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ON THE HOPF FIBRATION S7 -> S4 OVER Z

TAKASHI ONO

§ 1. Statement of the result

Let K be the classical quaternion field over the field Q of rational

numbers with the quaternion units l,i9j, k, with relations i2 = f = — 1,

k = ij = — ji. For a quaternion xeK, we write its conjugate, trace

and norm by x, Tx and Nx, respectively. Put

A=KχK, B = QχK

and consider the map h: A -» B defined by

(1.1) h(z) = (Nx - Ny,2xy) , z = (x,y)eA.

The map h is the restriction on Q8 of the map Rs —> R5 which induces

the classical Hopf fibration S7->S4 where each fibre is S3.υ For a

natural number t, put

(1.2) SA(t) = {z = (x, y) e A, Nx + Ny = t} ,

(1.3) SB(t) = {w = (u, v) eB,u2 + Nv = t} .

Then, h induces a map

(1.4) ht:SA(t)-*SB(F).

Now, let o be the unique maximal order of K which contains the

standard order Z + Zi + Zj + Zk. As is well-known, o is given by

o = Zp + Zi + Zj + Zk , p = £(1 + i + / + k) .

The group ox of units of o is a finite group of order 24. The 24 units

are: ± 1 , ±i, ±j, ±k, i(±l±i±j±Jc). We know that the number of

quaternions in o with norm n is equal to 24so(̂ ) where so(n) denotes the

sum of odd divisors of n.

Received November 6, 1974.
1) H. Hopf, ϋber die Abbildungen von Spharen auf Spharen niedrigerer Dimen-

sion, Fund. Math. 25 (1935) 427-440.
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60 TAKASHIONO

Back to our geometrical situation, put

A z = o x o , JSZ = Z X o

and define SA(t)z,SB(t)z by taking z,w in (1.2), (1.3) from AZ9BZ, re-

spectively. Then, the map ht in (1.4) induces a map

(1.5) hty.SΛ(t)z->SB(F)z.

Because of the presence of 2 in (1.1), htiZ is actually a map SA(t)z

-^SB{t2)%, where we have put

(1.6) SB(t2)% = {w = (u, v) e SB(t% , v e 2o} .

To each w e SB(t2)%, we shall associate two numbers as follows. First,

we denote by aw the number of z e SA(t)z such that httZ(z) = w. Next,

we denote by nw the greatest common divisor of the following six

integers:

(1.7) # t + u)9 at - u), iT(μΌ), %T(iv), lT(jv), l>T(kv) .

The purpose of the present paper is to prove the relation:

(1.8) aw = 24*0(nw) , w e SB(t2)% .

This is a type of formula which the author has in mind for the alge-

braic fibration over Z and has proved for Hopf fibrations of type S3 —> S2.2)

For proofs of facts concerning the arithmetic of quaternions the

reader is referred to the report by Linnik.3)

§ 2. Change of the fibration.

Our problem is to determine the fibre of the map ht)Z in (1.5). To

do this, it is convenient to replace the map h by a map / in the follow-

ing way. Namely, put

Σ = {σ = (α, β, c) e Q x K x β, Nβ = ac} ,

f(z) = (Nx,xy,Ny) , % = (x,y)eA = K x K ,

g(σ) = (α - c,2β) , σ = (α,β,c)eΣ ,

τ(σ) = (a,T(pβ)9T(iβ),T(}β),T(kβ),c) and 0 = r / .

2) T. Ono, On the Hopf fibration over Z, Nagoya Math. J. Vol. 56 (1975), 201-
207, T. Ono. Quadratic fields and Hopf fibrations (to appear).

3) Yu V. Linnik, Quaternions and Cayley numbers. Some applications of quater-
nion arithmetic. (Russian), Uspehi Mat. Nauk, IV, 5(33), (1949) 49-98.
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/z Zβ
/ί,Z

κy

(2.3)

Clearly, the diagram (2.1) is well-defined and commutative. If we re-

strict everything on the integral part, we obtain naturally the com-

mutative diagram (2.2), where

Σz = Σ Π (Z X o X Z) .

