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Abstract

For stationary fiber processes, the estimation of the directional distribution is an important
task. We consider a stereological approach, assuming that the intersection points of the
process with a finite number of test hyperplanes can be observed in a bounded window.
The intensity of these intersection processes is proportional to the cosine transform of
the directional distribution. We use the approximate inverse method to invert the cosine
transform and analyze asymptotic properties of the estimator in growing windows for
Poisson line processes. We show almost-sure convergence of the estimator and derive
Berry—Esseen bounds, including formulae for the variance.
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1. Introduction

Many porous materials can be modeled with dilated random fiber processes, i.e. processes
of dilated curves. While, for the estimation of the intensity of such processes, there already
exist some established methods (see, e.g. [13] or [19, Chapter 9]); the estimation of some other
properties is still an open problem. We focus on the so-called directional distribution, i.e. the
distribution of the tangent direction at a typical point of the fibrous media, and analyze some of
the most interesting stochastic properties of the estimator presented in a recent paper by Louis
et al. [10].

Consider a stationary random set of fibers E with intensity A and directional distribution
density ¢ (with respect to the spherical surface area measure). For the estimation of ¢, we take
a stereological approach based on counting the intersections of E with test hyperplanes in an
observation window. See [1] for an introduction to stereology.

The essence of the problem can be summarized as follows. For & in the unit sphere S9!,
denote by g(£) the rose of intersections, i.e. the intensity of the process & N &L. Then the
cosine transform C of the directional distribution ¢ is proportional to g, i.e.

g(&) = ACop(8). (1)
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Here, the cosine transform of ¢ is defined as

C¢<s)=/ o) dy, & e st
Sdfl

where (&, v) is the scalar product of £ and v, and dv denotes integration with respect to the
surface area measure. For more information about the cosine transform, see [3].

Now, for some unit vectors &1, ..., &, € §9-1 we assume that the number of intersections
of E with the test hyperplanes éil, i =1, ...n, within the observation window oW = b,(0),
i.e. the closed ball centered at the origin with radius g, are known. This information can be
used to estimate the values of g at &1, ..., &,. Thus, it remains to invert the cosine transform
based on this discrete information to estimate ¢.

This problem has already been addressed in, e.g. [7] and [12]. Here, we focus on the method
presented in [10], where it has been shown that the inversion can be done in a numerically stable
way with the method of the approximate inverse, introduced in [9]; see also [15]. The idea is
to calculate a ‘smoothed version’ of ¢, denoted by ¢,, for some y > 0, which is defined as

o= [ e©emod  nes

where we assume that ¢, — ¢ in some sense as y tends to 0. For the so-called mollifier
ey € L2891 x §9=1) it s required that

[, emode=1 nest

For a given mollifier, the reconstruction kernel v, is defined as the solution of e, = C1,,.
Since the cosine transform C is self-adjoint, this allows us to write the smoothed density as

@y () = (@, ey (1, ) 12(sa-1) = (@, Cry (0, ) p2(5a-1) = (C, Yy (1, )} 2(5a-1y,  (2)

where the last term is the inner product of two known functions, namely the given data C¢ and
the reconstruction kernel. This also has computational advantages as the reconstruction kernel
can be calculated in advance (independent of the given data C¢), and, thus, the approximate
inversion for one density requires only the calculation of an inner product. For d = 2 and
d = 3, explicit formulae of reconstruction kernels for some interesting mollifiers have been
derived in [10]. See Corollary 3 in Appendix B for reconstruction kernels of Gaussian mollifiers
in arbitrary dimensions d > 3.

In this paper we make the additional assumption on the mollifier e, (1, §) (and, thus, also
on the reconstruction kernel v, (17, £)) that it depends only on the geodesic distance between &
and 7.

Although this method can be used for arbitrary stationary fiber processes, in this paper we
restrict to Poisson line processes (cf. [14, Chapter 4.4]). Our considerations also hold for
Poisson cylinder processes, see [17] or [20], if the number of cylinders hitting a test set can be
observed. One should remark that similar results can be obtained for other stationary Poisson
processes, e.g. processes of line segments.

Throughout this paper, we use the following notation for the intersection counts. We
assume that the number of intersections of & with hyperplanes orthogonal to the unit vectors
Elny - Enn € $9=1 in a window oW = b,(0) can be observed. These intersection counts
are denoted by Yi,, ..., Y, 1. Vi = #{EN Eiﬁ N oW}. To simplify the notation, we will
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write &; instead of &;,, when the value of n is clear, and analogously Y; for Y;,. Since E is
a stationary Poisson line process, the process E N §;, L is also stationary. It has the intensity
ACop(&in) (see [14, Theorem 4.4. 6]) and, thus, Y;, ~ P01(/cd 1Qd 1AC(p(&,,,)) where k41 is
the volume of the unit ball in R?~!

If the intensity A of the P01sson line process is known, we introduce the notation Y; ) =
Y:/kg—1097" A, which leads to E Y/ = Co(&) and var Y} = Co(&)/ka—10%~ " for all o, n,
and i.

Now, we can introduce the estimator

n
PLm) =Y YU, (n. £ A, 3)
i=1
for the density ¢ at the point n € S$9-1 which can be seen as a discretized version of (2). Here,
the weight A; is defined as follows. Introduce the spherical Voronoi cell at &; as

c&)=1{vesi ' dw, &) < min{d(v, &), d(v, —&;)} for all j # i},

where d (-, -) denotes the geodesic distance, i.e. the length of the shortest path in $9~! between
two unit vectors. Then we set the weight A; of the estimator (3) to be two times the area of
the Voronoi cell c(&;) at &;, which leads to Z?: 1 Ai = wq_1, where wg_1 is the surface area
of 41,

If X is unknown, we use the following estimator for the intensity:

~ 1 Y;
A= Aj.
2Kk4-1 ; Ka—10971""

Furthermore, we introduce the notation 17,- =Yi/ka-1 Qd —1% analogously to the case of known
intensity, where we use the convention 0/0 = O inthe case A = 0,i.e. ¥; =0fori =1,...,n.
Here, we use the estimator

n
Py () =Y Yiyr, (0, &) A; = —gaym) €
i=1

Remark 1. The formulae for the estimators in (3) and (4) have a form similar to kernel density
estimators (KDEs). However, here, one has to solve an inverse problem instead of observing
the searched-for random variable directly (or with some additional noise). As a result, the
reconstruction kernel v, has a different form to the usual KDE kernels (see Figure 1) and the
estimators cannot be regarded as standard KDE:s.

