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Vortex breakdown (VB) in unconfined swirling jets occurs as either a bubble form
of vortex breakdown (BVB) or a conical form of vortex breakdown (CVB). This
computational study examines flow features of these forms for a Reynolds number at which
VB is accompanied by a transition to turbulence (Re = 1000, based on inflow jet radius and
centreline velocity). Large eddy simulations were performed with the inflow condition as
the Maxworthy profile which models a laminar, axisymmetric swirling jet, and the effect of
varying inflow swirl strength was investigated. BVB was observed at lower swirl strengths
than those at which CVB occurs. With increasing swirl, the regular and wide-open types
of CVB occur. Spiral coherent structures that develop in the flow were examined using
spectral proper orthogonal decomposition. Further, by means of hysteresis studies, it is
established that the turbulent BVB and regular CVB are bistable forms. Similarly, it is
shown that the two types of CVB are also bistable. The difference in recirculation zone
(RZ) sizes between the turbulent BVB and regular CVB is greatly reduced when compared
to the laminar counterparts. This is postulated as a reason for misidentification of CVB
(RZ approximately conical in shape) as BVB (spheroidal RZ) in some previous studies.
The present study highlights the distinct features of turbulent BVB and CVB, which can
potentially be used towards improving designs of swirl-stabilized combustors.
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1. Introduction

The abrupt change in flow structure that occurs due to the development of a recirculation
zone (RZ) in swirling flows is referred to as vortex breakdown (VB). This phenomenon
is observed in a wide variety of flows of practical and academic interest (Hall 1972;
Leibovich 1978; Escudier 1988). A swirling jet is one such flow which, prior to
undergoing VB, is characterized by a core region of rotating jet and negligible coflow.
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Recent computational studies employing inflow conditions that model a laminar swirling
jet have revealed interesting VB features at low Reynolds numbers (for which the entire
flow field remains laminar), including the existence of numerous distinct VB flow states
and hysteresis effects (Moise & Mathew 2019; Moise 2020a). In the present study, using
the same model for inflow conditions, large eddy simulations (LESs) were performed to
study unconfined swirling jets undergoing VB at a relatively higher Reynolds number with
the objective of examining the effect of the transition to turbulence on VB.

The first observations of VB seem to have been made more than fifty years ago
(Peckham & Atkinson 1957) and perhaps, even earlier (see Michaud (1787), figures 2
and 3). While this phenomenon continues to be studied extensively, there seems to be
no consensus on its underlying mechanisms (Benjamin 1962; Hall 1972; Leibovich 1984;
Brown & Lopez 1990; Moise 2020b; Sharma & Sameen 2020). Nevertheless, numerous
studies on different swirling flows have documented the rich diversity and wide variety of
VB flow states (Harvey 1962; Sarpkaya 1971; Escudier 1988; Billant, Chomaz & Huerre
1998; Ruith et al. 2003). Based on the features of the RZ, such flow states can be generally
categorized into different ‘forms’. The bubble and spiral forms of VB (BVB and SVB,
respectively) are the most common (Leibovich 1978). Another form that has been reported
only in a few studies and only in swirling jets is the conical form of VB (CVB) (Billant
et al. 1998). The RZ of the CVB (the ‘cone’) is approximately conical in shape in contrast
to the spheroidal RZ of the BVB (the ‘bubble’). These forms can be further classified
into different ‘types’. For example, the BVB can be categorized as either a one-celled
(Escudier 1988; Brücker & Althaus 1992) or two-celled type (Faler & Leibovich 1978;
Moise 2020a), while the CVB can be differentiated into the regular (Billant et al. 1998)
and wide-open types (Mourtazin & Cohen 2007; Moise & Mathew 2019). The former
classification is based on the number of toroidal structures in the bubble, while the latter is
based on the cone’s opening angle. Note that the term two-cell describes the presence of a
two adjoining cells inside a RZ, but the flow can also have multiple isolated recirculation
zones (see Ruith et al. (2003), § 3.2.1, p. 349). For convenience, the regular type of CVB
will simply be referred to as CVB unless otherwise required.

In swirling jets, the development of a RZ has been exploited for the purpose of
stabilizing flames in combustors (Syred & Beer 1974). Motivated by improving mixing
efficiency and combustor design, a large number of studies have examined VB features in
swirling jets and other closely-related flows like annular and coaxial swirling jets. Detailed
discussions on these can be found elsewhere (Chigier & Chervinsky 1967; Syred & Beer
1974; Vanierschot & Van den Bulck 2007; Moise & Mathew 2019; Moise 2020a), and only
those relevant to the present study and associated with swirling jets are reviewed here.
Billant et al. (1998) experimentally investigated a laminar swirling jet exiting a converging
nozzle into a large quiescent tank. The authors were the first to identify the CVB as a
distinct form of VB. The entire flow field remained mostly laminar for the Reynolds
numbers examined in their study. Liang & Maxworthy (2005) conducted experiments
with similar inflow conditions but at a higher Reynolds number for which a transition to
turbulence was reported. The study focussed on the origins of helical structures seen in the
experiments. The VB flow states observed were all assumed to be the BVB, although some
flow states reported resemble the CVB (see § 6.1.2). Indeed, very few studies on swirling
jets have identified the CVB and distinguished it from BVB, although features resembling
this form can be identified in others (see Moise & Mathew 2019; Moise 2020a). Amongst
computational studies, Ruith, Chen & Meiburg (2004) numerically investigated the effect
of lateral boundary conditions on VB for two different inflow profiles. One of these,
referred to as the ‘Maxworthy’ profile, was introduced as a model for swirling jets. By
employing this inflow profile, Moise & Mathew (2019) carried out a detailed investigation
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examining laminar VB flow states including the BVB and CVB. Moise (2020a) extended
this study by examining for hysteresis features.

This hysteresis behaviour is an important feature exhibited by many VB flow states (see
Moise (2020a), pp. 3–4). Billant et al. (1998) was the first to propose that the BVB and
CVB must exist as bistable forms based on spontaneous transitions observed between the
two. This was later confirmed using hysteresis studies (Moise & Mathew 2017; Moise
2020a). Hysteresis is also reported for swirling jets under assumptions of self-similarity,
including conical similarity (Shtern & Hussain 1999; Shtern, Hussain & Herrada 2000).
While such investigations examine approximately laminar flow states, no such study exists
for turbulent VB in swirling jets. Nevertheless, there seem to be some indications that these
forms coexist even when the flow becomes turbulent. For example, studies that examine
VB for inflow conditions of annular swirling jets at sufficiently large Reynolds numbers
have shown hysteresis behaviour for turbulent states which resemble the BVB and CVB
(Jiang & Shen 1994; Vanierschot & Van den Bulck 2007; Falese, Gicquel & Poinsot 2014).

Another feature commonly observed in swirling flows is the development of spiral
coherent structures. In addition to the SVB (Lambourne & Bryer 1961; Sarpkaya 1971),
other VB flow states that contain such structures include the precessing vortex core (PVC)
(Syred & Beer 1974; Syred 2006), asymmetric BVB (Billant et al. 1998; Moise 2020a),
BVB with spiral tail (Sarpkaya 1971; Moise & Mathew 2019) and modes associated
with CVB (possibly in Liang & Maxworthy (2005) and Tammisola & Juniper (2016) as
discussed in § 6.1.2; also see § 3.3.1). The exact differences between these states remain
unclear, although the PVC is usually identified by a displacement of the vortex core of
the swirling jet away from the flow axis (Syred 2006; Oberleithner et al. 2011; Manoharan
et al. 2020). This leads to the loss of axisymmetry of the RZ and is supposed to induce
regions of negative azimuthal velocity (Syred 2006). In this study, the PVC was not
observed, but the flow states seen resemble the SVB (see § 6.1.1).

The SVB has been proposed to be associated with an unstable, spiral global mode
originating on a base state containing an axisymmetric BVB (Brücker 1993; Gallaire et al.
2006; Meliga, Gallaire & Chomaz 2012). This mode was shown to cause the bubble to
precess, implying that a dye filament introduced along the flow axis upstream of VB
takes a spiral path downstream, a defining characteristic of SVB. However, this model
does not explain some features of SVB that are observed in experiments. For example,
the streamwise position of the SVB is discernibly downstream to BVB in experiments
(Leibovich 1984).

As can be inferred from the above discussion, features of turbulent VB in swirling jets,
especially with respect to the conical form, remain relatively less explored. Motivated by
this, the present computational study examines VB features, including hysteresis behaviour
and coherent structures for inflow conditions defined by the Maxworthy profile for a range
of swirl strengths at a moderate value of Reynolds number. The methodologies used for the
simulations and modal decomposition are discussed in § 2. Flow features of the BVB and
CVB observed in the simulations are examined in § 3. Hysteresis features and comparisons
of bistable forms and types are presented in § 4, and the features of the coherent structures
are examined in § 5. Implications of the results and the conclusions of this study are
discussed in §§ 6 and 7, respectively.

2. Methodology

2.1. Large eddy simulations
The methodology used here for the LES is similar to that used for direct numerical
simulations in Moise & Mathew (2019) and Moise (2020a). The simulations were
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performed using incompact3d (Laizet & Li 2011), an open-source flow solver which
employs the projection method for incompressible flow simulations using a partially
staggered Cartesian grid. The solver uses sixth-order, compact, finite difference schemes
with spectral-like resolution (Lele 1992) to compute derivatives and for interpolation,
while the Poisson’s equation for pressure is solved in spectral space (Laizet & Lamballais
2009; Lamballais, Fortuné & Laizet 2011). A low storage, third-order Runge–Kutta scheme
was selected for time stepping.

The inflow conditions were chosen as the Maxworthy inflow profile (Ruith et al. 2004).
In a cylindrical coordinate framework, the azimuthal, radial and axial velocity components
are given by

uθ = Sr
2

(
1 − erf

(
r − 1

δ

))

ur = 0

ux = 1 − α − 1
2α

(
1 + erf

(
r − 1

δ

))
,

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(2.1)

where r represents the radial distance from the swirling jet axis. This axisymmetric profile
is dependent on three parameters: S, the swirl rate, α, the core-to-coflow axial velocity
ratio and δ, representing the shear layer thickness of the swirling jet. The profile is in
a dimensionless form, with the length and velocity scales chosen as the jet’s radius and
centreline axial velocity, respectively. The Reynolds number, Re, is defined based on these
scales and all further references to lengths and velocities will be in the dimensionless form.
Note that the swirl rate, S, represents the slope of the dimensionless azimuthal velocity
at centreline (i.e. duθ /dr(r = 0)) and should not be confused with the more commonly
used swirl number, which is usually denoted by the same symbol S and is defined as
S = Gθ /RGx (Gθ and Gx are the axial components of angular and linear momentum,
respectively and R is the pipe radius (e.g. Chigier & Chervinsky 1967) or as the ratio
of azimuthal to axial inflow velocity scales. These variables, both of which represent the
inflow swirl strength, are directly proportional to each other for the Maxworthy profile,
irrespective of the definition used. Thus, all further descriptions of inflow swirl strength
are provided using the swirl rate alone. Henceforth, the symbol S is also used to denote
the same, following a convention similar to those used in previous computational studies
(Ruith et al. 2003, 2004).

