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1. Introduction. In a recent paper (1) the fifty-eight metabelian groups 
of order p11 that are generated by five elements and have all their elements of 
order p were determined and characterized in terms independent of any 
particular selection of the generating elements. In dealing with fifty-seven of 
these groups there was no occasion to distinguish between one odd prime and 
another, except that in exhibiting canonical forms it was necessary to select 
irreducible polynomials and these, of course, depended on p. The fifty-eighth 
group was described in two ways in terms that were independent of p, but the 
proof of uniqueness could not be made without taking into account properties 
of p. These properties distribute the primes into classes, and the properties 
are reflected in the groups of order pu in characteristic subgroups some of 
which exist for one prime and not for another. It may be that examination of 
the groups of isomorphisms of some of the fifty-seven groups would produce 
characteristic subgroups for one p that would not exist for another, but the 
writer considers it doubtful. The doubt is made plausible by the fact that 
examination of some of the likeliest groups yielded no such subgroups, and by 
the belief that if a group is described and a canonical form obtained without 
making use of any special property of the prime then anything that is true for 
a group with one p will have an analogue for one with another. The fifty-
eighth group has some characteristic subgroups pointed to by geometric 
differences appearing with different types of primes. It is believed this pheno­
menon of prime-power groups has not been brought to light before. 

2. The groups. The following properties determine a group G of order 
plb for every value of p: 

1. Elements are all, except identity, of order p\ 
2. The group is metabelian; 
3. Central and commutator subgroup coincide;1 

4. The group has five generators. 
The groups of order p11 are obtained by adding four conditions on commutators 
of this group, on commutators only because a condition that contained one 
of the generators explicitly would give a group that would not satisfy 3. Any 
four independent conditions on commutators will give a group of order pn, in 
certain well-defined cases again violating 3. 
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T o get the g roup we are seeking we require the four conditions to be such 
t h a t G of order pn satisfy: 

5. G contains no abelian subgroup of order ps; 

6. G contains no subgroup of order p10 whose commuta to r subgroup is of 
order p4. 

G satisfying these conditions exists for every p and it is unique. In establishing 

the uniqueness it is necessary to make use of different a rguments for different 

p's and this points to different characterist ic subgroups of G. 

Groups of order pn satisfying 1, . . . , 5 also satisfy 6 or 

6'. G contains one subgroup of order p10 whose commuta to r subgroup is of 

order p4. 

For purposes of comparison we shall consider this group too. Looked a t geo­

metrically the si tuat ion is not so mysterious. 

Let £/i, U2, c73, Ui, L\ be generators of the group G of order plb; let ctj be 

the commuta to r of Ui and Uj; and let C be the group generated by the ci}. 

Every element of G is 

c UÏ1 U? UT UV Ul\ 

where c is in C and xt is an element in GF(p). T h e set (xi, #2, #3, #4, x5) may 
be taken to be a point in a projective four-space X over GF(p). Then every 
element of G not in C determines a point in X; every point in X represents a 
cyclic subgroup of G/C and also an abelian subgroup of order p11 of G. T h e 
commuta to r of two elements 

c UV . . . UÏ5 and c'UV . . . W 

does not depend on c or c' \ it is a product of the c*/s; it can be represented by 
a point in a projective nine-space 5 , over G F ( ^ ) , which has for co-ordinates 
the Plucker line-co-ordinates of the line on the two points x and y in X. T h e 
points of S which represent commuta to r s belong to V, which is a F6

5 corres­
ponding to the grassmannian of lines in X. Every point P of 5 not on V 
determines a three-space R in X, and the lines of R determine a five-space 2 
in S, a S intersects F in a F42; there is only one S in S, determined by an R 
in X, which contains P. A line in S which lies in a 2 is called a 2-line; its 
points not on V all determine the same R in X. A line in 5 not a 2-line and 
not intersecting V determines a unique point M on F such t h a t the plane on M 
and the line is t angen t to F a t M. T h e space t angen t to F a t M, t h a t is, the 
space consisting of all points P in S such t h a t PM is a ruling of F or such t h a t 
the five-space 2 which contains P contains M and PM meets F only a t M, 
is six-dimensional; any plane in such a t angen t space is called a r-plane. 

T h e four conditions on commuta to r s which reduces G of order plb to G of 
order p11 set four independent elements of C equal to identi ty, and hence set 
equal to ident i ty all the elements in the group generated by the four. These 
four elements of C are represented by four independent points of 5 , and the 
points determine a three-space 5 3 in 5 . T h e group G is determined by the 
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relation of S 3 to V. When 5 is satisfied, 5 3 has no point on V; when 5 and 6 
are satisfied, 5 3 contains no 2-line; when 5 and 6' are satisfied, 5*3 contains one 
2-line. These groups exist, and they are the only ones when 5 is satisfied. 

