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THE SPHERICITY OF HIGHER DIMENSIONAL KNOTS 

ELDON DYER AND A. T. VASQUEZ 

In 1956 C D . Papakyriakopoulos showed [5] t h a t the complement C of a 
1-sphere Sl tamely imbedded in a 3-sphere Ss is aspherical; t h a t is, t h a t for 
all i ^ 2 , TTi(C) = 0. In this note we show t h a t for n ^ 2 the complement C 
of an ^-sphere Sn smoothly imbedded in Sn+2 is aspherical only if the funda
menta l group of C is infinite cyclic. Combined with results of J . Stallings [6] 
or of J . Levine [3], this implies t h a t if the complement of an Sn smoothly 
imbedded in Sn+2 is aspherical, » H , then Sn is topologically unkno t t ed 
in Sn+2. 

T h e above result is obtained as a corollary of our main result, which is of 
a more technical na ture . 

A local coefficient system S^ with abelian group G over a space X is deter
mined by and determines an action of Z(7r i (X)) , the integral group ring of 
7ri(X), on G (see [7] for detai ls) . Each ^-manifold M has a unique local 
coefficient system 0 M with group Z, the orientation bundle of M. I t is given 
by local, integral, ^-dimensional homology a t each point of M with action 
defined by pa ths (homotopies) in the manifold. 

T H E O R E M . Let M be a compact, connected n-manifold with non-empty, con
nected boundary B. Let I denote the image of the homomorphism T±(B) —-> wi(AI) 
induced by inclusion and 0 M denote the orientation bundle of M. If 

(a) iri(B) —> TTI(M) is not onto, and 

(b) Hn-i(I\ 0M) —>Hn^1(ir1(M);0M) is infective, 
then M is not aspherical. 

Proof. W e shall assume (a) and (b) and also t h a t M is aspherical. Le t 
G = Tl(B) and H = in{M). Since 

H0(M; Z(H)) ^ Z(H)/I(H) • Z(H) ^ Z, 

and 

Ho(B;Z(H))*ÉZ(H)/I(G) -Z(H) ^ 0 Z, 
d 

where d is the number of cosets of I in H (d > 1 by (a) ), JETi (M, B ; Z (H) ) ^ 0. 
By dual i ty , 

Hn~i(M; Z(H) ®0M)^H1(M,B;Z(H)). 

Thus , 
Hn-i(M;Z(H) ®0M) ^ 0 . 
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By the Seifert-van Kampen Theorem the fundamental group of the union 
of two copies of M adjoined along B, Mx UB M2, is given by the pushout 
diagram 

G >H 

H > T T ^ M I U M2) 

Since the image of G in if is / , 

I >H 

> TtyMi U M2] H-

is also a pushout diagram. Thus, 

i r i l M i U M2) 9^H*H, 
\ B ' I 

the free product of H with itself amalgamated along I. There is consequently 
a map 

j : A f i U M2-*K y 1 * 1 1 * 1 ) » 

obtained by attaching cells to Mi U B M2 in dimensions three and higher, 
with TTI(J) an isomorphism. Thus, H\(j) is an isomorphism with any local 
coefficients. 

Let / : H *7 H —» H be the folding homomorphism induced by the diagram 

•> H 

and let / : K(H *7 H, 1) -^ K(H, 1) be a map such that / = 7n(f). Since M 
is a K(H, 1), we have the diagram 

M-^MiU M2
 J -JL>K(H*H, I) f M 
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for which the composition induces an isomorphism of fundamental groups. 
Since M is a K(H, 1), this implies that the composition is a homotopy equiv
alence. 

Let x e Hn-1{H^IH]f{Z{H) ®©M)) be the image u n d e r / * of a non
zero class in Hn~l{M\ Z(H) ® ©M). Both x and j*x are non-zero since z'i*j*x 
is non-zero. Hence, 

0 9* j*x n pMlUBMi £ HiiM^B M2\j*f*(Z(H) ®©M) ®© Mi Uj5 Mi ) j 

where \xMl UB M2 £ Hn(M\ KJB M2; © MI UB M2)
 1S the fundamental class of the 

closed manifold Mi ^JB M2. 
Since TTI(J) is an isomorphism, there is a local coefficient system © with 

group Z over K(H *7 if, 1) such that j*© = ^ ¥ l U f i ¥ 2 . (In îactf*ûM = ©, 
but we do not need this.) Since H\(j) is an isomorphism with any local co
efficient system, 

0 7e J*\J X (\ \lM\ KJB Mi) = X l \ J*llMi \JB M2> 

The class j*\xMl uB M2
 ls a n element of the group Hn(H *7 H]©)f and we shall 

reach a contradiction by showing this group is trivial. 
Since j*© = ©Ml uB M2

 a n d © M\ UB M2\M{ is © Mi for i = 1,2, each of the 
homomorphisms 

I 

in the diagram 

/ >H 

I r1 

I 

induces from © a Z(H) action on Z which describes the local coefficient 
system ©M. 

