism. Furthermore,

(0(f)o(@)h)y =0(f)o(g)h)=0(f)(g*h)
=f*xgxh=0(f xg)h)
forall f, g, h € A (the multiplication of o (A) is denoted by juxtaposition). Thus o is
also an algebra homomorphism.

In order to prove the following corollary, we recall that f x g = (f Vg)*x(f A g)
forall f, g € A [2, Proposition 1.13].
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COROLLARY 4.2. Let (A, *) be an Archimedean almost f -algebra, 3 < p be a
natural number and f, ..., f, € A. If f1 % --- % f, =O0then |fi| x---x|fi| = 0.

PROOF. The method of the proof is by induction on p > 3.
Let f,g,h € A satisfying f * g *x h = 0. Since o is a lattice and algebra
homomorphism and o (A) is an f -algebra, we get

T Mg e = o (If Do (1gDo(lhl) = lo(f)l o ()] lo(h)]
=lo(f)o(glo(h)| =lo(f * g+ h)| =0 in a(A).

Applying Proposition 4.1 to the f -algebra o (A), we obtain

TEAf 1elghalhl = Tf 1xigh A Tipp = (T Tig) A 7y = 0.
Finally,

Lf 1% lgl* |kl =[(f | *1gD) ALRIT* [(1f | * gD V |A]]
= 70 wighaikl ((LF | % 1g1) Vv [A]) = 0.

The case p = 3 being treated, assume that the desired result is true for a natural
number p > 3 and let f1, ..., fp41 € A suchthat f| *--- % f,,; = 0. By induction
hypothesis, we obtain (|f| % --- % |f,_1]) * |f, * f,11] = 0. Consequently,

OSI(Ifl,**,fp—lD*fp *fp+l|flfll*"'*lfp—l,*,fp *fp-H’:O-

Therefore,

Ufrl*1f2D*(f il f oD *fp * for = (falx - oD % fp % fp1 = 0.

Hence, again by induction hypothesis

Fils ok [fopal = |If1l % 1f2l] % [fsl % % [fpal =0

which finishes the induction step. O

The next example shows that Corollary 4.2 fails in the case p = 2.

EXAMPLE 1. Take A = C[—1, 1] with the usual operations and order. For every
f.,g € A, weput

[Ix +1/3f (x)gx) if —1<x=<-1/3

0 if —1/3<x <2/3;
f *g)x) = 1 1 [Pzx=2f

x—2/3
/ fWegydr if 2/3<x <1.
S 2

/3—x
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It is easy to show that (A, x) is an Archimedean almost f -algebra. Consider now
a, B € A, defined by

[—1 if —1<x<-1/3;
ax) =4{3x if —1/3<x<1/3;
1 if1/3<x<l

and

V

0 if —1<x<-1/3;
3x +1 if —1/3<x<0;
-3x+1 if 0<x<1/3;

0 if 1/3<x<1.

B) =

.

A straightforward computation shows that « * 8 = 0. However,

1/3
(el  1B(1) = 6/ t(=3t + 1)dt > 0.
0

At this point, let (A, *) be a uniformly complete almost f -algebra, B be a semiprime
f -algebra such that A is a vector sublattice of B and 3 < p be a natural number.
According to Theorem 3.4, there exists a positive operator 7, from l'I;,9 (A) into A
defined by T,(f,---f,) = fix---xf, forall fi,...,f, € A. The topic of the
following proposition is the kernel, ker(7,), of T,.

PROPOSITION 4.3. Let B be an Archimedean semiprime f -algebra, (A, *) be a
uniformly complete almost f -algebra such that A is a vector sublattice of B and
3 < p be a natural number. Then ker(T,) is an order ideal in I'Ig (A).

PROOF. Let f1, ..., f, € A such that T,(f, - - f,) = 0. Then
fl *-..*fp -—_ TL(fl...fp):O'
It follows from Corollary 4.2 that

LAfr--foD =T A0 1fpD =1l %% |f,] =0.