In this study, only S is varied, while the other parameters are fixed as Re = 1000, δ = 0.2
and α = 100. The inflow condition was inadvertently set as that of a clockwise swirling
jet, implying that S is negative in a right-hand coordinate framework, but the negative sign
is ignored without loss of generality. The swirl rate, S, is a constant for a given simulation
except when considering hysteresis effects, in which case, it varies linearly with time for
a short duration till a target value is achieved, after which it remains constant (see Moise
2020a). It is emphasized that in all simulations the inflow is modelled as a laminar swirling
jet without adding any unsteady perturbations.

As noted above, the simulations were carried out in a Cartesian coordinate framework,
with x retained as the streamwise direction, while y and z represent the lateral directions.
The lateral boundaries are assumed periodic for convenience, while the standard
convective boundary condition was employed at the outflow. The domain is a cube of
side 40 each. For this choice, the effect of lateral boundary conditions on VB remained
negligible for most cases, except for the wide-open type of CVB (see § 3.3.2). A uniform
grid spacing of Δ = 1/12 was used in all three directions, while the time step was chosen
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as 0.01. The Courant number based on these parameters is 0.12. Details on the requirement
for LES and the effect of domain dimensions are provided in Pradeep (2019).

The LESs were carried out using the explicit filtering approach proposed in Mathew
et al. (2003). This method is a reformulation of the approximate deconvolution model
introduced in Stolz & Adams (1999) into a simpler form. It is particularly suited for
the present problem involving a transitional flow. Indeed, it has been demonstrated to
accurately simulate various transitional flows (Visbal 2009; Rizvi & Mathew 2017). An
approach closely related to this method has also been used to simulate transitional round
jets (Bogey & Bailly 2006, 2009). The explicit filtering approach employs the same
procedure as that used for a direct numerical simulation (performed using high-order
differentiation schemes), but with an additional step of applying an appropriately chosen
low-pass numerical filter to the computed velocity field in all directions at the end of
each time step. Compact schemes for filtering applications (see Lele (1992), p. 40) were
incorporated into the flow solver for this purpose. The filter is based on parameters, nf
and αf . The former denotes the scheme’s order, while the latter is inversely related to the
damping effect of the filter and is chosen in the range 0 ≤ αf ≤ 0.5. The implicit filter is
defined by

αf u′
i−1 + u′

i + αf u′
i+1 =

nf∑
n=0

an(ui+n − ui−n), (2.2)

where u′
i and ui represent the filtered and unfiltered velocity component at a grid point

of index, i, (in a given direction), while an are coefficients which depend on αf . For
a periodic function on [0, L] at N = L/Δ grid points, a Fourier transform of the form
f = Σwf̂w exp(2πiwx/L) can be applied, where f̂k is the Fourier coefficient, w is the
wavenumber (ranging from −N/2 to N/2) and x is distance. This can be used to compute
the transfer function in Fourier space, H(w) = û′

w/ûw. Using a scaled wavenumber of the
form k = 2πwΔ/L (range [0, π]), the transfer function is then given by

H(k) = Σnan cos(nk)
1 + 2αf cos(k)

, (2.3)

which is shown in figure 1(a) for different αf when nf = 10. It is clear from the figure that
the low wavenumber content remains mostly unaffected by such low-pass filters. In this
study, nf = 10 and αf = 0.495, unless otherwise mentioned.

A ‘sponge layer’ was introduced at the outflow boundary that reduces the intensity of
unsteady vortices associated with the turbulent flow locally while negligibly affecting the
flow in other regions of the domain. This region had a streamwise length of 2 and spanned
the entire lateral extent of the domain. In this region, the velocity field was strongly filtered
at each time step using the same approach as that used for the LES but by employing a
second-order filter (nf = 2) with αf = 0.4.

All statistical quantities were computed by averaging flow fields at every time step after
transients for a duration of ΔT ≈ 1700. Thus, statistical convergence is expected even
if coherent features of frequencies as low as 0.005 (time period 200, implying 8 cycles)
exist. Further, azimuthal averaging was performed to increase statistical convergence as
the mean flow is expected to be axisymmetric. Only data from the y = 0 and z = 0 planes
was used for convenience.

2.2. Spectral proper orthogonal decomposition
Coherent structures observed in the flow field were extracted using the spectral proper
orthogonal decomposition (SPOD) approach (Lumley 1970; Picard & Delville 2000;
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Figure 1. (a) Variation of the transfer function with wavenumber for tenth-order filter and different αf . (b)
Schematic showing the extended ranges of existence of various VB flow states observed for Re = 1000. The
dashed line at S = 1.2 shows the upper limit of the range where |m| = 4 structures are observed. Arrows
indicate the sense in which S is changed in the hysteresis studies.

Towne, Schmidt & Colonius 2018). An SPOD mode is defined as the eigenfunction,
ψ i(x, f ), associated with the cross-spectral density tensor, S(x, x′, f ). Here, x and x′
denote position vectors, t and t′, two time instants and f = 1/|(t′ − t)|, the frequency based
on the time interval between the instants. The eigenfunction satisfies

〈S(x, x′, f ),ψ i(x
′, f )〉∗x′ = λi( f )ψ i(x, f ), (2.4)

where 〈, 〉x′ represents an inner product with respect to x′, ‘∗’ denotes conjugate transpose
and λi is the eigenvalue corresponding to ψ i, representing the relative energy associated
with the SPOD mode (see Moise (2020a), pp. 7–8). The structures at a given frequency
f0 are given by ψ i(x, f0) and can be identified as coherent when λi( f0) is non-negligible.
To compute these, the MATLAB implementation of Towne et al. (2018) was used. The
code uses the Welch’s method for better spectral estimation. A Hamming window was
selected so as to reduce spectral leakage. In the LES, after the stationary flow state has been
achieved, the velocity fields were stored at regular intervals in time. The cross-spectral
density tensor was computed based on the velocity field, u(x, y, t), in the positive xy-plane
alone, since only spiral modes of azimuthal wavenumber, m = +1 (counter-winding and
co-rotating), were observed for the VB states examined in this study. The velocity field at
each instant was arranged into a single column vector, referred to as a snapshot. The total
number of snapshots collected for each case and the corresponding sampling frequency are
denoted by N and fS, respectively. For all cases, N ≈ 1500 and fS = 1. These were divided
into NB blocks with each containing NSpB = 256 number of snapshots per block while a
50 % overlap between blocks (implying around 10 blocks in each case) was additionally
used to increase the number of realizations.

3. Vortex breakdown flow states

3.1. Overview
The spatio-temporal features of various VB flow states that occur when the swirl rate, S,
is varied for Re = 1000 are reported in this section, while aspects of bistability and SPOD
are discussed in subsequent sections. The swirl rate range that was examined for this study
is 0.8 ≤ S ≤ 2.5. For all swirls, a transition to turbulence was observed at this Reynolds
number.
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Name Sl Su Name Sl Su

pre-VB 0.8 1.13 Regular CVB 1.475 2.14
BVB 1.14 1.45 Wide-open CVB 2.15 2.5
|m| = 4 structures 0.8 1.2

Table 1. Approximate ranges of existence of turbulent flow states observed for streamwise-invariant initial
conditions based on the Maxworthy inflow profile for simulations in range 0.8 ≤ S ≤ 2.5. Additionally, the
range where the possibly spurious |m| = 4 structures occur is provided. Here, Sl and Su represent the lower and
upper limits of S, respectively.

For VB at Re = 200 studied in Moise & Mathew (2019), an increase in S beyond a
critical value, Sc, leads to steady laminar VB, first with the development of a stagnation
point and with a further increase, a steady bubble. By contrast, in the present study,
intermittent flow reversal on the flow axis was seen at the lowest S for which a bubble
is present in the time-averaged velocity field. Thus, for convenience, Sc is defined here
as that below which no recirculation zones are observed in the mean flow. Similar
intermittent behaviour about this critical swirl has been reported in experiments (e.g. Liang
& Maxworthy (2005) and, for fully turbulent swirling jet inflow conditions Oberleithner
et al. 2012). Here, it was observed that Sc = 1.14.

The flow states that occur for S < Sc are categorized as pre-VB states. For these,
a non-rotating, large-scale, spiral structure of azimuthal wavenumber, |m| = 4, was
observed. This structure, which is similar to that seen in laminar pre-VB states in Moise &
Mathew (2019), seems to be spurious and probably arises due to the choice of the Cartesian
coordinate framework used. The BVB occurs for S > Sc, but this structure is also present
in the swirl range of 1.14 ≤ S ≤ 1.2. Hence, features at VB onset are not scrutinized in
detail and this study focusses mainly on VB flow states that occur for S ≥ 1.3, which do
not contain this |m| = 4 structure (see figure 1(b) and table 1).

While the highest swirl examined is S = 2.5, it is cautioned that with increasing S, VB
occurs closer to the inflow plane. This is a cause for concern at high swirls (S ≥ 1.66)
due to the steady nature of the imposed inflow conditions, but the results are still expected
to be relevant, as elaborated in § 6.3. The ranges of S in which different flow states are
observed in the simulations when the initial conditions used are streamwise-invariant (i.e.
∂u/∂x = 0 at all x and based only on the inflow profile) are provided in table 1. It is
possible to sustain the VB states for a larger range by exploiting hysteresis behaviour. A
schematic based on these extended and overlapping swirl ranges is shown in figure 1(b).
The boundaries of each range are only accurate up to a difference in S of δS = 0.05.
As seen from the figure, BVB is observed for relatively lower swirl rates, while the
wide-open type of CVB occurs only for very high values of S. The same trends have also
been observed for laminar VB at Re = 200 (Moise & Mathew 2019). Note that the swirl
range associated with streamwise-invariant initial conditions (table 1) of each VB state is
indicative of that part of the extended range (figure 1b) in which that state is relatively
more stable.

3.2. Bubble form of vortex breakdown
As noted above, the |m| = 4 structures are absent for S ≥ 1.3. Thus, this study focusses
on VB states that occur for S ≥ 1.3, but for completeness, features about the onset of VB
(Sc = 1.14) are documented briefly in appendix A. It is emphasized that these results are
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Figure 2. Instantaneous flow features of bubble form of vortex breakdown (BVB) at S = 1.3 shown on the
z = 0 plane using (a) projected streamlines overlaid on axial velocity contours and (b) pressure contours.

inconclusive due to the presence of the |m| = 4 structures. Nevertheless, one interesting
feature seen is that the flow exhibits coherent periodic oscillations for S = 1.13 and 1.14
(figure 21b), which is also reported in experiments on transitional annular swirling jets
close to the onset of VB (Vanierschot & Ogus 2019).

