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ON AN INTEGRAL OF LOMMEL AND BESSEL FUNCTIONS
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Abstract

In this paper we have evaluated an infinite integral of product of the Lommel and
Bessel functions and powers. Some special cases of the result are discussed.

1. Introduction

The Struve functions and Neumann and Schlafli polynomials are special cases
of the Lommel functions s^ [10, pages 228-351]. The Lommel functions are
particular integrals of the inhomogeneous Bessel differential equation

2 d2w dw 2 2 ,
z - T T + Z ~ ] ~ + ( Z -V)VJ = Z* , (1)

dz2 dz
where \i and v are constants. These functions are encountered in the analytic
theory of light [9, pages 392-395], the theory of diffraction [10, page 337],
acoustical problems associated with determination of fluid pressure on a vibrat-
ing disk and, in the theory of loud speaker diaphragms [7, page 76], [6]. It
should be noted that few results of integrals involving products of Bessel and
Struve functions exist in the literature (see [4, 8, 10]). These integrals arise in
the solutions to dual integral equations in which the kernel is the Bessel function.
See [5, pages 201-204] and [1, pages 404-406]. For example, it can be seen
that [5, page 203] g(y) = ( - i )»^Ig±j ly - i f / ( J I + i ) (y ) , „ > 0, solves the dual

1 Dept of Math. Sciences, King Fahd Univ. of Petroleum and Minerals, Dhahran, Saudi Arabia.
© Australian Mathematical Society, 1994, Serial-fee code 0334-2700/94

439

https://doi.org/10.1017/S033427000000953X Published online by Cambridge University Press

https://doi.org/10.1017/S033427000000953X


440 M. Aslam Chaudhry [2]

integral equations
poo

g(y)Jn(xy)dy = x " , 0<x<\f
Jo
(•OO
r
/ yg(y)Jn(xy)dy = 0, l < x < oo.

The integral equations arise in the problems of finding the potential field in
different types of practical problems. See [ 1, page 404] and [5, page 203]. In this
paper we have solved an infinite integral of product of the Lommel and Bessel
functions and powers. Some special cases of the result involving products of
Bessel and Struve functions are discussed.

THEOREM 1.
/•OO

/ tv Jv+k(2pt)S2k,2n(2at)dt
Jo

x2 F, (^ + v + \, ii - k + i; v - k + 1; P ~
a J

(Re(k±fx) > -\, Re(v + k) > - 1 , Re(v ± fi) > -\, Rep > 0) . (2)

PROOF. Let us define

fit) = tk exp (^j WKll ( y ) , arg(a) < n, (3)

where Wkifl is the Whittaker function. Then, according to [3, page 217(21)]

Fix) = L{fit)-x) = 2'-2*a5x-*-b2*,2/x(2V^)

(Reik ±ix) > -\, Reip) > 0) . (4)

Replacing t by 1/r in (3) and then multiplying both sides by tv+k~\ we get

tv+k~xfi\/t) = tv+l exp ( | A Wk^iat). (5)

Using the result [3, page 216(16)], we have

L{e+k-xfil/t); p) =
-k )p

V + {, n-k + \; v — Jfc

(Re(y ± ti) >-\, Rep>0). (6)
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However, according to [3, page 132(25)]

; P) = p-(v+k)n rx^k)'1F{x)Jv+k{2yfpH)dx
Jo

k)>-l). (7)

Equating (6) and (7) we get

f
Jo

2T{V -k

x2 F, (fi + v + I, n - k + i; v - * + 1;, n k + - J
A*) > - 5 , Re(v + k) > - 1 , i?e(v±At) > -\, Re p > 0) . (8)

Substituting the value of F{x) in (8) we get

i, /x-k + {; v-k+l; BJZl\ (9)

Replacing a by a2 and /? by p2 in (9) we get

dx

x 2 F, LL + V + 1, (i-k + b v-k + l; P ~ a V (10)

The transformation r = *2 in (10) yields the proof of the theorem.

COROLLARY 1.
poo

± At) > - 5 , /?«(v ± A*) > - 5 , Re(v + k) > - 1 , Rep>0) (11)
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PROOF. This follows from the theorem when we take p = a. In particular when
k = \i in (11) we get

Jo
(Reix > -1/4, Re(v±/x) > - 1 , Rep > 0). (12)

COROLLARY 2.

f°° 1
/ Jv(bt)Hv(bt)dt = — (Rev > - 1 , Reb > 0). (13)

Jo 2b
PROOF. This follows from (12) when we take /x = v and put 2p = b.

REMARK 1. It should be noted that (13) is an interesting identity because we
also have [4, page 665(6.511)(1)]

f
/

Jo

°° 1
Jv(bt)dt = - (Reb>0, Rev>-\).

b

REMARK 2. It is interesting to see that (13) can be proved directly for v = 0 as
follows. According to [7, page 207],

£ ££> (14)
Multiplying both sides of (14) by Jo(z) and integrating from 0 to oo, we get

/

OO A OO /»OO -I /»0O

J0(z)H0(z)dz = - Y ;TTT / Mz)J2n+i(z)dz. (15)
n ;ro Jn=o ^ + l / o

However, according to [4, page 666(6.512)(2)],

[ J0(z)J2n+l(z)dz=<^-, (16)
Jo *

and substitution of x = n/2 in the Fourier sine series

sin* sin 2* sin3;c sin4x

yields

x = 2[— : 1 : 1 I, -7t<x<n

n=0 '

From (15) - (17) we get the proof of (13) for v = 0.
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f
Jo

= n- (Rea>0). (18)

PROOF. Substituting v = — \ in (13) and using the relation H_i(z) = J^(z) we
get

J-Ubt)Mbt)dt =—.
2 2 Zb

(19)

The substitution of the values of /_• (bt) and /• (bt) from [4, page 966(8.464)]
into (19) yields the proof of (18).

COROLLARY 4.

f
Jo

31 I .,2,2Jv+k(2pt)G\\ p2t
2 ^ 2 ^ 2

dt

pF(v-k+l) J[ J
(Re(k±fx) > -{, Re(v±fj,) > -5 , Re(v+k) > - 1 , Rep > 0).

(20)

PROOF. This follows from (11) when we use the facts [2, page 209(8)] and [3,
page 220(55)].

COROLLARY 5.

poopo

i
= 4" ' *

2 2

> - j , > - 1 , Rep > 0, arga < 7r). (21)

PROOF. This follows from the theorem when we taken k = /x and use the fact
[4, page 986(8.573X5)].
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