Note that the supremum of the absolute value of the reconstruction kernel v, tends to co
for y — 0. Therefore, (py (and ¢, ) does not converge to ¢ pointwise or in the Lz(Sd -sense.
To overcome this, we fix y > 0 and analyze the properties of the estimator (p especially the
convergence to the mollified density ¢, as ¢,n — oo. For suitable molhﬁers (ct. [10]), ¢,
approximates ¢ as y — 0.

This paper is organized as follows. In the next section, strong convergence of the estimators
gﬁlﬁ and ¢,, to the mollified density ¢,, is analyzed. We show that the supremum of the difference
between the two functions converges almost surely to O under mild assumptions on the directions
of the test hyperplanes and the growth rate of the observation window radius. In Section 3,
Berry—Esseen bounds for the estimator (Z))}; are derived, and a central limit theorem is used
to construct asymptotic tests on the directional distribution. In Section 4, the large deviation
behavior of (,?))); is studied and in the final section, some results of simulation studies are presented.
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FIGURE 1: The Gaussian reconstruction kernel in three dimensions as a function of the polar angle and its
graph on the sphere (with the north pole the reconstruction point).

2. Almost-sure convergence

We derive sufficient conditions for almost-sure convergence of the estimator gﬁ)ﬁ in the
supremum norm, i.e.

sup [@5(n) — @y ()| > 0 asn — oo.
nesd-1

For this, some results on the convergence speed of the estimator are derived (in Lemma 3
below), which are of interest in their own right. Yet, we focus on the almost-sure convergence,
so no attempt has been made to achieve optimality in the convergence rates.

In this section, a frequent prerequisite is that the reconstruction kernel is Lipschitz
continuous. By this, we mean that it is Lipschitz continuous in both components, i.e. for
n, &1, & € S9!, we have

[Vy (1, 81) — ¥y (0, &2)| < Ly, d (&1, &)

for some Ly, < 0o, and the same holds for the first component if we fix the second. Since
S§4-1ig compact, this also means that r,, is bounded.

Similarly to [4], we define the symmetrized mesh norm of a set of points {£1, ..., &,} as the
mesh norm of the set {&1, ..., &,, —&1,..., =&}, 1.e.

R, 8) = hE, . by =61, —E) = max, min {d(v. &), d(v, =§;)}.

Note that the weights A;, i = 1, ..., n, of the estimator (3) are thus bounded by 2«4_1h* (&1,
..., &)471, as the maximal geodesic radius of one cell is h*(&, ..., &,). Throughout this
section, we use the following auxiliary result on the cosine transform.

Lemma 1. For arbitrary densities ¢ on S~ the cosine transform C is Lipschitz continuous
with respect to the geodesic distance. The Lipschitz constant is at most 1. Furthermore, C is
bounded by 1.
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Proof. For¢,n € S9-1 we have

1ICp(&) = Con| = ‘/Sdl(l(s“, V) =1, v)De) dv

IA

sup [[{¢, v)[ = [{n, V)|

ves§d-1

<d(,n.

The inequality Cp(¢) = de*I [{(¢, v)|e(v)dv < 1 completes the proof.

2.1. Deterministic measurement directions

At first we assume that the series of measurement directions is deterministic. See, e.g. [5]
or [16] for an approach to choose a suitable point configuration.

Let us begin with the analysis of the bias of the estimator (3). Note that E ?ikn = Cop(&in)
does not depend on the observation window radius g.

Theorem 1. Let the reconstruction kernel yr,, be Lipschitz continuous, and denote by Lc, and
Ly, the Lipschitz constants of Cg and vy, respectively. Then

sup [EG} () = 0y ()] = wami(LegTy + Ly h* G, 6n)
nesd-1

uniformly for all o > 0, where &V denotes the supremum of |, |.
Proof. Letn € $9=1 be an arbitrary unit vector. Then, forv € ¢(§;), i =1,...,n,
ICpEry (0, &) — CoW)¥ry, (1, V)]
< 1CpENYy (0,5 — CoED Yy (n, VI + [CeED Yy (1, v) — Co(w)yry, (n, V)|
= [CoEDIIYy (1, 5) — ¥y 0, V)| + ¥y (n, VIIC(&) — Co(v)]
=< Lwyh*(fl’ e bn) \D}/L&ph*(gly cs &),

since Cg is bounded by 1 (see Lemma 1). Because C¢ and v, are symmetric functions, we
finally obtain

> ot on&0ai = [ Coty vy

i=1

[E@S (1) — ¢, ()| =

SZZ ICoEN Yy (n, &) — Co(w)¥y (1, v)| dv
i=1 c(&)

< wa-1(Leg¥y + Ly, )R 1, ... &)
To analyze the weak convergence of @; we need the following lemma.

Lemma 2. If |, | is bounded by r, < 0o then, for & > 0,

2 7.2
wd—lwy

k109112

P( sup Y [(F} — Co@ENwy (1.6)1A; > 8) <

nesd=l iy

uniformly for alln € N.
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Proof. Using the notation Y (&) = #{EN&L NoW} and YA€) = Y (§)/ka—109 1, we

obtain
Co§)

Kg—10971A

Y(€) ~ Poi(kg—10°"'ACp(§)) and varV*() =

Lemma 1 and Chebyshev’s inequality lead to

( sup ZW CoENYy (n, E)1A; > e) §P< Y} — Co&Elai > 5)
i=1

77€Sd 1 =1 Y

2
=5V (ZM Cw(Sz)IA)
w31y

L sup var(|[Y*(v) — Co(v)|)
€ vesd-1

OiiVy o Co)

IA

<
&2 yesi-t ka-10771h
2 72
wd—lwy
= Kkg_1097 102’
Lemma 3. Let v, be Lipschitz continuous. If h*(&1, ..., &,) < c}jle,
2 72
wd—lwy

( sup @5 (n) — ¢, ()| > 8) <

GSd 1

kd—109""\(e — cph* (&1, ..., &x))?"

where the constant ¢, = wq—1(Lcy Iﬁy + L%) does not depend on &1, . . ., &,.