By the A layer-Vie toris sequence for free products of groups with amal
gamation [8], we have the exact sequence 

Hn(H; ©M) ®Hn(H; ÛM)-^ Hn\H*H; ©J -^H^I; ©M) 

^Hn^(H; ©M) ®Hn^(H', ©M). 

The Hypothesis (b) implies that i* is an injection. Also, 

Hn(H;©M)^Hn(M;©M) = 0 

by Poincare duality. Thus, 

Hn\H*H;ûj = 0. 
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COROLLARY 1. Let Sn be a smoothly imbedded n-sphere in Sn+2, n ^ 2. If the 
complement of Sn in Sn+2 is aspherical, then its fundamental group is infinite 
cyclic. If moreover n ^ 4, then Sn is unknotted. 

Proof. A normal tube about Sn is homeomorphic to Sn X D2 (see [4]). T h e 
closure of the complement of this tube in 5W+2 (which has the homotopy 
type of Sn+2 — S71) is then a compact , connected (n + 2)-manifold M with 
connected boundary B = Sn X S1. In the notat ion of the proof of the theorem, 
G = Ti(B) ^ Z, and we shall show I ^ Z. 

Let 1 9e a G TTI(B) and à be the Hurewicz image of a in Hi(B; Z ) . Then 
â ^ O , bu t â is a bounding cycle in the normal tube. If â were also a boundary 
in M, by the Mayer-Vietor is sequence there would be a non-zero 2-dimen-
sional integral homology class in Sn+2. Thus , a is not null-homotopic in M; 
i.e., TTI(B) —»7ri(ikT) is injective. 

Thus , I = Z and Hn+1(I;ÛM) = 0, and hypothesis (b) of the theorem is 
satisfied. If M is aspherical, then hypothesis (a) of the theorem is not satis
fied. Hence, Z = TI(B) —* wi(M) is an isomorphism. 

T h e second conclusion of the corollary is an immediate consequence of 
results of J . Levine [3] or J . Stallings [6]. 

We note t h a t previously D. B. A. Epstein proved this result for spun 
knots [1]. Also, we note this responds to Probelm 37 of R. H . Fox [2]. Finally, 
it is clear t ha t for the first conclusion of the corollary, Sn+2 can be replaced 
by more general manifolds. 

Comment. As s tated in the introduction, the conclusion of Corollary 1 is 
false for n = 1. In t h a t case B = Sl X S1 and it can be shown t h a t if S1 is 
knot ted , then TT\(B) —* WI(M) is injective. T h e 3-manifold M is orientable; 
0M is the non-twisted coefficient system. Also, M is a K{j\{M), 1) by [5], 
and by Alexander dual i ty H2(M; Z) = 0. Hence, H2(I;ÛM) = Z and 
H2(in(M);ûM) = 0. 

Our a rgument does not apply in this case since the Hypothesis (b) of the 
theorem is not satisfied. 

COROLLARY 2. Let M be a compact connected aspherical manifold of dimension 
n ^ a + 2 where a = cohomological dimension of T = TTI(M). Then B = dM 
is connected and ic\(B) —» iri(M) is onto. 

Proof. If B were empty M would have non-zero homology with local co
efficients in a dimension n exceeding a; bu t Hi{M\£§) =Hi(w;&) since M 
is aspherical. If B were disconnected, then 

0 ^ HX(M,B\Z) ^ Hn-i(M; 0M). 

Since n — 1 also exceeds the dimension of 7r, this is impossible. 
Since I is a subgroup of ir, its cohomological dimension is bounded by a 

and is hence less than n — 1. Thus , Hn^i(I; 0M) = 0 and Hypothesis (b) of 
the theorem is satisfied. 
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Since M is aspherical, it follows that Hypothesis (a) of the theorem is not 
satisfied. But the negation of Hypothesis (a) is the conclusion of this corollary. 

Comment. Let M be a compact, connected ^-manifold with connected, non
empty boundary B imbedded in a closed, simply connected w-manifold. Let 
N be the closure of the complement of M. By the Seifert-van Kampen 
Theorem, the diagram 

T1(B) > 7Tl(M) 

•I -l 
T!(N) >(1) 

is a pushout. Thus, the normal closure in TTI(M) of the image of the homo-
morphism 

7Ti(£) - > 7 T i ( M ) 

is all of 7n(ilf). 
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