An overview of the features of BVB observed in the range of 1.3 ≤ S ≤ 1.5 is provided
first. Instantaneous flow features for S = 1.3 are shown in figure 2. The flow remains
laminar for x ≤ 9 at this swirl, as indicated by the pressure field shown (see also figures 3
and 5b). Two isolated recirculation zones are present over approximately, 2 ≤ x ≤ 6 and
8 ≤ x ≤ 10. The upstream one is referred to here as the ‘bubble’ and has a two-celled
structure. In the entire range of 1.3 ≤ S ≤ 1.5, the BVB has a two-celled structure, but
at higher S, the flow becomes turbulent within the bubble region and thus, the two-celled
structure can be inferred only from the mean flow and not instantaneous features. The
mean radius of the bubble increases with increasing S, while the mean streamwise position
of the bubble decreases. The bubble has no stagnation point at its nose and is toroidal
(see streamline pattern in figure 2a) in the swirl range of 1.3 ≤ S ≤ 1.45 (and also for
1.2 ≤ S ≤ 1.3, for which |m| = 4 structures are present). By contrast, this stagnation
point is present for S = 1.5. Similar trends were also reported for laminar BVB (Moise
2020a). The two-celled BVB in swirling jets can be inferred from experiments (see Billant
et al. (1998), figure 7(a), p. 196, where the contours show presence of four stagnation
points in the bubble region) and is also commonly observed in other swirling flows
(Faler & Leibovich 1978). However, the toroidal structure seems not to be so commonly
reported, but might occur in some swirling flows (Lucca-Negro & O’Doherty (2001); also
see § 6.1.1). The time-averaged streamwise position of the bubble moves upstream with
increasing S, but stabilizes for S ≥ 1.4 while the bubble’s size continues to increase, a
trend similar to those observed in experiments (Escudier & Keller 1985; Oberleithner et al.
2012; Manoharan et al. 2020). These features are further elucidated below by comparing
two typical cases of S = 1.3 and 1.4.

3.2.1. Comparison of instantaneous features
The instantaneous vortical structures in the flow were identified using isosurfaces of λ2
(Jeong & Hussain 1995). These are shown for the two cases of S = 1.3 and 1.4 in figure 3.
Note that with the formation of the RZ, the swirling jet develops an ‘inner’ shear layer
in addition to the ‘outer’ shear layer with the coflow (Liang & Maxworthy 2005). In the
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Figure 3. The spatial structure of the bubble form of vortex breakdown (BVB) is shown using λ2-criterion.
Isosurfaces with λ2 = −0.4 for S = 1.3 (a) and S = 1.4 (b), both at an arbitrary time instant, are plotted and
coloured based on ux.

figures, this swirling region (sandwiched between the two shear layers) appears as the
spheroidal structure in 3 ≤ x ≤ 6 and represents the bubble’s envelope. For S = 1.3, the
transition to turbulence is positioned well downstream of the bubble (x ≈ 10), while for
S = 1.4, it occurs at the rear end of the bubble (x ≈ 6). A spiral coherent structure can be
discerned downstream of the bubble for the former case. This structure has an azimuthal
wave number m = +1 (counter-winding and co-rotating) and does not affect the bubble
(see also § 5) implying that this is not the PVC. The position of transition to turbulence
moves upstream with increasing S which can also be inferred from the figure. Nevertheless,
in the entire swirl range associated with the BVB, most of the bubble region remained
approximately axisymmetric and laminar.

The dynamics of the flow for the two cases are best understood by examining the
animations provided as supplementary movies 1, 2, 3 and 4 available at https://doi.org/10.
1017/jfm.2021.118 which show temporal variation of axial velocity and vorticity magnitude
on the z = 0 plane for S = 1.3 and 1.4. The streamwise oscillations of the bubble can
be clearly seen from these animations. Further, the bubble changes in size due to these
oscillations. There are interesting similarities between this flow state and the pulsating
type of BVB reported in Moise & Mathew (2019). The oscillations can also be inferred
from figure 4 where the centreline variation of axial velocity is plotted at different time
instants. For both swirls, the flow is unsteady, including in the laminar upstream region.
The mild unsteadiness observed close to the inflow plane might be of concern due to
the imposition of steady inflow conditions and it is possible that the characteristics of
the streamwise oscillations might be different if these artificial constraints are removed.
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Figure 4. Axial velocity variation along the swirling jet axis for the bubble form of vortex breakdown (BVB)
at different time instants and for (a) S = 1.3 and (b) S = 1.4.

However, streamwise oscillations for BVB are also reported in experiments (Liang &
Maxworthy 2005; Oberleithner et al. 2012) and there are strong reasons to expect the
results to be valid at such low values of inflow swirls, as elaborated in § 6.3.

For S = 1.3, in the bubble region (approximately 2 ≤ x ≤ 6, see figure 3a), flow reversal
on the axis is absent at all times. By contrast, intermittent flow reversal on the axis was
observed in the same region for S = 1.4, as shown in figure 4(b). This implies that for the
case of S = 1.3, the RZ remains toroidal at all times and a core region of flow along the
streamwise direction is present in the bubble region, while for higher S, this occurs only
intermittently.

3.2.2. Comparison of time-averaged features
The time-averaged features for the two cases are shown in figure 5(a) using projected
mean streamlines on the meridional plane, along with contours of mean axial velocity. For
S = 1.3, two recirculation zones can be seen in the regions 1 ≤ x ≤ 6 and 8 ≤ x ≤ 10.
The upstream one is relatively larger in size and is the two-celled bubble. There is no
stagnation point at the nose of the bubble, which is expected, since the instantaneous
flow fields show that the stagnation point is absent at all times (figure 4a). A projected
streamline passes through the bubble, highlighting the toroidal nature of this upstream RZ.
The downstream RZ is one-celled and associated with the spiral mode shown in figure 3(a)
(see also § 5). For S = 1.4, although there is intermittent stagnation point formation at
the bubble’s nose, the mean flow still shows none implying that core flow reversal is not
dominant. More importantly, the downstream RZ is absent for this case. The implications
of these results are further considered in § 6.1.1. Contours of the root-mean-square (rms)
of the fluctuating axial velocity component are shown in figure 5(b). It is clearly seen for
S = 1.3 that the fluctuations are of relatively high intensity in the core region for 6 ≤ x ≤
8, which is associated with the streamwise oscillation of the spiral coherent structure. This
feature is absent for S = 1.4.

3.3. Conical form of vortex breakdown
The CVB was observed for S ≥ 1.4. Both the regular and wide-open types appear in
overlapping swirl ranges (see figure 1b), features of which are discussed below.
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Figure 5. Time-averaged features based on azimuthally-averaged fields with (a) projected streamlines on
meridional plane and axial mean velocity contours and (b) contours of rms of the fluctuating axial velocity
field shown for cases S = 1.3 (a,b) and S = 1.4 (c,d).

3.3.1. Regular type
For both BVB and CVB there exist inner and outer shear layers downstream of VB
associated with the core RZ and the coflow regions, respectively, with the jet flow confined
within these. For the CVB, this flow takes the shape of a ‘conical sheet’ in which the swirl
strength becomes negligible due to strong radial expansion. This sheet is highlighted for
the regular type of CVB for a typical case of S = 1.8 in figure 6(a) using isosurfaces
of vorticity magnitude. The characteristic conical shape associated with this form of VB
in the upstream regions is clearly visible in the figure (cf. figure 3). The transition to
turbulence occurs well downstream of the cone’s vertex and the presence of a coherent
structure in this region can also inferred. This vortical structure was found to be a spiral
of azimuthal wavenumber, m = +1 (counter-winding and co-rotating, see § 2) and is
highlighted in figure 6(b) using λ2 isosurfaces. This feature is further examined in § 5 using
SPOD. Incidentally, it is also noted that unlike the bubble form, no pronounced streamwise
oscillation was seen for this VB form at any swirl rate at which it exists. Additionally, the
stagnation point at the cone’s vertex was observed to be present at all times for all cases
of S where the CVB was observed.

An important feature of turbulent CVB that can be observed in figure 6 is the relatively
lower radial spread of the flow downstream of VB when compared to the laminar CVB
(cf. Moise & Mathew (2019), figure 9, p. 336). Indeed, the maximum radius of the RZ for
the present turbulent case is approximately half that achieved by the latter, which suggests
the possibility that the transition to turbulence might be the cause for the limited spread of
the flow.

The time-averaged flow features for S = 1.8 are shown in figure 7. It can be seen that
the RZ has a one-celled structure. While the projected streamlines are seen to expand
approximately conically downstream to the stagnation point, they strongly curve as the
maximum radius of the RZ is attained. Indeed, the downstream parts of the RZ strongly
resembles in shape the corresponding regions of the bubble. This similarity will be further
discussed while examining bistability features in § 4.2.

3.3.2. Wide-open type
Features of the wide-open type of CVB are discussed using a typical case of S = 2.15.
Instantaneous features for this case are shown at an arbitrary instant in figure 8. It can
be inferred from these that the flow, downstream of VB, has a large radial expansion
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Figure 6. Three-dimensional spatial structure of regular conical form of vortex breakdown (CVB) for S = 1.8,
visualized using isosurfaces of (a) vorticity magnitude, |ω| = 1.5 and (b) λ2 = −2. Inflow swirl is clockwise
(see § 2) implying a counter-winding spiral vortical structure.
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Figure 7. Time-averaged flow structure of regular conical form of vortex breakdown (CVB) at S = 1.8 on
meridional plane: (a) projected streamlines overlaid on contours of mean axial velocity and (b) rms of the
fluctuating axial velocity component.

and moves approximately parallel to the inflow plane (with ux ≈ 0), as is typical of
this type of the conical form. Note that this large radial expansion leads to reduced
velocity magnitudes, since the flow is now spread over a larger area, while the flow
rate remains constant. It was observed that this strong radial spread leads to the flow
interacting with the lateral boundaries, which can cause artificial confinement effects.
However, further extending the boundary incurs a large numerical expense and hence,
only the case of this swirl rate (S = 2.15) was studied for in a laterally extended domain.
This is discussed in appendix B, where it is shown that most qualitative features of this
type, including hysteresis behaviour, remain the same irrespective of the domain chosen.
The only differences observed were that, in the extended domain, the RZ’s radius is larger
while its streamwise extent is reduced. Note that the characteristic features of this type of
CVB are observed in the vicinity of the inflow plane, while downstream, there is negligible
flow. Since the former is captured well in both domains, the smaller domain was employed
at all other swirl rates examined here, so as to reduce numerical expense.

The time-averaged features of the wide-open CVB are shown in figure 9. It is seen
from the figure that the approximately conical sheet downstream of VB sharply reverses
direction and moves towards the inflow plane (see region of r ≈ 5 and 1 ≤ x ≤ 3) as it
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Figure 8. Instantaneous features for wide-open conical form of vortex breakdown (CVB) at S = 2.15: axial
velocity contours on (a) z = 0 and (b) x = 2 planes and (c) isosurfaces of vorticity magnitude (|ω| = 0.3). The
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Figure 9. Time-averaged flow features for wide-open conical form of vortex breakdown (CVB) at S = 2.15:
(a) projected streamlines and contours of ux and (b) rms of fluctuating axial velocity on meridional plane.

continues to expand radially. Indeed, the strongest flow reversal (ux < 0) in the mean flow
field is observed in this region and not in the RZ, while the fluctuating component has
maximum intensity here. Note that the flow interacts with the lateral boundary, at which
the projected streamlines become almost parallel to the boundary (7 ≤ x ≤ 20 and r ≈
20). This effect was found to be absent when the domain is extended (see appendix B).
Additionally, the RZ extends almost to the streamwise boundary for the present domain
which is not the case when the lateral boundaries are extended.