Proof. The main idea of the proof is to split our estimator into two parts:

n n
Py () =Y (Y} — CoEN) Wy (0, ) A + Y CoENYy (0, ED A
i=1 i=1
For the specified #*, Lemma 2 and the proof of Theorem 1 lead to

P( sup I§50) — @y ()] > ¢) <P< sup (D(Y* CoENY, (0, E)IA;

esd 1 neSd 1

ZCso(g,)wy(n ENA; wy(n)‘) )

i=1

(sup ZW CoEN Yy (0, E)|A; > &

nesi=l iy

—wa—1(Leg¥y + Ly h* G, ..., &))

- “’31—11/_’;%
T kg—10970(e — cph* (&1, ..., E0))?
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This immediately leads to the following result.

Theorem 2. Suppose that r,, is Lipschitz continuous, the symmetrized mesh norm h* (&1, . . .,
Eun) tends to 0, and 0 = o(n) > cln(1+02)/(d_l)f0r some constants c1, ca > 0. Then, almost

surely,
sup 15 () — @, ()| > 0 asn — oo.
nesd—l

Proof. Theresult follows from the Borel-Cantelli lemma. Since 2* (&1, .. ., &) tends to 0,
there exists an integer N such that h* (&1, ..., &) < %ch_l ¢ forn > N. Thus, with Lemma 3
we obtain, for arbitrary ¢ > 0,

= = 4“)[21 1Ip2

P( sup @5 () — ¢ (n)|>8>§N+ -~ < 0.
,; pesd-t " 4 n:;ﬂ Kg—1(cinITe)/@=D)d=1) 2

2.2. Random measurement directions

In this section, instead of deterministic measurement directions, we consider the following
setting which should be a suitable model for applications in which the measurement directions
cannot be chosen but are given in a random way. We consider as measurement directions
the series of independent and identically distributed (i.i.d.) unit vectors &1, &, ..., which are
assumed to be independent of E. For the estimator (3), we use the same weights as in the
deterministic setting. See also Remark 2 below for a note on other point configurations.

Lemmad. Let &y, &, ... be asequence of i.i.d. random unit vectors with positive density with
respect to the spherical surface measure. Then h* — 0 almost surely.

Proof. To simplify the notation, we show the stronger claim that the nonsymmetrized mesh
norm h(&y, ..., &,) tends to 0 almost surely. Let ¢ > 0. Obviously, there exists some integer
m(g) < oo and asequence of unit vectors vy, ..., v, € gd-1 withh(vy, ..., vy) < &/2. Asthe
density of & is positive, for every cell c¢(v;) of the tessellation induced by vy, ..., vy, it holds
that P(¢1 € c(v;)) > 0. Thus, there is a constant p with0 < p <P € c(v;)), i =1,...,m.
With this, the probability that there is a cell which contains none of the vectors &, ..., &, can
be estimated from above by

m

P(there exists i : {£1, ..., &} Nc(v) = @) < ZP({El, ol Ney) = @) <m(l—p).
i=1

Since Zzi m(1 — p)" < oo, itfollows from the Borel-Cantelli lemma that every cell contains

at least one point almost surely as n tends to co. Thus, the mesh norm of the sequence &1, .. ., &,
can at most be ¢.

Theorem 3. Let&, &, ... be a sequence of i.i.d. random unit vectors with nonnegative density
with respect to the spherical surface measure. Then

sup [EQ(m) — @y (n)| — 0 asn — oo.
nesd—l

If ¥y, is Lipschitz continuous and the radii fulfill o(n) > cin1+e)/d=D for some c1, ¢y > 0,

sup |95 — @, ()| - 0 asn — oo
nesd—l

holds almost surely.
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Proof. This is a direct consequence of Lemma 4 in combination with Theorem 1 and
Theorem 2, respectively.

Remark 2. The same holds for any other sequence of random points whose symmetrized mesh
norm tends to 0, e.g. in the case of systematic sampling.

2.3. Unknown intensity

In this section we analyze the estimator (ﬁy, defined in (4), which can be used if A is unknown.
We begin with the following auxiliary result.

Lemma 5. Let E be a stationary Poisson line process with directional distribution density ¢ and
intensity A > 0. If the symmetrized mesh norm h*(&1,, . . ., Eqn) Of the measurement directions
tends to 0, and o(n) > cln(l“"?)/(‘i_l)for some constants ci, ¢z > 0, then the estimator ):for
the intensity of E is strongly consistent for n — oo.

Proof. For ¢ > 0, we have

mm—xp>m=P<

sp(
p ¢ 5
n ( >§> )

For the first probability in (5), repeating the steps in the proof of Lemma 2 leads to

1 &Y, —EY; @2 A
P(lso X ramal = 5) = o0
2K4_1 ‘ 2 K

— Kd-10 097 1e?’
For the second summand in (5), it follows from [3, p. 428] that

/ Cw(é‘)dé—/ / Iw(V)dvdE—/ / v)[dsp(v)dv = 2k4-1.
gd—1 gd—1

The Lipschitz continuity of C¢ leads to

-¢)
8)
> —
2
n

1 EY;
2Kq IZKd 10471 i 4
—1 = K-

J— Y;
Z 1A~
2Kd-1 =] kd-10

1 &Y, —EY;
Z a1
2Kd—1 = Ka-10

DA —/ Co®) dé
Sdfl

< 22/@_) Col&) — Co©)|d
i=1"vcsi

=< wd—lh*(slm ceey %_nn)

— 0 asn — oo,

since h*(&1p, - .., &nn) tends to O as n tends to oo. Thus, the second term in (5) is O for large
enough n.