The rest is obvious. O

The following example shows that Proposition 4.3 fails in the case p = 2.

EXAMPLE 2. It is known that B = C[—1, 1], equipped by the usual algebra opera-
tions and order is a uniformly complete unital (and therefore semiprime) f -algebra.
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Consider (A, *) the almost f -algebra defined in Example 1. The operator 7; is, in
this case, defined by

(x +1/3[f (x) if —1<x<—1/3;
LHw=1° ., if —1/3<x=<2/3

{_/ f®dr if 2/3<x<1

2/3-x

forall f € A. It is shown in Example 1 that T,(aB) = a * 8§ = 0 and T(JaB]) =
la| % |B| # 0. Therefore, ker(7T5) is not an order ideal.

3. The range of the operator T,

We start this section by mentioning some well-known facts concerning ordered
vector spaces. Consider an operator T from a vector lattice E into an arbitrary vector
space F such that ker(T) is an order ideal of E. The range T(E) of T is a vector
lattice with T(E*) as positive cone. The lattice operations in T(E) are given by
sup{T(f), T(g)} =T v g)andinf{T(f), T(g)} = T(f A g). In other words, T
is a lattice homomorphism from E into T(E). Furthermore, if F is, in addition, an
ordered vector space then the ordering on T(E) inherited from F coincides with the
initial ordering on T(FE) if and only if F* N T(E) = T(E™) (more details can be
found in [14, Section 18]).

Throughout this section, (A, %) designates a uniformly complete almost f -algebra,
B an Archimedean semiprime f -algebra such that A is a vector sublattice of B and
3 < p anatural number. Recall that I'Ig(A) ={fi---fp:fr€A k=1,...,plisa
vector sublattice of B with Ef (A ={f? : f € A*} as positive cone (Theorem 3.2)
and there exists a positive operator 7, from the Hg (A) into A defined by

Ly fp)=fix---xf, foral f1,...,f, €A
(Theorem 3.4). Observe that
7},(1’[5(A))=[f,*~-o*fp:fkeA,k::l,...,p}
and
L(E5(A) = {f" : f € A%},

Since ker(7,) is an order ideal of I'I[’f (A) (Proposition 4.3), 7}(“5 (A)) 1s a vector
lattice with T, (X f (A)) as positive cone and 7, is a lattice homomorphism from I1 ,‘f (A)
into Tp(ﬂg(A)). We obtain the following theorem.
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THEOREM 5.1. Let B be an Archimedean semiprime f -algebra, (A, x) be a uni-
formly complete almost f -algebra such that A is a vector sublattice of B and 3 < p
be a natural number. Then

(1) 7},(1’15 (A)) is a vector lattice under the ordering inherited from A with
T, (231‘,3 (A)) as positive cone.
(1) T, is a lattice homomorphism from Hf (A) to 7},(1'15(/1)). In particular, the
absolute value of f1 * - - - x f, in T,(TIZ(A)) is |f 1| % --- % |f,| forall f\, ..., fp.
(iii) T,(T1)(A)) is uniformly complete.

PROOF. (1) The only point that needs some details is the fact that the initial ordering
on T,(I1 g (A)) coincides with the ordering inherited from A. To this end, we need to
show that E(Ef(A)) =ATN 7},(H5(A)).

The inclusion 7;,(2’? (A)) C AT N 7;,(1'15(A)) being obvious, prove the second
one. Let fy,...,f, € AsuchthatO < f, *...%f, (in A) and consider the lattice and
algebra homomorphism o from A into the f -algebrao (A) = {n; : f € A}defined by
o(f)(g) =mns(g) = f xgforall f, g € A (see Section4). Hence 0 < o (f,)---0(f,)
ino(A). As o(A) is an f -algebra, we get

o(fix--kf)=0(f)--o(fp)=lo(f)--o(fp)l =lo(f)l---lo(fp)l
=a(fil)---olfp) =alfil*--- % |fp])

and thus |f| % ---* |fp| — f1 %+ * f, € ker(0).