4. Bistability

The turbulent flow states that are admissible for the same inflow parameters and Re
are examined in this section. As alluded to previously (see figure 1b), it was observed
from hysteresis studies that both the bubble and conical forms of VB are bistable forms.
Similarly, the regular and wide-open types of CVB were found to be bistable. It should
be clarified that the term ‘bistable’ is used here only to denote the sustenance of the two
forms/types of VB for the same boundary conditions and does not refer to the stability
of the flow states. Incidentally, hysteresis effects were not observed for the BVB about
S = Sc. Note that Billant et al. (1998) have reported hysteresis behaviour near the swirl
threshold. It is unclear why this difference in trend exists. One possible explanation is that
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Figure 10. Comparison of time-averaged flow features for S = 2.1 using (a) projected streamlines on
meridional plane and (b) centreline axial velocity variation (inset showing variation in the vicinity of the
stagnation point), for conical form of vortex breakdown (CVB) types: ———, black (thick), regular; ———,
red (thin), wide-open.

it is due to the differences in inflow profiles, which occur due to the converging nozzle
used in their experiments (see appendix B, Moise & Mathew (2019), p. 351). Features of
the bistable forms/types are examined in the following sections while a hysteresis diagram
is provided at the end.

4.1. Regular and wide-open types of the conical form
Projected streamlines on the meridional plane based on the time-averaged velocity fields
of the regular and wide-open types of CVB at S = 2.1 are compared in figure 10(a). The
stark difference in the size of the RZ between the two types is evident, with the ‘eye’ of
this zone positioned at x ≈ 5 and r ≈ 4 for the regular type, while x ≈ 12.5 and r ≈ 14
for the wide-open type. However, it was also observed that the flow structure upstream of
VB (x ≈ 1) is approximately the same for both cases. This is highlighted in figure 10(b),
which shows the centreline mean axial velocity for the two types. It can be clearly seen that
the differences are negligible upstream of the position of VB (i.e. the first point along the
axis where ux = 0, see inset). The differences manifest downstream, with the reverse flow
relatively weaker for the wide-open type. The existence of differences only downstream
of VB and the hysteresis behaviour observed suggest that the wide-open type might be
sustained due to the Coanda effect. This was confirmed by examining the pressure fields
and is discussed in § 6.2.3, but it is apparent from the figure that there are large differences
between the two types, clearly establishing that it is useful to classify the wide-open type
as distinct from the regular type of CVB, albeit closely related.

4.2. Bubble and conical forms
A comparison of the bistable bubble and conical forms of VB for S = 1.5 is made in
figure 11. The instantaneous axial velocity contours on the z = 0 plane clearly highlight
the spheroidal and conical recirculation zones of the BVB and CVB respectively. The
remaining plots show the time-averaged features. The presence of a stagnation point
at the RZ’s nose in the time-averaged flow field for both forms can be inferred from
the streamwise variation of centreline velocity plotted in figure 11(c) (see inset). The
two-celled structure of the BVB and the relatively larger one-celled RZ of the CVB
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Figure 11. A comparison of the bistable turbulent bubble and conical forms of vortex breakdown for S = 1.5.
Instantaneous axial velocity contours of (a) bubble form of vortex breakdown (BVB) and (b) conical form of
vortex breakdown (CVB) shown along with (c) centreline velocity (inset showing variation in the vicinity of
the stagnation point) and (d) projected streamlines based on time-averaged velocity fields comparing the two
forms: ———, blue (thin), BVB; ———, black (thick), CVB.

are compared in figure 11(d). It is instructive to compare the present turbulent case
(Re = 1000) with that at the same S in the laminar regime (cf. Moise (2020a), figure 3,
p. 11, for Re = 200). For the latter, the recirculation zones for the CVB and BVB have a
maximum radius of around 15 and 1, respectively, while in the present case, it is 6 and
2, respectively. Thus, it is seen that the differences between the two forms is considerably
reduced with an increase in Re. The implications of these are further discussed in § 6.1.2.
This difference between the two forms was observed to be further reduced at a lower swirl
of S = 1.4, as shown in figure 12(a) (see also, movies 5 and 6 and the hysteresis diagram,
figure 12b).

4.3. Hysteresis diagram
A hysteresis diagram is shown in figure 12(b) based on all the stationary, sustained VB
states that occur in overlapping S ranges for Re = 1000 and the inflow condition, the
Maxworthy profile with α = 100 and δ = 0.2. This is based on the maximum radius,
σmax, achieved by a projected streamline starting at x = 0 and r = 0.2, computed using
the mean velocity field. Note that the streamline chosen is arbitrary but represents the
qualitative features of all the VB states well and σmax is commensurate to the RZ size.
As S is increased beyond Sc = 1.14, σmax associated with the BVB is seen to gradually
increase (green symbols), representative of the increase in the RZ’s size with swirl.
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Figure 12. (a) Comparison of time-averaged flow features using projected streamlines on meridional plane
for bistable forms at S = 1.4: ———, blue (thin), bubble form of vortex breakdown (BVB); ———, black
(thick), conical form of vortex breakdown (CVB). (b) A hysteresis curve based on maximum radial extent of
a streamline starting from x = 0 and r = 0.2, both obtained as swirl rate, S, is varied for Re = 1000 (regions
of overlap shaded grey): (	, blue), pre-VB; (◦, green), oscillating BVB; (×, black), regular CVB; (�, red),
wide-open CVB.

By contrast, for regular CVB, the parameter remains approximately a constant for most
S, except close to the threshold of S = 1.4. This indicates that the transition to turbulence
limits the radial spread of the conical sheet for the regular CVB. The wide-open CVB is
seen to increase in size with increasing S, although confinement effects prevent further
scrutiny.

5. Coherent structures

Features of the coherent structures observed in the simulations are further scrutinized here.
The power spectral density (PSD) estimate as a function of the dimensionless frequency,
f , is shown in figure 13(a) for different fluctuating velocity components. This is shown for
time series collected at selected positions on the axis, at x = 8 and 6 for cases S = 1.3
and 1.4, respectively. The estimate was computed using the Welch’s method with the data
divided into overlapping time intervals of 500 (overlap of 50 %) and using a Hamming
window function. For the fluctuating axial velocity component, u′

x (dashed curve), a
dominant peak is present at f ≈ 0.01 for S = 1.3 and at f ≈ 0.005 S = 1.4. By contrast,
a peak in the PSD of u′

y (solid curve) is seen at f ≈ 0.13 for both swirls. The positions
examined here are representative of the flow features, i.e. the maximum energy of the
axisymmetric oscillation is relatively weaker for S = 1.4 at all probe positions when
compared to S = 1.3 while that of the spiral mode is approximately the same. Also, it
is emphasized that for both cases, the fluctuations are negligible in the vicinity of the
bubble’s nose, as can be inferred from figure 5(b).

Since visual examinations of the flow field revealed only axisymmetric and spiral
structures of azimuthal wavenumber m = 0 and +1, respectively (cf. figure 3), the results
can be interpreted as follows. The velocity components u′

y = u′
z = 0 for axisymmetric

modes, while u′
x = 0 for spiral modes (as can be seen by considering the symmetry of

these modes about the y = 0 axis in the z = 0 plane, e.g. Batchelor & Gill 1962). Thus,
a periodic axisymmetric motion occurs at f ≈ 0.01 for S = 1.3 which is of lower energy
and frequency for S = 1.4, while for both swirls, a spiral mode is present with f ≈ 0.13.
The relatively high energy associated with the axisymmetric oscillations at S = 1.3 which
reduce for S = 1.4 can also be inferred from visual inspection of the axial velocity contours
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Figure 13. Power spectral density estimate for the time series of (a) fluctuating velocity components for bubble
form of vortex breakdown (BVB), u′

x (- - - -) and u′
y (———) obtained on the axis (y = z = 0) at x = 8 at

S = 1.3 (black) and x = 6 for S = 1.4 (red) and (b) u′
y for conical form of vortex breakdown (CVB) at different

S and (x, y, z) probe locations.

shown in movie 1 and movie 3. This also explains the relatively high fluctuating r.m.s
velocity, |u′

x|, seen in 6 ≤ x ≤ 8 and r ≤ 1 for S = 1.3 in figure 5(b) which is almost twice
the value seen for S = 1.4 in the same region. Examining the PSD computed at other
centreline positions further confirmed this. Additionally, the PSD at positions away from
the centreline, as expected, show two discernible peaks for all velocity components in the
approximate region of 6 ≤ x ≤ 10 for S = 1.3 and 6 ≤ x ≤ 8 for S = 1.4.

For the CVB, the cases of S = 1.4 and 1.5 were examined for coherent oscillations in the
vicinity of where the spiral vortices were observed. The PSD estimate of the fluctuating
radial velocity component at position x = 6 and z = 0 with y = 5 for S = 1.4 and y = 6
for S = 1.5 is shown in figure 13(b). There seem to be peaks at f ≈ 0.05 for both cases,
but these are not dominant and were absent for the other velocity components. While the
vortical structures are expected to have only negligible energy content due to low velocities
associated with the large radial expansion of the cone, it will be shown below that these
peaks are spurious by examining the signal’s time-frequency behaviour.

A continuous wavelet transform was employed to check for intermittent variations in
dynamics of the spiral structures seen in the simulations. The magnitude of the transform
for the fluctuating velocity, |W(u′

y)|, was computed using MATLAB by employing the
‘Bump’ wavelet (which has a relatively narrow variance in frequency). The corresponding
scalograms are shown in figure 14 for BVB at S = 1.3 and S = 1.4. Note that the time, t is
based on the start of the simulation and the interval shown is after the initial transients till
the end of simulation for each case. At both swirls, as expected, a band of high amplitude
can be discerned at f ≈ 0.13 for both cases. However, peaks in amplitude also appear
intermittently in time for f ≈ 0.1 and 0.08 for S = 1.3 and 1.4, respectively. These results
indicate that the frequency of rotation of the spiral coherent structure varies intermittently
in time. One possible reason for this could be the streamwise oscillations observed in the
flow.

The scalogram for the time series of u′
y at x = y = 6 and z = 0 is shown for CVB at

S = 1.5 in figure 15(a). It is clearly seen that no specific frequency dominates in the flow
field. Similar behaviour was observed in the scalograms at other location and for S = 1.4.
Thus, it is concluded that although there are large-scale spiral vortical structures present
in the flow field (figure 6), they do not have a coherent dynamic behaviour.
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Figure 14. Scalogram showing the magnitude of the continuous wavelet transform of u′
y for x = 8 on the axis

for the bubble form of vortex breakdown at (a) S = 1.3 and (b) S = 1.4.
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Figure 15. (a) Scalogram showing the magnitude of the continuous wavelet transform of u′
y for x = y = 6

and z = 0 for conical form of vortex breakdown (CVB) at S = 1.5. (b) Variation of the dominant eigenvalue
from spectral proper orthogonal decomposition, |λ1( f )|, with the frequency is shown for bubble form of vortex
breakdown (BVB) at different swirls.