Combined, this means that the sum 3%, P(|A(n) — A| > ¢) is finite if Y.°°, 1/097" i
This is clearly the case under the condition on ¢ (n) above. The claim follows from the Borel—
Cantelli lemma.

Now, we are in a position to formulate the main result for this section.
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Theorem 4. In the case of deterministic measurement directions, under the assumptions of
Theorem 2, almost surely,

sup @y (n) — ¢, (M| — 0 asn — oo.
nesd-1

Furthermore, in the case of random measurement directions, if the conditions of the second
claim in Theorem 3 hold, almost surely,

sup @, (M) —@, (M| — 0 asn — oo.
nesd-1

Proof. This is an immediate consequence of the respective theorems, Lemma 5, and the fact
that ¢y (17) = (A /M) ().

Remark 3. Again, Theorem 4 also holds for any other sequence of random points whose
symmetrized mesh norm tends to 0.

3. Berry-Esseen bounds

In this section we show how, for some fixed € S¢~!, the estimator (ﬁ;(n) can be written
as a compound Poisson process and we use some well-known results to derive Berry—Esseen
bounds; see [8]. Since we are interested in the distribution of gﬁ; , we can simplify the notation
in the following way. The line process is stationary, so instead of increasing the radius of the
observation window, we can also increase the intensity, which will have the same effect on the
estimator. Thus, it suffices to let A tend to co and restrict to o = 1, i.e. oW = W. We begin
with some notation. Denote by N the number of observed lines, i.e. lines which hit W. Then
N ~ Poi(ky—1A). Introducing the symbol Q for the distribution of a typical line of Z hitting
W, we find that E is distributed as the set of the i.i.d. lines Ly, ..., Ly with distribution Q,
which are independent of N.

The definition of the estimator

n
Qr(m =Y ¥, (n.&)A
i=1
can be rewritten as follows. For a line [, let g?)lﬁ (I, n) be the estimator for the process when
E = {l}. Analogously, define
~ 1
Y= ——1HINENW # 2.
Kd—1A

This leads to

n N n
QLM =Y @5y =) > VDY E0A 2 VL)Y, (n, ED A

leB leE i=1 j=1li=1

As the terms Z?:l fi)‘(Lj)l/fy n,&)A;, j=1,2,..., are ii.d. random variables, th~is means
that gﬁ)’} () has a compound Poisson distribution with size N and summands ) ;_, Yi)‘ (Lg) x
Yy (n, &) A, where Lo ~ Q is a typical line of E hitting W. Thus, we can apply the following
well-known result, where we use the constant for the upper bound from [8].
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Lemma 6. Let Sy = X1 + - - - + Xy be a compound Poisson process, where X1, X2, ... are
uniformly distributed with E | X |3 < 0o, N ~ Poi(u), and N, X1, X», ... are independent.
Then
Sy —nEX; ) E|X;}
sup P(— <x)—®x) <0304l ——————.
x VRE|X 2 (E X112 /i

Together with the considerations above, this can be used to arrive at the main result of this
section.

Theorem 5. Let n € S, let Lo be a typical line of E hitting W, and let (,2))) (Lo, n) be as
above. If |\, | is bounded then

E(ka—111¢} (Lo, m)1)°
(E(ca—129} (Lo, M) fka1n

sup | Fy(x) — @(x)| < 0.3041 (6)

where

¢y () —ka-1AE@} (Lo, 1) _ )

A 2 -
\/delkEfﬂﬁ(Lo, )

Proof. Since the reconstruc}ion kernel v, is bounded, for the third moment, we have
E(kg—1 Al(ﬁ;‘ (Lo, m)? < wg_l 1//5 < 00; see Theorem 6 below. Thus, Lemma 6 can be applied
with u = Akg—1.

Fi(x) :P(

One should remark that on the right-hand side of (6) we have expanded the fraction by K;_ | A3
because then the expectation values do not depend on A (and kz_1). With Theorem 5, it remains
to derive (bounds for) the second and third absolute moments of Z?:l Yi)"(L())I//y(n, ENA;.
This in particular makes it necessary to determine the mixed moments of Y7, ..., Y,, i.e. the
probability that the typical line hits a set of test hyperplanes within the observation window.
For notational ease, we assume that these are the first m of our test hyperplanes, i.e. éf-, e, E,f;
form =1, 2, 3. Yet, to avoid cumbersome formulae, we restrict to m = 1, 2 and use an upper
bound for the third moment. For this calculation, we introduce the notation

g, =L €A INETNW #D,... INE-NW # 2,

,,,,,,,,,,

where A is the set of all lines in RY. Here H,
gli, e, s,f; within W, which means that

QHi,..m) =P(LoNE-NW #£2,...,LoNEENW # @) =EY(Lo) - - - Y (Lo).

m 1s the set of all lines which hit the hyperplanes

,,,,,

Theorem 6. Let the conditions of Theorem 5 hold. If the measurement directions &, ..., &,
are deterministic then

E(ca-12¢} (Lo, ) = Y _ CoENY, (1, &) A,
i=1

E(ca—120} (Lo, > =D D ¥y (0, €DV (0, §) A A Q(H; )
i=1 j=1

do not depend on .
For any (possibly random) sequence of measurement directions,

E(ka— 1119} (Lo. M)’ < w)_ ¥, .

https://doi.org/10.1239/aap/1354716585 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1354716585

964 ¢ SGSA M. RIPLINGER AND M. SPIESS

Proof. Since EN = k4_1X, we obtain, using Wald’s identity,

N n
Eka—1A@)(Lo.n) =EY ¢} (Lo.m) =E@L(m) =Y CoE)Yy (n. &) A,
j=1 i=1

which yields the first claim. With
EY;(Lo)Yj(Lo) =P(LoNE-NW # @ and Lo N sf NW # @) = Q(H; ),

we obtain

n 2
E(@} (Lo, m)* = E(Z Y} (Lo)¥y (0, a-)A,-)

i=1

1 n n
= > ) Uy (1. ED Yy (0. ENAA; Q(H; ).