Next, consider the portion of (2.2) corresponding to a natural number

t as follows. Put

Σ(t)z = {σ = (α, β,c)eΣz, a + c = t} ,

£(£)z = {s = (α, b19 b2, b3, b4, c) e Z6, α + c = t) .

Then, / z , φz induce the maps / ί j Z , 0 ί fZ, respectively. It is almost trivial

to check that the diagram (2.3) is well-defined and commutative. The

only non-trivial map is gtiZ and it is in fact a bisection: First of all,

9t,z is well-defined, because we have

g(σ) = (a- c, 2/3) and N(g(σ)) = (α - c)2 + 4Nj8 = (α + c)2 = t2

for σ = (α, j8, c) e Σ(t)z. Next, suppose that ^(σ) = gW) with σ = (a, β, c), σ7

= (α7, j87, cθ e I'ίQz Then we have β = /3' and α — c = α7 — c;, but, since

a + c = α7 + c ; = ί, we have o = σ7, i.e. gtyZ is injective. Finally, take

an element w — (u9v) eSB(t2)^9 where ueZ and ^e2o by (1.6). Put

a = J(t + w), j8 = Jv, c = J(t — w). Then j3eo. Substituting v = 2β in

the relation u2 + Nv = t2, we see that a,ceZ,a + c = t and Λ//3 = αc, i.e.

a = (a, β, c) e ^(ί)^. Furthermore, we have g(σ) = (a — c, 2/3) = (u, v) = ^ ,

which proves that # i > z is surjective. Hence, the study of the map httZ

is reduced to the study of the map / ί f Z . Now, we can make one more

reduction in view of the equality

ffMσ) = f Kσ), σeΣ(t)z,

which can be verified easily. Therefore, our problem is reduced to the

determination of the structure of the fibre

X(σ) = f^\o) for a = (α, j8, c) e Σz with α + c ^ 1 .
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§ 3. Number of solutions

We shall denote by Iκ the set of all non-zero fractional right ideals
of K with respect to the maximal order o and by /£ the subset of Iκ

consisting of right ideals in o. For an w-tuple (alf , an) Φ (0, , 0),
ateK, we denote by id^ (a19 ---jOO the right ideal in Iκ generated by
fti, •••,&„• As is well-known, every right ideal α in Iκ is principal:
α = ao, aeKx. Hence, we may define the norm of α by Na = Na.

LEMMA (3.1) The following diagram is commutative:

Az - {0} - ^ li

Here, the map idQ is to take the greatest common divisor of six integers
and φz(z) = τzfz(z) = (Nx, T(Pxy), T(ίxy), T(jxy), T(kxy),Ny).

Proof. Take an element z = (x, y)eAz — {0}. There is an a e o such
that iάκ (z) = xo + yo = αo. We must prove that

(3 2) ( A Γ * ) Z ( i V ί r ) z + τ(pτy)z

+ T(jxy)Z + T(kxy)Z + (Ny)Z .

Now, since xo + yo = αo, we can write x = aλ, y — aμ with λ,μeo.
Then, Afa = (Na)(Nλ) e (Na)Z, Ny = (Na)(Nμ) e (Nά)Z. Let e be any one
of the four quaternions p,i,j,k. Then we have

T(εxy) = T(εfeαf/0 = (Na)T{εkμ) 6 (Λfo)Z .

From these, we see that the right hand side of (3.2) is contained in the
left hand side. To prove the other inclusion, write a = xξ + y-η with
ξfηeo. Then, we have

Na = (f X + ηVXxξ + yη)

= ξxxξ + ηyyη + ξxyη + yy%ξ
= (Nx)(Nξ) + (Ny)(Nv) + T(ξxyη) .

Here, obviously, (Nx)(Nξ) e (Nx)Z, (Ny)(Nη) e (Ny)Z. As for the term
T(ξxyή), we have, first of all, T(ξxyη) = T(ηξxy). Next, write ηξ as

ŷf = aφ + a2ί + a3j + ajc with av e Z, 1 <; y ^ 4 .

Then we have
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Tiηξxy) = ajipxy) + a2T(ίxy) + a3T(jxy) + a,T(kxy)

e T(Pxy)Z + T(ίxy)Z + T(jxy)Z + T(kxy)Z ,

which proves that the left hand side of (3.2) is contained in the right

hand side, q.e.d.