Next, the modal decomposition technique of SPOD (Lumley 1970; Picard & Delville
2000; Towne et al. 2018) is used to examine the spiral coherent structures seen for the
BVB. SPOD was carried out using data from the z = 0 plane and the three-dimensional
structure of the modes was inferred by examining the symmetry about the y = 0 axis.
For example, the y-velocity component is expected to be antisymmetric and symmetric
about the y = 0 axis for the axisymmetric and spiral modes, respectively. Note that only
the higher frequency range associated with the spiral coherent structures are examined
using SPOD, while the lower frequency axisymmetric oscillations seen in the PSD are
not (cf. figure 13). This is due to the constraints arising from low frequency resolution
and the spectral leakage associated with the reduced time interval of the blocks which are
employed for better estimating the cross-spectral density.

For both S = 1.3 and 1.4, only the modes associated with the dominant eigenvalue,
λ1( f ), were observed to contain non-negligible energy content. Variation of this
eigenvalue’s magnitude, |λ1( f )|, with frequency is shown in figure 15(b). For S = 1.3,
the spectra shows peaks with energy content spread in the band 0.09 ≤ f ≤ 0.15, which
matches with that seen in the scalogram (figure 14a). The spatial structure of the modes
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Figure 16. Contours of axial velocity’s real part for the dominant spiral spectral proper orthogonal
decomposition (SPOD) mode associated with the bubble form of vortex breakdown at (a) S = 1.3 and (b)
S = 1.4. Projected streamlines based on time-averaged flow field additionally plotted for reference.

in this band of frequencies is similar and thus, only the dominant peak at f ≈ 0.12
is considered. For S = 1.4, a dominant peak occurs at f ≈ 0.13, but another subdominant
peak is also observed for f ≈ 0.18. However, there are no oscillations observed at any
probe locations at this frequency in both the periodogram and the scalogram suggesting
that it is spurious. It is unclear why this mode occurs, but it is ignored and only the
dominant mode at f ≈ 0.13 is considered.

For both swirls, the y-velocity component for the dominant SPOD mode was found to
be symmetric about the z = 0 plane indicating that it represents a spiral structure (not
shown). The real part of the axial velocity component of this SPOD mode for the two
swirls is shown in figure 16 for y > 0. As expected for a spiral mode, the axial velocity
component is zero on the axis. As is clear from the figure, this SPOD mode is positioned
relatively upstream for S = 1.4. Note that for both cases, the bubble’s streamwise position
is approximately 2 ≤ x ≤ 6, implying that the mode interacts with the bubble only for
S = 1.4. By contrast, the dominant SPOD mode for S = 1.3 is observed to be associated
with the second RZ that is present in the near wake of the bubble. Nevertheless, the spatial
structure of these SPOD modes are approximately the same for the two cases, with similar
radial extent and pitch.

In summary, the above results suggest the following. For the case of BVB at S = 1.3, a
spiral coherent structure of m = +1 is present in the wake of the bubble. At a higher swirl
of S = 1.4, this spiral structure is positioned relatively upstream starting at the rear part
of the bubble and having a larger radius, but a similar streamwise length. The positioning
of this spiral could explain the loss of the second RZ downstream for S = 1.4. Note that
as a linearly unstable mode grows in amplitude, the base flow can be distorted by the
nonlinear interactions of the mode as it evolves towards saturation (Sipp & Lebedev 2007).
Manoharan et al. (2020) have shown, using a weakly nonlinear analysis for a PVC, that the
nonlinear interaction of the global mode with its conjugate leads to a base-flow distortion
that counteracts the bubble’s length. While what is observed here is not the PVC, it is
possible that a similar mechanism could be involved in modifying the base flow. This
speculation is also made based on somewhat similar features seen at lower Re for laminar
flow states (see base and mean flows shown in Moise (2020a), figure 13, p. A31–19). For
the CVB, the results indicate that the spiral vortices observed do not rotate at a specific
frequency.
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6. Discussions

6.1. Identification of flow states
The rich variety and diversity of flow states observed in swirling flows has made the correct
identification and classification of these states difficult. Further, categorization without
examining the velocity field and carrying out hysteresis studies can lead to misleading
results. These aspects are discussed below with the focus on the spiral and conical forms
of vortex breakdown.

6.1.1. The spiral form of vortex breakdown
The flow features observed here for the BVB at S = 1.3 show the presence of a spiral
structure downstream to a bubble with no stagnation point at the latter’s nose (§ 3.2). Since
the flow is mostly laminar and axisymmetric in the bubble region, a sufficiently thin dye
filament introduced along the axis at inflow would travel through it unperturbed and would
take a spiral path downstream to the bubble. Thus, this dye visualization would indicate an
SVB and not a BVB. At higher S, at which the stagnation point appears intermittently,
the visualization would indicate spontaneous transitions between the BVB and SVB.
These aspects, including the downstream position of SVB as compared to BVB and the
spontaneous transitions between the two (see § 1), resemble those reported in experiments
that predominantly used dye visualization to identify these two forms (Sarpkaya 1971;
Faler & Leibovich 1977). Additionally, the streamwise oscillating motion observed too
matches with similar observations for SVB in such experiments. Thus, the flow state at
S = 1.3 might also be classified as an SVB, though such classifications that solely rely
on dye visualizations are misleading and ambiguous. Further, while it has been proposed
that the SVB is associated with the precession of the bubble (Brücker 1993; Gallaire et al.
2006), it is speculated based on the present results, that the SVB reported in experimental
studies such as Sarpkaya (1971) and Faler & Leibovich (1977) might be associated with
the loss of stagnation point at the bubble’s nose and the presence of a spiral structure
downstream. However, this requires further validation. Note that for all S, the spiral is
present only downstream to the bubble, which remains approximately axisymmetric. Thus,
it should be emphasized that this flow state is not the PVC which is commonly observed
at high Re (Syred 2006; Oberleithner et al. 2011; Manoharan et al. 2020).

6.1.2. The conical form of vortex breakdown
Instantaneous flow features of the regular CVB are shown in figure 17 using axial velocity
contours on the z = 0 plane for S = 1.4 and 1.45. Interestingly, for S = 1.4, the RZ could
easily be mistaken as that associated with a BVB. For example, in Liang & Maxworthy
(2005), a majority of the VB flow states reported closely resemble the regular CVB,
although they have not identified as so. Indeed, the cases shown in figure 17 strongly
resemble that shown in figure 5(b) of Liang & Maxworthy (2005) even though the
Reynolds numbers in that study is only half of the value used here. Similarly, figure 45
in Syred & Beer (1974), figure 7 in Gore & Ranz (1964), figure 3 in Aguilar et al. (2015),
figures 4 and 5 in Tammisola & Juniper (2016), figure C.8 in Falese et al. (2014), figures
3 and 4 in Jiang & Shen (1994), figure 5 in Adzlan & Gotoda (2012) and figure 5 in Apte
et al. (2003) show flow states with features resembling CVB, although further investigation
is required to confirm if these flow states are the CVB.

The present results suggest that the turbulent CVB is only approximately conical when
compared to the laminar CVB (Moise 2020a), with the differences between BVB and CVB
reduced here. Thus, a simple criterion using time-averaged features to distinguish the two
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Figure 17. Projected velocity vectors on z = 0 plane at arbitrary instants for (a) S = 1.4 and (b) S = 1.45,
showing regular conical form of vortex breakdown (CVB). These flow states closely resemble that reported in
Liang & Maxworthy (2005) (length scale changed to jet diameter, i.e. xD = x/2, for ease in comparison).

states might become an oversimplification at higher Re, although the two remain distinct
flow states, as shown by the hysteresis studies. Also, while there are similarities between
the two VB forms, there are also crucial differences. For example, at this Re, the BVB
is seen to have a two-celled bubble for most of the swirl range (see figure 5a), while the
cone of the regular CVB has a one-celled structure for all S (see figures 10(a) and 12(a)).
Similarly, the dynamical behaviour and the coherent structures associated with the two
forms are different (§ 5 and animations).

Incidentally, it must be emphasized that the present results indicate that the CVB does
not have an ‘open’ RZ. Both BVB and CVB have two stagnation points, one at the nose and
other at the rear of the closed RZ (laminar regular CVB, cf. figure 3(c), Moise (2020a);
turbulent regular CVB: cf. 11c). Some experiments on unconfined swirling jets seem to
indicate that the RZ is open for CVB, but this is might be erroneously inferred from the
limited field of view of PIV. Additionally, inferences based only on dye visualization can
be misleading, since the dye’s strength will be strongly reduced along x as the expanding
cone’s cross-sectional circumference increases with x. Another possibility is that the
inferences are made for the wide-open type of CVB, in which a strong Coanda effect
(see § 6.2.3) might cause an open stagnation zone.

In conclusion, while there are a handful of studies that do identify the regular CVB and
distinguish it from BVB, many have not reported or identified its occurrence. Based on
the results of the present study, it is postulated that this could be because CVB can be
easily misidentified as a BVB and additionally, because hysteresis effects are not always
examined. While the swirl generating mechanisms and thus, the inflow conditions are
expected to still play a major role in the sustenance of CVB, scrutiny of the flow structure
with swirl variation and performing hysteresis studies could help in better identifying
CVB when it occurs. Studies at still higher Re, with the flow being turbulent at inflow
would be needed to understand the effect of turbulence on these two flow states, since
the differences between these might play an important role in engineering applications,
especially in determining mixing efficiency in combustors.

6.2. Ranges of existence
Interestingly, the BVB and regular CVB seen here exist only in finite ranges of swirls,
while the wide-open type is observed only above a threshold value. These results are
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compared with other studies and predictions of some existing models on VB below.
Additionally, a discussion on possible mechanisms for sustenance is also provided.

6.2.1. Critical swirl
The critical swirl, Sc, above which VB occurs is considered first. For Re = 1000, it has
been shown here that Sc = 1.14, while for Re = 200, it has been previously reported that
Sc = 1.39 (Moise & Mathew 2019). These results suggest that the critical swirl increases
when Re reduces. With no inflow perturbations, this is not an effect of turbulence,
although the transition to turbulence affects the RZ features. This trend is consistent
with experimental observations (Spall, Gatski & Grosch 1987) and it has been generally
observed that Sc decreases for increasing Re and stays approximately constant above a
particular Re for laminar inflow conditions. The trend at lower Re can be expected based
on the following argument. Consider a strongly swirling flow with azimuthal and axial
velocity scales of u0

θ and u0
x (� u0

θ ). If the latter velocity component is used as the reference
scale, then the Reynolds number, Re0, based on this will be ‘low’, while the swirl number
based on these scales, S0 = u0

θ /u0
x , would be ‘large’. Thus, in the limit of a purely rotating

flow, i.e. as u0
x → 0, the dimensionless parameters Re0 → 0 and S0 → ∞. Since VB is not

expected to occur for such purely rotating flows, it implies that the critical swirl, S0
c → ∞.