2
KA

i=1 j=1

For the third moment,

D YiLo), (1, &) A

i=1

Elica—12@) (Lo, n)|> =E

3 n n n
73 § : § :E : 3 73
Slﬁy A,’AjAk=a)d_ll//y.
i=1 j=1k=1

Remark. Equation (1) is equivalentto Q (H1) = Cp(&1), so we canreplace Q (Hp) accordingly
in the theorem above.

Corollary 1. Let the conditions of Theorem 5 hold. If the measurement directions &1, ..., &,
are i.i.d. with common density { and independent of E, then

E(kg-12¢% (Lo, 1) = 2n /( gy, VORIV a1 Q(Hy)

d—1
X ;(Vl) e g(‘]n)d(vl’ R Un)v
E(kg—12¢} (Lo, M) = n E[Y; (n, ) ATY1(Lo)]
+n(n — DE[, (1, §)¥, (1, E2) A1 A2Y1(Lo) Ya(Lo)],

with
ELY; (1, §) AT (Lo)] = 4/(Sd1) Uy O v lelvr, )G Q(Hy,)
X C("']) e é‘(vn) d(U], LIRS Vn)a
Elyy, m, EDvYry, (7, E2) A1 A2Y1(Lo)Y2(Lo)]
= 4/ d—1 I/f)/(ns Vl)wy(n, V2)|C(U1|V1, R Un)|a’_1|C(V2|U1, M} Un)|d—1
(S — ))1

X Q(Hy )¢ 1) - ¢(vp) d(vr, ..oy V).
Here, | - |4—1 denotes the (d — 1)-dimensional Hausdorff measure, and c(vi|vy, ..., v,) is the
Voronoi cell at vy induced by the points vy, ..., vy, —V1, ..., —Vy.
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Proof. We calculate

E(ca12¢} (Lo, M) = ka1AE Y Y (Lo)yry (0, &) A
i=1

=nEY1(Lo)¥y, (1, )AL
= Vl/ Elyy, (0, EDA1Y1(Lo) | &1 =1, ..., 8 = ]
(Sd—l)n
X&) - C()d(vr, ... vp)
= 2"/ Y, (1, v)lerlve, ..., v)la—1Q(Hy))
(Sd—l)n
X C(vl) o ';(Vn) d(‘)l? ceey Vn)»

and, for the second moment,

E(kcg12} (Lo, m)> =n Y _ElY, (0. £)v, (1. &) A1A;Y1(Lo)Yj (Lo)]
j=1
= nE[Y (0. £)ATY1(Lo)]
+n(n = D E, (1. €0V, (1, £) A1 A2 Y1 (Lo) Y2 (Lo)].
With
E[yy, (0, 5§DV, (0, §2) A1A2Y1(Lo) Y2(Lo)]
= /;Sdl)n E[Y, (1, EDVy, (0, E2) A1 A2Y 1 (Lo)Y2(Lo) | §1 = v1, ..., 8 = v,
X L) 2 () d(vr, .., vy)
= 4/(Sd-1)n Yy (n, vy, (0, v2)lcuilv, ..o, ) la—1lcalvr, oo, V) la—1

X Q(HVI,VZ)g(vl) et {(Vn) d(l)], ey V}’l)’

the second expression is shown. The calculation for EW,%('% Sl)A%Yl(Lo)] can be done
analogously.

In the next corollary, we consider the following systematic sampling approach. Suppose
that we have a (deterministic) sequence of points § Iy eees §,, on the sphere. Furthermore, let
the rotation ® be uniformly distributed in the group SO, of orientation-preserving rotations
on R? and independent of Z. Then we consider the measurement points (£q, ..., &,) =

(OF, ..., OF,).

Corollary 2. Let the conditions of Theorem 5 hold. Suppose that measurement directions
&1, ..., &, are chosen by systematic sampling as described above. Then

E(ka—1A@5 (Lo, 7)) = ¢, (n),

E(ca-12@5 (Lo, m)> =)y fs o V(0,080 (1. 68) Q(Hyg, gz, 4O A A,
d

i=1 j=1

where d6 denotes the Haar probability measure on SOy .
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Proof. With the rotation ® introduced above and Theorem 6, we calculate

E(ka-14@y (Lo, 1) = /S . El(kg—1A¢% (Lo, n)) | © = 6]1d0
d

- /S > CoE) v, (n,68)A; 46

Oa j—

=> / Co(O&)r, (1. 0) dOA;
i=1 /S04

1
- g ma
— w41
i=1
= ‘Py(’?)’

using (2). Repeating these arguments and using the corresponding formula from Theorem 6
lead to the claim for the second moment.

In the following we derive specific formulae for the term Q(H; ), which appears in
Theorem 6, for the most interesting dimensions d = 2, 3. It is convenient to define the set
Hi»(v) = Hj2(—v) as the subset of Hj > containing the lines with direction v € S9=1. This
can be regarded as a subset of vL, and, thus, we obtain

O = [ | PUaNENW £0.L00ENW 251 Ly € Aaw)p)dy

H _
=/SH [Hi2(W)a 1¢(v)dv’ )

Kd—1

where A;(v) is the set of all lines in R? with direction v.

3.1. Two-dimensional case

For the two-dimensional case, we introduce some special notation which seems to be more
common. Instead of even functions on the sphere, we consider densities on the interval [0, ],
where each value corresponds to an angle between a vector and the x-axis. For simplicity, all
functions, in particular the density ¢, are defined to be 7-periodic. For unit vectors, we use the
notation v := (cos v, sin v)T, where v € [0, 27 ], and, for the line through v (and o), we write b.

Furthermore, in this section, &;; denotes the angle between the x-axis and the test lines instead
of the vectors orthogonal to the test hyperplanes, i.e. instead of counting the intersections of &
and 71, we define Y;, := #(E N &n N W). Thus, the rose of intersections is the sine transform
of g:

b
g(x) =ASp(x) = )L/ | sin(x — #)]e(¢) dt.
0
Because of (7), we need to calculate |H; 2(v)|1. As can be seen in Figure 2, for one line, the

measure of this set is |H;(v)|; = 2sin |[v — &|. Similarly, if we have two lines £ and &, we
obtain

[HioW)1 = [H1(v) N Hy(v)|1 = 2sin(min{|v — &, [v — &[}).
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2sinjv—§|

FIGURE 2: Example of lines with direction v hitting one line &;.