Using multilinearity, |f | *--- * |f,| — f1 * -+ - * f,, is a sum of products (under *)
of p positive elements of A. It follows from Lemma 3.3 that there exists 0 < g € A
such that g*? = |f| *--- % |f,| — f1* -+ x f,. Observe now that

ker)={f €eA:a0(f)=0}={f e A:0(f)(g)=0forall g € A}
={f eA:fxg=0forall g € A} = NJ(A) C N*(A).

Therefore g € N*(A) = N;(A) and thus g** = 0. Since p > 3, g*” = 0. This gives,
via Lemma 3.3, that

frxeooxfp=Ifil* x|l = 1l 1fo D)7 € T,(E)(A))

which is the desired result.

(i) This follows immediately from the introduction made in the beginning of this
section.

(iti) This is a straightforward inference from the fact that the range of a lattice
homomorphism defined on a uniformly complete vector lattice is also a uniformly
complete vector lattice [13, Theorem 59.3]. O
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In the following example, we show that the previous result is not true in the case
=2.

EXAMPLE 3. The set B = C[—1, 1] is a uniformly complete unital (and then
semiprime) f -algebra under the usual algebra operations and order. Take A = B and
put

0 if ~1<x<0;

—_ x—1
U*@@%-‘/ F(edr if0<x<1
-1

forall f, g € A. A simple calculation shows that (A, %) is an almost f -algebra under
the multiplication *. In this case, 7 is defined by

0 if —1<x<0;

T — x-1

2 )x) ‘/ fdr ifo<x<1
-1

forallf € A. Anelement f € T>(I12(A)) if and only if f (x) = Oforallx € [—1, 0]
and the restriction of f to [0, 1] belongs to C'[0, 1]. Therefore T>(IT12(A)) can not be
a vector lattice under the ordering inherited from A.

We said in Theorem 5.1 (i) thatif p > 3 then T, (I1 5 (A)) is a vector lattice under the
ordering inherited from A. However, in general, T, (I1 g (A)) is not a vector sublattice
of A as it shown in the next example.

EXAMPLE 4. Consider the uniformly complete unital f -algebra B = C([—1, 1]).
Take A = B and define @ € A by

[—x if —1<x<0;
a(x) = |
0 if0<x=<l
For f,g € A, we put
ax)f x)gx) if —1<x=<0;
xg)x)=14 r°
G *8)x) /f(t)g(t)dt if 0 <x <1.

It is not hard to show that A is a uniformly complete almost f -algebra under the
multiplication *. In this case, the operator T; is defined by

a(x)*f (x) if —1<x<0;
— 0
LOH® / a)f()dt if 0<x <1
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forall f € A. Define now ¢ € A by p(x) = 2x + 1 forall x € [—1, 1]. By a simple
calculation, we get

1 1
| T3(@)I(1) = T # (lol * |l * lo)(1) = g

This translates that the absolute value in 73 (I'If (A)) doesn’t coincide with the absolute
value in A.

Assume now that (A, ) is, in addition, a d-algebra (in other words, (A, *) is an
uniformly complete commutative d-algebra) or, in particular, an f -algebra. Then the
situation improves, in this case the property |f * g| = |f | * |g| holds in A. We obtain
straightforwardly the following corollary.

COROLLARY 5.2. Let B be an Archimedean semiprime f -algebra, (A, %) be a
uniformly complete commutative d-algebra (respectively, f -algebra) such that A is a
vector sublattice of B and 2 < p be a natural number. Then

(i) T,(I1 g (A)) is a vector sublattice of A with T,(X] (A)) as positive cone.
(ii) T, is a lattice homomorphism from I’Ig (A) into A.
(iii) T, (T17(A)) is uniformly complete.

Note that the case p = 2 in the previous corollary follows immediately from [6,
Corollary 2].