This indicates that as Re becomes very low, Sc would start to increase.
Various estimates of Sc in the range of Re for which it is approximately constant have

been proposed previously. Billant et al. (1998) hypothesized a necessary condition for VB,
assuming a steady, axisymmetric, inviscid mechanism, given by

∫ ∞

0

u2
θ (0, r)

r
dr ≤ 1

2
. (6.1)

For δ = 0.2, this criterion gives Sc = 1.078, which is close to the observed value of
1.14 for BVB, but not that of the CVB. Another empirical estimate for determining the
threshold of VB was given in Spall et al. (1987). The inflow Rossby number, defined as
Ro = u∗

x/(r
∗Ω), was proposed as a governing parameter, where r∗ is the radius at which

swirl velocity is maximum, u∗
x is axial velocity at r∗ and Ω is the rotation rate. The authors,

by considering a variety of available numerical and experimental studies, showed that for
large enough Re the critical Rossby number is Roc ≈ 0.65. Assuming here that Ω is the
limiting value of uθ /r when r → 0, the critical Rossby number for the Maxworthy profile,
based on Sc for Re = 1000, is Roc = 0.99 which is higher than their estimate. It is not clear
why this is the case, although it should be noted that Spall et al. (1987) did not include any
studies which examined swirling jets when arriving at the heuristic estimate for Sc.

6.2.2. Comparison to ranges in the laminar regime
Interestingly, the bubble form occurs in the range 1.39 ≤ S ≤ 1.78 for Re = 200 (Moise
2020a), while it is observed here for 1.14 ≤ S ≤ 1.5 suggesting that the BVB exists for
approximately the same extent of swirl range at different Re, but has a lower threshold
swirl at higher Re. A similar comparison for the CVB is not possible as the exact ranges
for the regular and wide-open type were not determined at Re = 200 (due to the enormous
radial expansion of the flow and the associated numerical expense) but it is noted that
the wide-open type was observed at Re = 200 for S = 2, while here, it is seen only for
S ≥ 2.1. These results indicate that Re and/or the flow regime can play an important role
in the sustenance of a given flow state.
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6.2.3. Mechanisms of sustenance
As alluded to in § 1, although various attempts have been made to understanding the
mechanisms underlying VB, they remain limited in explaining VB’s rich features and
predicting its occurrence or sustenance. The BVB seems to be present for all families of
swirling flows, while the CVB is reported (or inferred) only for swirling jets, suggesting
that the outer shear layer might play a crucial role in the sustenance of this form. To
understand these aspects and the bistability behaviour seen here, several approaches were
attempted, as documented below.

The mean flow solutions of all VB flow states were examined for conical similarity
(Shtern & Hussain 1999), but were not found to exhibit this property. The theory of
Benjamin (1962) has been shown in Moise (2020b) to predict an increasing RZ size
when S is decreased, which is in contradiction to the present results. The inviscid theory
of Wang & Rusak (1997) was also examined in Moise (2020b) and shown to predict a
stagnation zone of infinite radius when confinement effects are neglected which prevents
comparisons with the present results. Another approach towards understanding bistability
using nonlinear adjoint-based optimization was formulated (Moise & Mathew 2017;
Pradeep 2019) but was not pursued due to associated numerical expense and feasibility
concerns. Thus, the exact mechanisms that sustain BVB and regular CVB seen here remain
unexplained.

By contrast, the sustenance of the wide-open type of CVB can be explained using the
phenomenon of Coanda effect. Such a mechanism has been proposed for similar flow
states observed for annular swirling jets when a stepped-conical expansion is used at inflow
(Vanierschot & Van den Bulck 2007). Note that in the present study, the velocity field in
the coflow region of the inflow plane (approximately, r > 1) is negligible (ux = 0.01 and
uy = uz = 0, see § 2.1) implying that it can be approximated as a wall. Thus, the Coanda
effect would cause the sheet of flow that is conically expanding downstream of VB to get
‘attracted’ towards the inflow plane. This is also expected to occur at very high S where
the cone’s opening angle is high and would also explain the hysteresis features observed.
To check for Coanda effects, the time-averaged inflow pressure of the bistable regular and
wide-open types at S = 2.1 are compared in figure 18(a). Here the freestream pressure at
r = 20, p∞, is used as reference. In contrast to the regular CVB, the pressure is lower in the
approximate region of 1 ≤ r ≤ 6 for the wide-open type. This is where the conical sheet
reverses direction and turns towards the wall as shown in figure 18(b) using meridional
streamlines and mean pressure for the wide-open type. This is not the case for the regular
CVB, as shown in figure 18(c). The development of a low pressure region just upstream to
the region where a jet attaches to a wall is one key characteristic of the Coanda effect. To
further confirm this effect, the transition from a regular to wide-open CVB was examined
by changing the inflow swirl from S = 2.2 to S = 2.3 at a rate of 10−3 and maintaining it
at the latter value (i.e. the same approach followed in the hysteresis studies). Figure 19(a)
shows pressure contours on the z = 0 plane at different times. At time, t = 100, when
the inflow swirl reaches the 2.3 which is maintained for the rest of the simulation, the
CVB remains a regular type. This is still the case at t = 500, but a pressure reduction
is observed for 4 ≤ r ≤ 4, approximately. At t = 700, the CVB is a wide-open type, with
pressure further reduced in this region. This is better seen by examining the inflow pressure
profiles at these times, which are plotted in figure 19(b). This figure further shows that a
mildly lower pressure drop is present in the coflow region at t = 500 which drops further
at t = 700, but with reduced radial extent for the latter. The development of this lower
pressure region is followed by the sheet approximately ‘attaching’ to the x = 0 plane. This
evolution can be more clearly understood by examining the animation provided as movie
12 which provides the pressure at all instants of this transition. It should be noted that the
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Figure 18. Time-averaged pressure for bistable types of conical form of vortex breakdown (CVB) at S = 2.1:
(a) comparison of profiles at inflow (x = 0) as a function of radial distance of bistable states at S = 2.1; contours
on the meridional plane for (b) wide-open type and (c) regular type (projected streamlines based on mean flow
shown for reference and contour range reduced in extent for clarity).
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Figure 19. Instantaneous pressure fields shown for the transition from regular to wide-open conical form of
vortex breakdown (CVB) when inflow swirl is varied from S = 2.2 to 2.3 at constant rate in the interval 0 ≤
t ≤ 100 and then sustained at S = 2.3. (a) Contours on z = 0 plane (range reduced in extent for clarity) and (b)
variation of pressure at inflow (x = z = 0) at different times.

helical vortex associated with CVB (figure 6b) causes the circular low pressure regions
visible in the contours in close proximity to the conical sheet. These might play a role in
the attachment by complementing the Coanda effect by inducing the conical sheet to be
moved towards the inflow.

In summary, the above results for the wide-open CVB, including the development of a
low pressure region and the hysteresis effect observed clearly indicate that the wide-open
type is initiated and sustained by the Coanda effect. This effect can be further examined
by performing simulations in which the wall region is slanted away from the streamwise
direction so as to check if the sheet also changes angle, but this is beyond the scope of this
study.

6.3. Effect of inflow conditions
Various experiments have noted that for sufficiently high inflow swirl strengths, the RZ
associated with VB enters into the nozzle (Liang & Maxworthy 2005; Oberleithner et al.
2012). Thus, the reliability of results presented here, which are based on imposition of
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steady inflow conditions, require scrutiny. The following discussion examines under what
conditions the qualitative flow features discussed here are expected in experiments (see
also Moise & Mathew (2019), appendix A, pp. 350–351).

6.3.1. Steady inflow at low swirls
The theory proposed in Benjamin (1962) predicts that the flow should be supercritical
at inflow. While there are reasons to suspect the validity of this theory (Moise 2020b),
the supercritical nature of the inflow can still be reinterpreted as equivalent to the
quasi-cylindrical approximation (QCA) being valid (Reyna & Menne 1988). This implies
that for S < 1.66, the inflow is unaffected by developments downstream due to the
parabolic nature of the equations associated with the QCA. Wang & Rusak (1997)
have confirmed this behaviour for supercritical inflow using inviscid simulations for
laminar swirling flows in pipes. Oberleithner et al. (2012) have reported the bubble to
be downstream to the nozzle when the inflow is supercritical (cf. figure 10, p. 1444).

The inflow is supercritical for S < 1.66 for the Maxworthy profile (Moise & Mathew
2019), which strongly indicates the reliability of the present results (bistability of BVB
and CVB) in this swirl range. Further, as discussed above in § 6.1.2, the VB state reported
in Liang & Maxworthy (2005) strongly resembles the CVB seen here. Additionally,
bistability of BVB and CVB is indicated by the spontaneous transitions between these
states reported in Billant et al. (1998).

6.3.2. Effect of nozzle geometry
Experiments usually employ a nozzle downstream of the swirl-generating equipment as
a passage for the swirling jet as it enters into the region of study. Nozzle geometry
can play an important role in the type of mode selected. For example, if the nozzle
is long relative to its diameter, then the BVB seems to be preferred (e.g. Oberleithner
et al. (2011): Ln/D = 600/51 ≈ 11.8, where Ln is nozzle length and D is jet diameter;
Manoharan et al. (2020): Ln/D ≈ 6.92/2.54 ≈ 2.7) while the CVB seems to be preferred
for short nozzles (Billant et al. (1998): Ln/D = 9.2/8.5 ≈ 1.1; Liang & Maxworthy
(2005): Ln/D = 2.5/1.5 ≈ 1.7). This could be explained as follows.

VB has been reported to always occur downstream of the swirl-generating equipment
in Gore & Ranz (1964). Denoting the streamwise position of VB as measured from the
generating equipment when no nozzle is employed as x0 > 0, it is possible that when
a stationary nozzle of length Ln is used, VB would occur within it if x0 < Ln. This is
possible under the assumption that the spatially thickening boundary layer at the nozzle
wall does not strongly affect the flow. For CVB, the confinement associated with a nozzle
of length Ln � x0 might prevent the conical expansion. Further, the nozzle shape would
also play a role. Indeed, CVB seems to be present when conically-expanding nozzles are
employed (cf. figure 45, Syred & Beer (1974) and figures 7(h) and 7(i) in Vanierschot &
Van den Bulck 2007). Thus, the present results would be representative of experiments
where a sufficiently short nozzle is used such that VB does not enter into it.

6.3.3. Steady inflow at high swirls
At higher swirls (S ≥ 1.66), the validity of the results (existence of wide-open CVB and
its bistability with regular type) need to be interpreted with caution. As mentioned above,
if the nozzle remains short, the CVB might be preferred. Further, the wide-open type
can be inferred to occur mainly in two studies: Gore & Ranz (1964) and Mourtazin &
Cohen (2007). In the former, this type is observed at highest swirls studied when no
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nozzle is used. The latter used a nozzle which was also rotated implying that the nozzle
also causes swirl generation. These observations suggest that CVB and wide-open CVB
observed here at high S would be representative of what would happen when the nozzle is
absent/short/rotating. Nevertheless, it is emphasized that this requires further experimental
confirmation.

7. Conclusions

Motivated by the rich and varied features of VB flow states observed for unconfined
swirling jets in the laminar regime (Moise & Mathew 2019; Moise 2020a), the present
study examines features of VB for such flows at a relatively higher Reynolds number value
at which it is accompanied by a transition to turbulence. For this purpose, large eddy
simulations were performed with the Maxworthy profile employed as the inflow condition
(§ 2). This profile models a steady, laminar, axisymmetric swirling jet and is dependent
on three parameters, of which the swirl rate, S, alone is varied in this study. The length
and velocity scales are the jet radius and centreline velocity, respectively and the Reynolds
number based on these was fixed at Re = 1000.