Assuming that &1 < &, this leads to the formula
1 g
OHI ) = 5 f |Hy ) 1p(v) dv
0
g
= / sin(min{|v — &1, [v — &[De(v) dv
0
©2-0/2
= / sinv(pr +v) + e —v))dv
0

7 /2—(&—§1)/2 )
+ / sinv(p& +v) + ¢ —v))dv.
0

Example. For uniformly distributed directions (¢(x) = 1/7), the formulae for Q(Hj,._ ;) can
be simplified to
2 7T/2 . 2
Q(H1)=S<o($1)=—/ sinvdy = >
T Jo T
and
2 (62—61)/2 7/2—(52—61)/2
O(H 2) = —(/ sin v dv +/ sinvdv)
T \Jo 0
2 _
= Z{2—+v2cos 1_52 51 , (8)
b4 4 2

where we used an addition rule for the cosine.

3.2. Three-dimensional case

Here, Hi 2(v) is § IL N b1 (o) projected onto vt intersected with SZL N b1 (o) projected onto
l .
v, ie.
Hi2(v) = 7,0 (§f Nb1(0) N 7,1 (85 Nbi(0)),

where 77,1 denotes the projection onto the plane v; see Figure 3 for an example. This means

that Hj 2(v) is the intersection of two ellipses with major axis length 1 and minor axis lengths
[{(v, &1)| and |(v, &)|, respectively. The angle between the major axes is the same as the angle
between 7,1 &1 and 7,1 & and can be determined easily. For the calculation of the intersection
area, see Appendix A. Then

[Hi2(v)]2
T

Q(H2) = / @(v)dv. €))
S2
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FIGURE 3: Sketch of the projection of é‘_lJ' N by (o) onto vL. Here we have v = (0,0, 1)" and

£1=(0,1/75,2/V5)T.

3.3. Application: testing the directional distribution

In this section we present some tests of the directional distribution of a Poisson line process
E, i.e. we want to test the hypothesis Hy: ¢ = ¢g versus H;: ¢ # ¢q for some density ¢p on
the unit sphere, where the uniform distribution (i.e. isotropy) is of course the most interesting.
We denote by Py the probability measure under the null hypothesis, and analogously we write
Eg, covg, and Qy.

For simplicity, we restrict to the case when the measurement directions &, ..., &, are
deterministic.

As shown in Theorem 5, an asymptotic test on the density in one point 7 can be constructed
with the asymptotically standard Gaussian distributed random variable

AN AN

@5(m) — ka—12Eo @5 (Lo, n)
4 4 - 2N, 1) aso — oo. (10)
a1 o @ (Lo. n)

This test is of course only applicable for large 0. One problem of this test is the choice of n. If
several independent realizations of the Poisson line process are available, an asymptotic y >-test
can be constructed using (10) with a different 5 for each realization.

If only one realization can be observed, several directions (denoted by 71, ..., 1,;) can be
taken into account with the following approach. The vector of the random variables

@y (i) — ka—13Bo @ (Lo, 1i)

i
A 2
\/del)tEO @5 (Lo, ni)

. i=1,...,m, (11)

has an asymptotic multivariate normal distribution, which can easily be seen with Lemma 6,
since, for any linear combination, a central limit theorem holds. Furthermore, their expectation
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is 0 and the covariance is independent of A, since
covo(@E (i), ¢ (1))
A 2 A 2
Kd—17y/Eo @3 (Lo, 1:)"\/Eo 3 (Lo, 1)
ke o Yy i DYy (0, ED Ak A Qo (Hi 1)
\/EO(Kd—l)V@)))(LOa ﬂi))z\/Eo(Kd—l?»@ (Lo, 1/))?

where we have used the fact that

covo(X;, Xj) =

n n

Y Y,
cov@;(mw;(n,-))=cov(ZKd" Uy i 6Dk, Y — wy(n,»,a)m)

ioy K1k =3 Kd—1h
1 n n
=7 ;;w(ni, EOWy (1), E) Ak Ay cov (Y, ¥7)
1 n n
= e SO Uy i &Yy (). E) AL AIQ (i ).

k=1 1=1

Thus, it follows from the Cramér—Wold theorem that the random variable X ' K ;1 X is asymp-
totically anl-distributed, where X = (X1,..., Xn)" and Ky is the covariance matrix of X
for some A > 0. The resulting rule for a level « test is to reject the null hypothesis if
XTKY'X > 52 |

This is most interesting when the null hypothesis is that the process is isotropic. Then, for
Q(Hy,1), we can use (8) in the two-dimensional case and (9) in the three-dimensional case with
o=1/4m.

4. Large deviations

Another interesting asymptotic property of the estimator @ﬁ is the large deviation behavior.
The following result is based on Cramér’s theorem; see [2, Theorem [.4].

Theorem 7. Let ¢ = 1. It holds that, for a > E ¢}, (n),
1 oy
— > = —
xlgl;o : log P(¢;,(n) = a) I(a),
and, similarly, for a < E@;} ),
1 Y
— < = —
)}Ln;o : log P(¢y, (1) < a) I(a),
with the rate function
1(2) = sup[zt — kg—1(mg,(Ly) (1) — 1)]
teR

for

~ 1 ¢
Py (Lo) = — D Ya(Lo)ry (0, &) A,
T k=1

where Ly ~ Q is a typical line and

- j

t
m%(Lo)(t) = Z Z eXp{ Z Wy(n, Eik)Aik} P(YlT """ ij (LO) — 1) (12)
=1 1<ij<—<ij<n Kd-1 17— _
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Here mx (t) = Ee'X denotes the moment generating function of a random variable X and
vi o= T] we [ a-ne
kE{i],.‘.,ij} kE{i],.‘.,ij}C

is defined such that Ylf’l‘ i (I) = lifand only if I € Ag hits the test hyperplanes &;,, ..., &,

,,,,,

(and no others) within W.