In the last paragraph of this section, (A, *) is a given uniformly complete £-algebra.
For every natural number p > 3, we put

ME(A) = {f1%- *f,  fe€ A k=1,...,p)

and £(A) ={f" : f € A"},

A classical result of vector lattices theory is that there exists an Archimedean
unital (and then semiprime) f -algebra having A as a vector sublattice (we refer
to [9] for a Zorn Lemma-free proof of this existence or [1] for an approach using
orthomorphisms). Let B be such an f -algebra, whose multiplication is denoted by
juxtaposition. According to Theorem 5.1 and Corollary 5.2, we obtain the following
result.

COROLLARY 5.3. Let (A, x) be a uniformly complete £-algebra and p be a natural
number.

(i) If(A,*)isanalmost f -algebraand p > 3 then I17 (A) is a uniformly complete
semiprime f -algebra under the ordering and the multiplication inherited from A with
X (A) as positive cone and with the following supremum and infimum.

fPnrn, 87 = A" and f*v,g" =(f Vvg?” forall 0<f,geA.
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The absolute value in T17(A) is given by |f1 % -+ % f,|, = |f1| % -+ % |f, |, for all
fi.. . fp €A,

(i) If (A, x) is a commutative d-algebra and p > 3 then I17(A) is a uniformly
complete semiprime f -subalgebra of A.

(in) If (A, %) is a commutative d-algebra then T15(A) is a uniformly complete
f -subalgebra of A.

(iv) If (A, %) is an f -algebra and p > 2 then IT7(A) is a uniformly complete
semiprime f -subalgebra of A.

PROOF. (i) We prove only that 17 (A) is a semiprime f -algebra, the rest of the proof
1s a simple inference from Theorem 5.1. Obviously, I} (A) is an £-algebra under the
multiplication inherited from A. Let 0 < f, g € A such that f** A, g*” = 0. Hence
f Ag)?=0and f Age N*(A) = NJ(A). Consequently,

fPxg? = (f xg)x(f xg)'"7"
=(fAg*x(f Ve *(f xg)? V=0

We deduce that (I'I; (A), %) is an almost f -algebra. It suffices therefore to show that
it is semiprime. To do this, choose 0 < f € A such that (f**)" = 0 for some
n € {1,2,...}). This implies that f*** = 0 and thus f € N*(A) = N;(A). We infer
that f** =0and,asp > 3, f* = 0.

(i1) We obtain this assertion by combining (1) with Corollary 5.2.

(ii1) The fact that IT5(A) is a uniformly complete vector lattice follows immediately
from Corollary 5.2. For the remainder, let f, g, h € A* such that f2* A g* = 0.
Therefore,

0<(hW*f™)ng”=(H)rg™*
<hxfxg=hx(f Vg x(f Ag).

Observe now that (f A g)* = f* A g»* = 0. Hence f A g € N*(A) and thus
hx(f vg)x(f Ag) =0. Finally (h*f*) A g** = 0. We deduce that [13(A) is an
f -algebra.

(iv) It only remains that I15(A) is semiprime. For this, take 0 < f € A such that
(f*3)" = 0forsomen € {1,2,...}. Hence f € N*(A) = N;(A). Finally, f*> =0
and we may conclude. O

Remark that Example 4 shows that, in general, H; (A) is not a vector sublattice of
A when (A, %) is a uniformly complete almost f -algebra.

Inthe end of this paper, we present an example of a uniformly complete commutative
d-algebra (A, *) such that, contrary to the f -algebras case, the f -subalgebra IT;(A)
1s not semiprime
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EXAMPLE 5. Let A be the set of all real sequences with the usual addition, scalar
multiplication, partial ordering and the multiplication * defined by

(un)nzo * (vn)nzo = (wn)n_>_0

with wy = u,v;, wy = wv; and w, = 0 for all n > 2. It is easily verified that
(A, *) is a uniformly complete commutative d-algebra and IT;(A) = {(un)ns0 & U, =
Oforalln > 2}. Now that (1,0,...) € M3(A) and (1,0,...)*? = 0. Therefore
IT}(A) is not semiprime.
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