Although artificial disturbances were not added at the inflow, a transition to turbulence
was observed for all cases studied. For streamwise-invariant initial conditions, the pre-VB
swelling, BVB, regular CVB and wide-open CVB occur, in that order, with increasing S
(§ 3). This sequence is similar to that observed for Re = 200 at which the flow remains
laminar (Moise & Mathew 2019). Similarly, the ranges of S in which these states occur
could be further extended by means of hysteresis studies (§ 4). Thus, it is shown that a
transition to turbulence does not affect bistability features.

Periodic stagnation point formation and flow reversal associated with a BVB were
observed at a critical swirl of Sc = 1.14. However, presence of possibly spurious structures
prevented scrutiny of the BVB features in the swirl range 1.14 ≤ S ≤ 1.2. The BVB
was examined in detail in the swirl range 1.3 ≤ S ≤ 1.5 (§ 3.2) where the structures are
absent. For S = 1.3 and 1.4, strong streamwise oscillations occur and the core jet flow
penetrates through the bubble, implying that the RZ is toroidal. Additionally, a spiral
coherent structure of azimuthal wavenumber m = +1 (counter-winding and co-rotating)
was identified in the wake of the bubble and was further examined using spectral proper
orthogonal decomposition (§ 5). For S = 1.3, the spiral structure develops downstream of
the bubble, while at higher swirls, it develops relatively upstream. Based on the toroidal
RZ observed for S = 1.3 and the intermittent appearance of a stagnation point at higher S,
it is speculated that the spiral form of VB reported in previous studies might occur due to
the loss of stagnation point at the bubble’s nose (§ 6.1.1).

The regular and wide-open types of CVB occur in the swirl ranges of 1.4 ≤ S ≤ 2.2
and S ≥ 2.1, respectively. The lateral extent of the RZ associated with regular CVB is
significantly smaller in comparison to the extent attained when the flow remains laminar
(Moise & Mathew 2019). The wide-open type has a relatively enormous RZ compared to
the other VB states, with a maximum radius of approximately 20 jet radius, as compared
to 6 and 2 associated with regular CVB and BVB, respectively. The development of low
pressure regions where the radially-expanding flow turns towards the inflow plane shows
that the sustenance of the wide-open type is due to the Coanda effect.

Through hysteresis studies, it is shown here that the turbulent BVB and regular CVB
are bistable forms (§ 4.2, figure 11). Similarly, it is established that the regular and
wide-open types are bistable (§ 4.1, figure 10). The differences in length scales associated
with the bistable turbulent BVB and CVB are relatively smaller when compared to their
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Figure 20. Time-averaged features of flow states close to vortex breakdown (VB) onset shown using projected
streamlines and axial velocity contours on the meridional plane for (a) S = 1.13, (b) Sc = 1.14 and (c) S = 1.15.
Note that only x ≥ 5 is shown for clarity.

laminar counterparts. The flow features of the bistable regular and wide-open types of
CVB are the same upstream of breakdown, but starkly different downstream.

An important conclusion from the present study is that the reduced differences between
the bubble and conical forms in the turbulent regime and their bistability can lead to
misidentification of the regular CVB as a BVB (§ 6.1.2). Further, the coexistence of
several VB states, as shown here and in Moise (2020a), indicates that results of studies on
swirling flows might be misleading if hysteresis studies are not performed. For example,
the results from this study strongly suggest that many of the flow states reported in Liang &
Maxworthy (2005) and several other studies are actually the CVB. The differences in the
RZ’s spatial structure and the spiral vortical structures of the BVB and CVB highlighted
here show that these states have distinct characteristics. Thus, correctly identifying the
underlying VB flow state might be potentially useful in engineering applications, including
in improving combustor designs. In this regard, further investigations examining the effects
of confinement, temperature variation, inflow conditions and Reynolds number on the
features and bistability of these VB forms are required for better differentiating between
the two and further generalizing the results of this study.

Supplementary movies. Supplementary movies are available at https://doi.org/10.1017/jfm.2021.118.
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Appendix A. Onset of VB

As noted above, the presence of |m| = 4 structures for S ≤ 1.2 prevents making conclusive
inferences from the simulation results at VB onset. Thus, only a brief account of the
features observed for swirls close to Sc = 1.14 are documented here. The time-averaged
flow fields are shown in figure 20 for S = 1.13, 1.14 and 1.15 using projected streamlines
overlaid on axial velocity contours on the meridional plane. The kink seen for the radially
outermost streamline is because of the |m| = 4 structure. The time-averaged centreline
axial velocity component for the three cases are compared in figure 21(a).

At S = 1.13, although flow reversal was observed in the instantaneous flow field, no
stagnation point is present in the time-averaged velocity field. Instead, only a ‘swelling’
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Figure 21. (a) Time-averaged centreline axial velocity and (b) periodogram of the fluctuating axial velocity
component at x = 7 on the axis.

is seen in figure 20(a), similar to that seen at low Re (Moise & Mathew 2019). At S =
Sc = 1.14, a one-celled BVB (see § 1) is seen, with two stagnation points present on the
axis (figure 21a). What appears to be a two-celled BVB is seen in the mean flow for the
case of S = 1.15, with four stagnation points present on the axis, but the |m| = 4 structure
has a strong influence on the flow field for this case. There are similarities between this
sequence of mean flow states observed here in this swirl range (swelling, followed by
one-celled BVB, followed by two-celled BVB, with increasing S) and those reported for
Re = 200.

Interestingly, coherent periodic oscillations were observed in the flow field for the cases
of S = 1.13 and Sc = 1.14, but were absent for S = 1.15. This can be inferred from the
periodogram showing the estimate of power spectral density (PSD) of the fluctuating
axial velocity component compared in 21(b) for the three swirls. The PSD is based on
the time series collected at a position of x = 7 on the axis (y = z = 0). A dominant peak is
present for both S = 1.13 and 1.14 at a dimensionless frequency, f0 ≈ 0.02 (scaled based
on inflow centreline axial velocity and jet radius). These results suggest that the bubble
develops and disintegrates in a periodic fashion in the flow field for the lower swirls before
being permanently present for S = 1.15. This is supported by results from Vanierschot &
Ogus (2019) on transitional annular swirling jets. In their study the authors have shown
by extracting coherent flow structures that similar oscillations occur due to the periodic
appearance of the bubble at the onset of VB, with a Strouhal number based on the inner
diameter to be St ≈ 0.02. This has not been pursued here, since the |m| = 4 structures are
expected to exert a strong influence on the flow structure.

Appendix B. Simulations of wide-open CVB in a larger domain

For the case of turbulent wide-open CVB discussed in § 3.3.2, the conical sheet expanded
radially to an extent almost equal to the lateral dimensions of the domain (Ly = Lz = 40).
Thus, an investigation on the effect of domain dimensions on this flow state was carried
out by simulating the same (S = 2.15 and Re = 1000) in a laterally extended domain
of Ly = Lz = 80, while retaining Lx = 40. The instantaneous flow features are shown
in figures 22(a) and 22(b) (see also movie 11). Note that the sheet’s maximum radius
is approximately 30, which is lower than the radial extent of the extended domain. The
time-averaged flow features using projected streamlines on a meridional plane are shown
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Figure 22. Flow features for case S = 2.15 and Re = 1000 simulated in a larger domain of Ly = Lz = 80 and
Lx = 40: instantaneous axial velocity contours on (a) z = 0 and (b) x = 2 planes, and (c) time-averaged features
shown using projected streamlines based on mean velocity field. The axial velocity range shown is chosen for
clarity and is smaller than the actual range.

in figure 22(c). The time-averaging was carried out for a time of t ≈ 680 only, due to
numerical expense. However, since no temporal variations of large time-scales could be
detected, this is assumed adequate. For the mean flow, it is seen that the sheet extends
up to r = 25, which cannot be captured using the domain used in the rest of this study
(Ly = Lz = 40). This seems to introduce some differences between the results obtained
here and those for the previous domain (cf. figure 9). In the latter case, the sheet, after
the initial radial expansion towards the later boundary, remained almost parallel to the
streamwise direction for approximately 10 ≤ x ≤ 20, and the RZ extended close to the
outflow boundary (x = 40). For the present case, the sheet gradually curved (x = 15,
r = 25), similar to a regular CVB, with the volume of the RZ limited to x = 25. However,
the two characteristic features – the large-scale axisymmetric radial expansion of a conical
sheet and the reorienting of this sheet towards the inflow plane beyond a particular distance
– are both captured well in both domains.

Bistability of the wide-open type with regular CVB was also confirmed by sustaining
the former in the larger domain for S = 2.1. The wide-open type was observed till the end
of simulation (t = 3980, not shown), with the lateral spread of the sheet remaining much
less than the extent of the lateral boundaries. Since the lateral extent of the smaller domain
is more than sufficient for regular CVB at this S (see figure 10), the results indicate that
the wide-open and regular types are bistable irrespective of confinement effects.

REFERENCES

ADZLAN, A. & GOTODA, H. 2012 Experimental investigation of vortex breakdown in a coaxial swirling jet
with a density difference. Chem. Engng Sci. 80, 174–181.

AGUILAR, M., MALANOSKI, M., ADHITYA, G., EMERSON, B., ACHARYA, V., NOBLE, D. & LIEUWEN, T.
2015 Helical flow disturbances in a multinozzle combustor. Trans. ASME: J. Engng Gas Turbines Power
137 (9), 091507.

APTE, S.V., MAHESH, K., MOIN, P. & OEFELEIN, J.C. 2003 Large-eddy simulation of swirling
particle-laden flows in a coaxial-jet combustor. Intl J. Multiphase Flow 29 (8), 1311–1331.

BATCHELOR, G.K. & GILL, A.E. 1962 Analysis of the stability of axisymmetric jets. J. Fluid Mech.
14 (4), 529–551.

BENJAMIN, T.B. 1962 Theory of the vortex breakdown phenomenon. J. Fluid Mech. 14 (4), 593–629.
BILLANT, P., CHOMAZ, J.-M. & HUERRE, P. 1998 Experimental study of vortex breakdown in swirling jets.

J. Fluid Mech. 376, 183–219.

915 A94-29

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

11
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.118


P. Moise and J. Mathew

BOGEY, C. & BAILLY, C. 2006 Large eddy simulations of transitional round jets: influence of the Reynolds
number on flow development and energy dissipation. Phys. Fluids 18 (6), 065101.

BOGEY, C. & BAILLY, C. 2009 Turbulence and energy budget in a self-preserving round jet: direct evaluation
using large eddy simulation. J. Fluid Mech. 627, 129–160.

BROWN, G.L. & LOPEZ, J.M. 1990 Axisymmetric vortex breakdown. Part 2. Physical mechanisms. J. Fluid
Mech. 221, 553–576.

BRÜCKER, C. 1993 Study of vortex breakdown by particle tracking velocimetry (PTV). Part 2. Spiral-type
vortex breakdown. Exp. Fluids 14 (1–2), 133–139.

BRÜCKER, C. & ALTHAUS, W. 1992 Study of vortex breakdown by particle tracking velocimetry (PTV). Exp.
Fluids 13 (5), 339–349.

CHIGIER, N.A. & CHERVINSKY, A. 1967 Experimental investigation of swirling vortex motion in jets. Trans.
ASME: J. Appl. Mech. 34 (2), 443–451.