Proof. We use the idea with the compound Poisson distribution from Section 3 and addition-
ally note that, for an integer A and i.i.d. random variables Ny, ..., N, with N ~ Poi(kg_1),
we have Z?:l N; 2 N, as N ~ Poi(kz—1A). Assuming that Ny, ..., N, are independent of
the i.i.d. random lines L;; ~ Q fori, j > 1, we obtain

() = ZZ%(L,,,m ZZ ZYk(LUwy(n &) A

i=1 j=1 ll]l kl

Thus, (;3;; () can be written as the average of A i.i.d. random variables.

To apply Cramér’s theorem, it remains to calculate the moment generating function of
Z | Xj, where

1 n
Xj=— > Y (Lij)¥y (0. &) A = Gy (L1 ).
T k=1

which can be done with [11, Lemma 3.1]:
mz;v:ll X; () = my,[logmx, (1)]
= exp{kq—1(exp{logmyx, (1)} — 1)}
= exp{kg—1(mx, (1) — D}
Thus, we arrive at (12) by calculating

my, (t) = Ee'X!

= Eexp{Kdt—l > Yi(Lo)y (. é,-)Af}
=1

= EZ Z exp{ Zwy(n Szk)Azk} ry ij(LO) =1}

j=11<ij<-<ij<n
n ¢ J
=y > exp{K— > vy (. s,»km,-k} P(Y; ;i (Lo)=1).
j=11<iy<<ij<n =137
Note that some summands in (12) are O because it is not possible that one line hits an
arbitrary set of test hyperplanes within the observation window, only sequences of neighboring
hyperplanes can be intersected.

5. Numerical simulation results

For applications, it is important to know how good the normal approximation of the test
statistics in Section 3.3 is at a certain radius and intensity. Here, we analyze simulation data
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TaBLE 1: Rejection rates for level 0.05 Kolmogorov—Smirnoff (KS) and Shapiro-Wilk (SK) tests at
different radii and measurement point sets. The hypothesis of isotropy is being tested for an isotropic
sample. For all reconstructions, y = 0.2.

49 points 100 points 225 points
Radius
KStest SWtest KStest SWtest KStest SW test
5 0.19 0.05 0.46 0.15 0.28 0.02
10 0.13 0.1 0.13 0.07 0.11 0.08
15 0.08 0.07 0.09 0.04 0.08 0.05
20 0.07 0.07 0.06 0.08 0.08 0.06

with different observation window radii for the most important case, the uniform distribution
(i.e. isotropy). For this, we have simulated 100 000 independent copies of a stationary isotropic
Poisson line process with intensity 1. For different observation window radii, we have analyzed
the deviation of the distribution of the X; as defined in (11) from the standard Gaussian
distribution, where the expectation values in the definition have been computed numerically
using Theorem 6 and the results from Section 3.2. To evaluate the results, we have split our
simulation data into 100 groups of size 1000. For each group, we have conducted a level
0.05 Kolmogorov—Smirnoff and Shapiro—Wilk test. In Table 1, the rejection rates are listed
for different radii at the exemplary point (—0.403 82, —0.23972, 0.88287) ", which we have
selected from 20 random points because the values seem representative. We consider three of
the point sets in [16] as measurement points. At a radius between 15 and 20, the approximation
seems to be reasonably good with y = 0.2. For differing values of y, the convergence gets
slower.

Appendix A. Intersection area of two ellipses

Here we calculate the area of the intersection of two ellipses within the unit disk in R needed
in Sections 3.2 and 3.3. Our results allow the numerical calculation of Q(H; ). It suffices
to consider centered ellipses with length 1 and arbitrary widths not exceeding 1. We denote
the angle between their major axes by 8. For the first ellipse E1, we assume without loss of
generality that its major axis is the first coordinate axis and it has a width a; with0 < a; < 1,
ie.

y2
E = {(x,y)T: 4 < 1}.
aj

The other ellipse E» also has length 1 and the width is denoted by a,, assuming again that
0 < ap < 1. Its major axis has an angle 6 with respect to the first coordinate axis. Formally,

I 2
(xsinf — ycosf) 51};

; (13)

E, = {(X,y)T: (xcos® + ysind)? +
)

see also Figure 4 .

For the calculation of |E1 N E3|2, we consider the ellipses stretched by the factor 1/a; in
the y-direction. We denote this linear map by Y 4,. This operation depicts E onto the unit
circle, and E; onto the ellipse E> = Y14, En. ~Our calculation consists of two parts, namely
the determination of the lengths of the axes of £ (Lemma 7 below), and the calculation of the
intersection area of a centered ellipse and the unit disk (Lemma 8 below).
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FIGURE 4: Draft of the two ellipses under consideration, £ (dotted ellipse) and E> (dashed ellipse).

Lemma 7. The square lengths of the axes of the ellipse E» = Y1/a, E2, where E; is defined in

(13), are
1 2 1
Ao = —[(1 + a—§> cos? 6 + <—2 +a§) sinze]
2 aj aj

1 a? 1 2 42
i\/—[<1+—§>cos29+<—2 +a%)sin20:| -2
4 4 4 a4

Proof. The ellipse E, can be written as the result of a linear map applied to the unit disk:

E> = Y1/a, RoYa,b1(0)

(1 0 cos@ —sin@) (1 O b (0)

~\0 1/a;) \sin6 cos6 J\O ay)"!
cosf —ap sin @

bi(0),

1 . ap
—sinf —=cos6
aj ai

where Ry denotes the rotation about the angle 8. With a singular value decomposition of the
latter matrix we can find the desired lengths of the axes.

A few remarks are in order.
e It can be shown that the constants A and A in Lemma 7 are always positive.

e A1 = A7 holds if and only if aj = ap = 1 or we have 6 = 0 and a; = a,. In both cases,
the ellipse E3 is a circle of radius 1, which leads to A1 = Ay = 1.

For the main result of this section, we need one more lemma.