T h e condition t h a t S 3 intersect F leads to a fifth-degree congruence, / (x) = 0, 
mod. p. lif(x) has no linear factor in GF(p), condition 5 is satisfied; conditions 
6 and 6' correspond respectively t o / ( x ) irreducible a n d / ( x ) the product of an 
irreducible quadrat ic and an irreducible cubic. In the lat ter case the quadra t ic 
is connected with the 2-line and the cubic with a r-plane, both unique. 

3. T h e character i s t i c s u b g r o u p s . A point P in S not on V determines 
a three-space R in X, and R determines in G a subgroup H of index p. This 
subgroup is the direct product of a metabelian group of order p10 generated 
by four elements and an abelian group of order p4. When G is reduced to G 
by setting equal to identi ty the elements of C which correspond to points of 
5 3 H becomes a group H of order p10 and its commuta to r subgroup remains 
of order p6 if P is not in the five-space 2 determined by a point of 5 3 ; the 
commuta to r subgroup of H will be of order pb if P is in the 2 determined by 
a point of 5 3 not on a 2-line of 5 3 ; this commuta to r subgroup will be of order 
p 4 if P is in the 2 determined by a point of the 2-line in 5 3 . 

When 6' is satisfied, the unique 2-line in 5 3 means t ha t there is one and only 
one three-space R in X whose 2 in S intersects 5 3 in a line. Hence G contains 
one subgroup only of order p10 with commuta tor subgroup of order p4\ the 
subgroup is therefore characteristic. 

T h e r-plane TT, which is in S3 when 6' is satisfied, contains no 2-line. Hence 
every point of ir determines a subgroup of order p10 in G, whose commuta to r 
subgroup has order pb, except for the point where w intersects the 2-line. 
T h e r-plane is in the space tangent to F a t a point M, and from this follows 
t h a t M is in the five-space 2 determined by each point of TT. M is the image 
on F of a line m in X, and m lies in every R determined by a point of TT. m deter­
mines in G a subgroup Hm of order p8 which is non-abelian since M is not in 
S3 . T h e group Hm is characterized by the fact t h a t it is the only group of order 
ps t h a t is contained in every one of the 1 + p + p2 subgroups of order p10 

determined by the points of w. Hm is therefore characteristic in G ; it is in the 
characterist ic subgroup of order p10 determined by the 2-line. 

These characteristic subgroups of orders ps and p10 together with conditions 
1, . . . , 5 are enough to determine G, and they exist for every odd p. T h e 
subgroups are seen to be characteristic because they are uniquely defined. 
G has other characteristic subgroups which in number depend on p, bu t only 
on the size of p. The points of the r-plane determine subgroups of order p10 

of G. T h e vertices of the frame of reference in 5 3 are completely determined 
if 5 3 is in canonical form. (1 , p. 699). The group of isomorphisms of G deter­
mines a group of collineations of X and this group leaves invariant every point 
of the r-plane and it leaves invariant two points of the 2-line, viz., its inter­
section with 7T and the conjugate of t h a t point with respect to the quadra t ic 
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intersection of V and the five-space 2 which contains the 2-line. T h u s every 
subgroup of order p10 determined by the points of -K is characterist ic. 

I t may be verified readily t h a t the group of collineations of X induced by 
the group of isomorphisms of G is of order 2, and t h a t the isomorphisms of G 
which induce the ident i ty collineation const i tute a group of order (p — l)/>30, 
the p — 1 coming from replacing each Ut by its &th power, k = 1, 2, . . . , p —I 
and the p^° from replacing Ui by CiU t where the c / s are arb i t rary , independent 
elements of C. T h e order of the group of isomorphisms is therefore 2 {p — 1) p'so. 

When 6 is satisfied .S3 contains no special line and no special plane. T h e rela­
tion of S 3 to V determines in S3 p2 + 1 ' ' r a t iona l" cubic curves, one and only 
one through each point (1 , pp. 704, 715-716). T h e group of collineations of X 
which transforms 5*3 into itself is induced by the Galois group T of GF(pb) 
relative to GF(p) and hence is of order 5. F transforms the cubics in sets of 
five and hence will leave invar iant a number congruent to p2 + 1, mod 5; 
and if a cubic is invar iant it will contain p + 1, mod 5, invar iant points. 

T h e relation of S3 to V, by which a point P determines a three-space R in X, 
serves to determine for any point A in R a quadric surface in S 3 which passes 
through P; by the same relation a point A in X bu t not in R determines a 
quadric in S 3 which does not pass through P. T h u s the points of X determine 
in S3 a four-parameter set W of quadrics. In X there is a locus / , of dimension 
three and order four, whose points determine in S3 cones with one ver tex; 
every point of S 3 is the vertex of one and only one such cone of the set W. 
T h u s each point of S 3 determines a point in X, as well as the three-space R. 
Each point of / , in X, determines a plane a in X which is the double t angen t 
plane of J a t the point, and intersects / in a conic C whose points determine the 
cones with vertices on one of the p2 + 1 cubics; each of these p + 1 cones 
contains the cubic curve. Two of the planes a intersect in a point which is 
not on / , and this point determines a non-degenerate ruled quadric which 
bears the two cubics corresponding to the two planes. Moreover, every point 
of a plane a not on C is on another a. 