ESCUDIER, M. 1988 Vortex breakdown: observations and explanations. Prog. Aerosp. Sci. 25 (2), 189–229.
ESCUDIER, M.P. & KELLER, J.J. 1985 Recirculation in swirling flow: a manifestation of vortex breakdown.

AIAA J. 23 (1), 111–116.
FALER, J.H. & LEIBOVICH, S. 1977 Disrupted states of vortex flow and vortex breakdown. Phys. Fluids

20 (9), 1385–1400.
FALER, J.H. & LEIBOVICH, S. 1978 An experimental map of the internal structure of a vortex breakdown.

J. Fluid Mech. 86, 313–335.
FALESE, M., GICQUEL, L.Y.M. & POINSOT, T. 2014 LES of bifurcation and hysteresis in confined annular

swirling flows. Comput. Fluids 89, 167–178.
GALLAIRE, F., RUITH, M., MEIBURG, E., CHOMAZ, J.-M. & HUERRE, P. 2006 Spiral vortex breakdown

as a global mode. J. Fluid Mech. 549 (1), 71–80.
GORE, R.W. & RANZ, W.E. 1964 Backflows in rotating fluids moving axially through expanding cross

sections. AIChE J. 10 (1), 83–88.
HALL, M.G. 1972 Vortex breakdown. Annu. Rev. Fluid Mech. 4 (1), 195–218.
HARVEY, J.K. 1962 Some observations of the vortex breakdown phenomenon. J. Fluid Mech. 14 (4), 585–592.
JEONG, J. & HUSSAIN, F. 1995 On the identification of a vortex. J. Fluid Mech. 285, 69–94.
JIANG, T.L. & SHEN, C. -H. 1994 Numerical predictions of the bifurcation of confined swirling flows. Intl J.

Numer. Meth. Fluids 19 (11), 961–979.
LAIZET, S. & LAMBALLAIS, E. 2009 High-order compact schemes for incompressible flows: a simple and

efficient method with quasi-spectral accuracy. J. Comput. Phys. 228 (16), 5989–6015.
LAIZET, S. & LI, N. 2011 Incompact3d, a powerful tool to tackle turbulence problems with up to O(105)

computational cores. Intl J. Numer. Meth. Fluids 67, 1735–1757.
LAMBALLAIS, E., FORTUNÉ, V. & LAIZET, S. 2011 Straightforward high-order numerical dissipation via the

viscous term for direct and large eddy simulation. J. Comput. Phys. 230 (9), 3270–3275.
LAMBOURNE, N.C. & BRYER, D.W. 1961 The bursting of leading-edge vortices– some observations and

discussion of the phenomenon. Tech. Rep. A.R.C. Reports and Memoranda No. 3282.
LEIBOVICH, S. 1978 The structure of vortex breakdown. Annu. Rev. Fluid Mech. 10, 221–246.
LEIBOVICH, S. 1984 Vortex stability and breakdown - survey and extension. AIAA J. 22 (9), 1192–1206.
LELE, S.K 1992 Compact finite difference schemes with spectral like resolution. J. Comput. Phys. 103, 16–42.
LIANG, H. & MAXWORTHY, T. 2005 An experimental investigation of swirling jets. J. Fluid Mech.

525, 115–159.
LUCCA-NEGRO, O. & O’DOHERTY, T. 2001 Vortex breakdown: a review. Prog. Energy Combust. Sci. 27 (4),

431–481.
LUMLEY, J.L. 1970 Stochastic Tools in Turbulence, 1st edn. Academic Press.
MANOHARAN, K., FREDERICK, M., CLEES, S., O’CONNOR, J. & HEMCHANDRA, S. 2020 A weakly

nonlinear analysis of the precessing vortex core oscillation in a variable swirl turbulent round jet. J. Fluid
Mech. 884, A29.

MATHEW, J., LECHNER, R., FOYSI, H., SESTERHENN, J. & FRIEDRICH, R. 2003 An explicit filtering
method for large eddy simulation of compressible flows. Phys. Fluids 15 (8), 2279–2289.

MELIGA, P., GALLAIRE, F. & CHOMAZ, J.-M. 2012 A weakly nonlinear mechanism for mode selection in
swirling jets. J. Fluid Mech. 699, 216–262.

MICHAUD, M. 1787 Observation d’une trombe de mer faite a Nice de Provence en. J. Phys. Chim. Hist. Nat.
Arts 30, 284–289.

MOISE, P. 2020a Bistability of bubble and conical forms of vortex breakdown in laminar swirling jets. J. Fluid
Mech. 889, A31.

MOISE, P. 2020b An assessment of theories modeling vortex breakdown as a transition between cylindrical
flow states. Phys. Fluids 32 (12), 123601.

915 A94-30

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

11
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.118


Vortex breakdown in transitional swirling jets

MOISE, P. & MATHEW, J. 2017 Simulation of vortex breakdown in swirling jets. In 70th Annual Meeting of
the APS Division of Fluid Dynamics, Bull. Am. Phys. Soc. 62 (14), Q2.003.

MOISE, P. & MATHEW, J. 2019 Bubble and conical forms of vortex breakdown in swirling jets. J. Fluid Mech.
873, 322–357.

MOURTAZIN, D. & COHEN, J. 2007 The effect of buoyancy on vortex breakdown in a swirling jet. J. Fluid
Mech. 571, 177–189.

OBERLEITHNER, K., PASCHEREIT, C.O., SEELE, R. & WYGNANSKI, I. 2012 Formation of turbulent vortex
breakdown: intermittency, criticality, and global instability. AIAA J. 50 (7), 1437–1452.

OBERLEITHNER, K., SIEBER, M., NAYERI, C.N., PASCHEREIT, C.O., PETZ, C., HEGE, H.C.,
NOACK, B.R. & WYGNANSKI, I. 2011 Three-dimensional coherent structures in a swirling jet undergoing
vortex breakdown: stability analysis and empirical mode construction. J. Fluid Mech. 679, 383–414.

PECKHAM, D.H. & ATKINSON, S.A. 1957 Preliminary results of low speed wind tunnel tests on a gothic
wing of aspect ratio 1.0. Tech. Rep. A.R.C. Technical Note No. Aero. 2504.

PICARD, C. & DELVILLE, J. 2000 Pressure velocity coupling in a subsonic round jet. Intl J. Heat Fluid Flow
21 (3), 359–364.

PRADEEP, M. 2019 Bubble and conical forms of vortex breakdown in swirling jets. PhD thesis, Indian Institute
of Science.

REYNA, L.G & MENNE, S. 1988 Numerical prediction of flow in slender vortices. Comput. Fluids 16 (3),
239–256.

RIZVI, S.A.H. & MATHEW, J. 2017 Large eddy simulation of transitional flow in a compressor
cascade. In ASME Turbo Expo 2017: Turbomachinery Technical Conference and Exposition,
pp. V02BT41A034–V02BT41A034. ASME.

RUITH, M.R., CHEN, P. & MEIBURG, E. 2004 Development of boundary conditions for direct numerical
simulations of three-dimensional vortex breakdown phenomena in semi-infinite domains. Comput. Fluids
33 (9), 1225–1250.

RUITH, M.R., CHEN, P., MEIBURG, E. & MAXWORTHY, T. 2003 Three-dimensional vortex breakdown in
swirling jets and wakes: direct numerical simulation. J. Fluid Mech. 486, 331–378.

SARPKAYA, T. 1971 On stationary and travelling vortex breakdowns. J. Fluid Mech. 45 (3), 545–559.
SHARMA, M. & SAMEEN, A. 2020 On the correlation between vortex breakdown bubble and planar helicity

in Vogel–Escudier flow. J. Fluid Mech. 888, A6.
SHTERN, V. & HUSSAIN, F. 1999 Collapse, symmetry breaking, and hysteresis in swirling flows. Annu. Rev.

Fluid Mech. 31 (1), 537–566.
SHTERN, V., HUSSAIN, F. & HERRADA, M. 2000 New features of swirling jets. Phys. Fluids 12 (11),

2868–2877.
SIPP, D. & LEBEDEV, A. 2007 Global stability of base and mean flows: a general approach and its applications

to cylinder and open cavity flows. J. Fluid Mech. 593, 333–358.
SPALL, R.E., GATSKI, T.B. & GROSCH, C.E. 1987 A criterion for vortex breakdown. Phys. Fluids 30 (11),

3434–3440.
STOLZ, S. & ADAMS, N.A. 1999 An approximate deconvolution procedure for large-eddy simulation. Phys.

Fluids 11 (7), 1699–1701.
SYRED, N. 2006 A review of oscillation mechanisms and the role of the precessing vortex core (PVC) in swirl

combustion systems. Prog. Energy Combust. Sci. 32 (2), 93–161.
SYRED, N. & BEER, J.M. 1974 Combustion in swirling flows: a review. Combust. Flame 23 (2), 143–201.
TAMMISOLA, O. & JUNIPER, M.P. 2016 Coherent structures in a swirl injector at Re = 4800 by nonlinear

simulations and linear global modes. J. Fluid Mech. 792, 620–657.
TOWNE, A., SCHMIDT, O.T. & COLONIUS, T. 2018 Spectral proper orthogonal decomposition and its

relationship to dynamic mode decomposition and resolvent analysis. J. Fluid Mech. 847, 821–867.
VANIERSCHOT, M. & OGUS, G. 2019 Experimental investigation of the precessing vortex core in annular

swirling jet flows in the transitional regime. Exp. Therm. Fluid Sci. 106 (February), 148–158.
VANIERSCHOT, M. & VAN DEN BULCK, E. 2007 Hysteresis in flow patterns in annular swirling jets. Exp.

Therm. Fluid Sci. 31 (6), 513–524.
VISBAL, M.R 2009 High-fidelity simulation of transitional flows past a plunging airfoil. AIAA J. 47 (11),

2685–2697.
WANG, S. & RUSAK, Z. 1997 The dynamics of a swirling flow in a pipe and transition to axisymmetric vortex

breakdown. J. Fluid Mech. 340, 177–223.

915 A94-31

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

11
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.118

	1 Introduction
	2 Methodology
	2.1 Large eddy simulations
	2.2 Spectral proper orthogonal decomposition

	3 Vortex breakdown flow states
	3.1 Overview
	3.2 Bubble form of vortex breakdown
	3.2.1 Comparison of instantaneous features
	3.2.2 Comparison of time-averaged features

	3.3 Conical form of vortex breakdown
	3.3.1 Regular type
	3.3.2 Wide-open type


	4 Bistability
	4.1 Regular and wide-open types of the conical form
	4.2 Bubble and conical forms
	4.3 Hysteresis diagram

	5 Coherent structures
	6 Discussions
	6.1 Identification of flow states
	6.1.1 The spiral form of vortex breakdown
	6.1.2 The conical form of vortex breakdown

	6.2 Ranges of existence
	6.2.1 Critical swirl
	6.2.2 Comparison to ranges in the laminar regime
	6.2.3 Mechanisms of sustenance

	6.3 Effect of inflow conditions
	6.3.1 Steady inflow at low swirls
	6.3.2 Effect of nozzle geometry
	6.3.3 Steady inflow at high swirls


	7 Conclusions
	A Appendix A. Onset of VB
	B Appendix B. Simulations of wide-open CVB in a larger domain
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