Lemma 8. For a centered ellipse E with axis lengths a and b, where 1 <aand(0 < b <1, it

holds that
a2(1 - b2) [ 1=b?
|E N bj(0)|2 = 2arccos o + 2ab arcsin PR

Proof. The claim follows by calculating the intersection points of the boundary of E and
the unit sphere and respective areas.
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Combining these two lemmas leads to the main result of this section.

Proposition 1. Ler E| and E; be two centered ellipses with major axis lengths 1 and minor
axis lengths ay and ay, respectively (0 < ay, ay < 1), where the angle between the two major
axes is denoted by 0 (see Figure 4).

Then, for a; = ap = 1 and for ay = a» and 6 = 0, we have |E1 N E3|2 = aym. Otherwise,

A1l —22) . 1—2
|E1 N Es|» = 2aq| arccos .| ————— + /A1 Ap arcsin ,
Al — X2 Al — A2

1 a% 2 1 2\ .2
Ao = —|:<1 + —2) cos“ 0 + (—2 +a2> sin 9:|
2 aj aj
:I:\/—[(l + a—%) cos2 0 + (—2 —i—a%) sin29:| - a—%.
4 a; a; a;

Appendix B. Reconstruction kernels for the cosine (and spherical Radon) transform in
arbitrary dimensions

where

In this section we derive reconstruction kernels for the cosine transform in arbitrary dimen-
sions d > 3. For d = 2, 3, closed expressions can be found in [10]. At first, we construct a
reconstruction kernel for the so-called spherical Radon transform, which is defined for even
functions f as

_ 1 d—1
Rf(n) = — f(&)dé, nes,

Wqg-2 Jsd-1nyt

and use its relatedness to the cosine transform to arrive at the desired reconstruction kernel.
Basically, we generalize the procedure from [10] to arbitrary dimensions d > 3, concentrating
on the Gaussian mollifier.

We begin with some facts about the spherical Radon transform. It commutes with rotations
(see [3, Lemma C.2.7)), i.e.

R(Taf(m) =TaRf(), A € 80y,

with T4 f (&) := f(A™'€). Therefore, it is sufficient to construct a kernel for only one fixed
point & € S?~!. We demand that the mollifier depends only on the geodesic distance d (&, )
between &, 7 € S9!, and not on & and 7 themselves. Thus, the choice of &j to be ey, the dth
vector of the standard basis of R¢, has the result that ey (60, n) depends only on the polar angle
of n, denoted by 6. For this, we will use the notation e, (6) := e, (5o, n).

For the construction of the reconstruction kernel, we will use the following result.

Theorem 8. (Cf. [3, pp. 432-434].) Let f, g € C'(S97") be rotationally symmetric functions
with Rf = g. Then

1 1d\92 t
fGarecos ) = - 3),r<;5) / glarcsinx)xd2(12 — x) @24y (14)
— 31 A
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To calculate the normalizing constant, we recall that we require | ga—1 €y (§) d&§ =1 for all
y > 0, which can be rewritten for rotationally symmetric mollifiers e, (0) as

/2
de_l/ e, (0)(sinf)?"2do = 1. (15)
0
To calculate the reconstruction kernel for the Gaussian mollifier

©) = ——- { ““29} 0 € [0.7/2]
e = X - ) s T )
rE o P2

we need the following lemma, which is proved by a straightforward calculation

Lemma 9. For integer k, nonnegative integer n, and t > 0, it holds that
1d\"
e
¢t dt

Theorem 9. For the Gaussian mollifier in dimensions d > 3, the reconstruction kernel for the
spherical Radon transform is given by

where ci p, = ]_[;f;(l)(k —2j).

d—1/2+7\ (=Dreraion—s.a—2 2%
y Z l_[ % (cos )™,
2d-leyy  =\a3ny Ky

where the ci , are as in Lemma 9 and B(-, ) denotes the beta function. The normalizing
constant c(y) can be calculated using (15).

Proof. According to (14) we have

1 1d\2 0 o
vRarccost) = —— [ —— / e VY X212 — x2)d=D/2 gy
14 (d—3)c(y) \tdt 0
We begin with

1
/ e—xz/)ﬂxd—z(tz . x2)(d—4)/2 dx = t/ e—(st)z/yz(st)d—2(t2 . (St)z)(d—4)/2 ds
0 0

u=s? 1 24_5

1
= o /e_”tz/yzu(d_3)/2(l—u)(d_4)/2du,
0

where the integral is B((d — 1)/2, (d — 2)/2) times the moment generating function of a

Beta((d — 1)/2, (d — 2)/2)-distributed random variable evaluated at —*>/2y2. Thus, we
obtain (see [6, p. 218]), for X ~ Beta((d — 1)/2, (d — 2)/2),

1 d—1 d-2 —2
_pd-sp( i ) (2L
2 2 2 2

o k-1 k,2d+2k—5
1 (d—1 d-2 d—1/24r\ (=Dt
‘§B< > 2 )%(H ) |

_ 2k
A d=3/2+r Ky
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With Lemma 9, this leads to

oo L k—1
® _ B((d—1)/2,(d —2)/2) d—1/2+r
Yy (areeost) = = 0 3)e) ’];(11 d—3/2+r )
(—l)k((l/l) d/dt)d_2l2d+2k_5
X

k! y2k
_ B(d—1)/2,(d —2)/2) i (’ﬁ (d—1)/2+ r) (—D¥eagions.a—2t*
N 2(d —3)!c(y) A\ d=3/2+r k! y2k ’

Corollary 3. For the Gaussian mollifier, the reconstruction kernel for the cosine transform is

given by
vk
Yy 0) = — ( Lo (sin“eM> - 1>w5(9>),

2041 \sin?~26 36 00

where w}f (0) is the reconstruction kernel for the Radon transform from Theorem 9.

Proof. For the block operator, defined by

_Agop+d—1
B 2w4 -1

O

where A,_1 is the Beltrami—Laplace operator on $9-1 it holds that C~! = OR~! (see [18)).
Since the Beltrami—Laplace operator on the sphere can be written using spherical coordinates,

i.e. : 5 ]
Aj 1 =—— ind—2 0 —
1T Gnd 26 90 (Sm ae)

for rotationally symmetric functions, this yields the result.
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