When p = 5t + 1, then both p2 + 1 and p + 1 are congruent to 2, nod 5, 
and hence S 3 contains four points fixed under T. These four points determine 
four fixed points on / , the points which determine cones with vertices a t the 
fixed points of S3. Moreover, X contains a fifth fixed point, the point not on J 
which determines the non-degenerate ruled quadric containing the two fixed 
cubics. These five fixed points in X de termine five abelian subgroups of order 
p7 in G, and these subgroups are characterist ic. They are contained in sets of 
two, three, four in subgroups of order p8, p9, and p10, respectively, necessarily 
characterist ic also. 

This use of the five fixed points indiscriminately does not make full use of 
the geometry. Four of the fixed points in X are on J and one is not. Let the 
fixed point not on J be A2. A2 is on en and a2, the double t angent planes of / 
determined by the fixed cubics Ki and K2 in S3. In a\ and <J2 are conies C\ and 
C2, intersections of the planes with / . C\ and C2 are fixed under T and so are 
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the polars h and /2 of A 2 with respect to C\ and C2. T h e other four fixed points, 
necessarily on / , are A?, and A5 on /x and Ci, and Ai and ^44 on l2 and C2. 

Distinctions can be made among the ten characteristic subgroups of order 
p* of G. We recall t h a t each of the 1 + p + p2 + pz points of S 3 determines a 
unique three-space R of X and a subgroup of order p10 of G whose commuta to r 
subgroup has order ph. A line in S 3 determines a line in X and also a set of 
p + 1 three-spaces in X, and a set of p + 1 subgroups of order p10 in G. Of 
the ten lines in X on pairs of the five points fixed under T, six are imaged on 
points of V a t which the spaces tangent to V cut 5 3 in lines; the remaining 
four do not have this property. Thus each of six of the characteristic sub­
groups of order ps is in p + 1 subgroups of order p10 whose commuta to r 
subgroups are of order pb; each of the other four characteristic subgroups of 
order ps is in only one such group of order p10. 

Similar distinctions can be made among characteristic subgroups of orders 
p9 and p10; we will let one further example suffice. Every one of the character­
istic subgroups of order p10 contains six of the characteristic subgroups of 
order ps. The one given by A1 Az A4 A$ contains the four subgroups of order 
ps described a t the end of the last paragraph ; each of the other four character­
istic subgroups of order p10 contains only two of these. 

When p = 5t — 1, 5 3 contains two cubics fixed under T, bu t contains no 
fixed points. T h e cubics determine the planes G\ and #2 in X, and the inter­
section of <T\ and cr2 is a fixed point A2. A 2 determines a characteristic subgroup 
of order p7 which is abelian and the only characteristic subgroup of its order. 
(7i and c2 contain conies C\ and C2, on / , and the polars /1 and /2 of A2 with 
respect to them, h and /2 determine characteristic subgroups of order ps of 
G. A 2 with /1 and /2 separately determines characteristic subgroups of order 
p9, and /1 and h determine a characteristic subgroup of order p10. 

When p = 5/ ± 2, 5 3 contains no fixed cubic and no fixed point. However, 
1 + p + p2 + pz + p4 = 1, mod 5, and hence X contains one fixed point and 
one fixed three-space. Thus G contains ,one characteristic subgroup of each 
of orders p7 and p10; G contains no characteristic subgroup of order ps or p9. 

Thus a group of order p11 satisfying 1, . . . , 6 has characteristic subgroups 
in numbers and orders as follows: 

p7 p* p9 p10 

p = 3t + 1 5 10 10 5 
p = 5/ - 1 1 2 2 1 
p = 5/ ± 2 1 0 0 1 

4. C o n c l u d i n g r e m a r k s . The s tudy of finite groups conformai with the 
abelian groups of orders pn and type 1, 1, . . . , 1 immediately singles out the 
prime 2, since no such non-abelian group exists for p = 2. T h e maximum value 
of the class of a group whose elements are all of order p depends on the size 
of p, and so differentiates among primes; when the groups are restricted to be 
metabelian, t ha t is, of class 2, this last distinction is lost. When the metabelian 
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groups are ordered according to the number of generators, there is no occasion 
to distinguish one odd prime from another until this group of order pu is 
reached. Because of a duality in the geometry, the determination in the paper 
cited of all the groups of order pa, a > 11, brings with it a determination of 
all of those for a < 9. There remain to be examined the groups of order p10. 
It is certain that many of the groups of order p10 will require different treatment 
for different primes. 
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