For a natural number n, put

This set is non-empty for any n (Lagrange) and contains so(n) elements.

Now, take an element σ = (α, β, c) e Σz with a + c *> 1 and take a

z = (aj,y) eX(σ) = fi\σ). Using the same aeo for z = (x,y) as in the

proof of (3.1), we have, by (3.1),

N(idκ («)) = Na = idQ (^«)) - idQ (τzfz(z)) = idQ (τz(σ)) .

Hence, if we put

nσ = iάQ (τz(σ)) = iάQ (α, Γ ( ^ ) , Γ(i/3), T(jβ), T(kβ), c) ,

we obtain a map

dσ: X(σ) -> 7ί(n#) defined by d,fe) = id,, («) .

Note that nσ = ^ w in (1.7) if w = ^«jZ(σ) for σeΣ(t)z.

LEMMA (3.3) The map dσ is surjective.

Proof. Take any \ eI£(nσ) and write j = ao, aeo. Since α + c >̂ 1,

either a Φ 0 or c =£ 0. Without loss of generality, we may assume that

α Φ 0. Take ωeo such that id# (α,/3) = αo + /3o = ωo. Then, we have

a — ωθ, β — ωψ with θ,ψeo. From (3.1), it follows that

Nω = N(idκ (α, jS)) = idQ (φz(a, β))

= a iάQ (α, Γ ^ ) , T(iβ), T(jβ), T(kβ), c) = anσ =

Hence we have a = ΛTXωcr1). Put 27 = ωa~\ x = η~ιa and y — η~ιβ. Since

we can also write x — aθ, y — aψ, we see that z = (x, y) e Az — {0}. We

claim that z is an element e X(σ) such that dσ(z) = \. In fact, firstly,

we have

f(z) = (Nx,xy,Ny) =

= (Nη)-ι(a\ aβ, Nβ) = {NηYιa{a9 β, c) = (α, β,c) =
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which shows that zeX(σ). Next, we have

dσ(z) = iάQ (x, y) = η~ιa$ + η~ιβθ = η~ιωθ = ao = j ,

which completes the proof of our assertion.

We shall now study the fibre d~\\) for a fixed j e Ii(nσ). Write

1 = ao as before, and put Γi = aoxa"x, this being a finite group of order

24 depending only on j and not on the choice of the generator a.

LEMMA (3.4) The group Γι acts on the fibre d~\\) simply and tran-

sitively by z = (x, y) •-> λz = (λx, λy), λ e Γ{.

Proof. We shall first check that the action is well-defined. This

follows from the relations f(λz) = (N(λx),xλλy,N(λy)) == Nλ(Nx,xy,Ny)

= /(«) = σ

and

dσ(λz) = ί̂co + Λi/o = ^dσ(^) = λj = λao = αeo = <xo = j ,

where ε e o x . Next, clearly, the isotropy group is trivial everywhere.

Finally, let z = (x,y)9z
/ = (x',y') be any two points of d; 1 ©. Assume,

for the moment, that both of x, y are Φθ. Then, from the relation

f(z) = (ΛΓa?, £y, Λ/̂ /) = /(«0 = (Nx'9 x'yf, Nyf), we can find λ, μ e K with

Nλ = ΛΓ̂  = 1 such that a/ = λx and 2/ = ^̂ /. Substituting these in the

relation x'y' = sey, we get λμ = 1 and hence λ — μ. In case where one

of a? or /̂, say 2/ = 0, then ?/' = 0 automatically, and we have xf = λx,

yf — λy, Nλ — 1, again. In any case, we claim that this λ belongs to

Γ{. In fact, the assumption dσ(z) = d£z*) = \ implies that j = ao = xo + yo

= x'o + y'o = λao and so λa = aε for some ε e 0. However, since Nλ = l9

we must have ε e o x . Thus, λ = aεa~ιeΓϊy q.e.d.

Combining (3.3) and (3.4), we obtain the following relation of car-

dinalities :

(3.5) Card (X(σ)) = Σ Card (Γ4) - 24 Card (/£0O) = 24so(w#) .
i

Our formula (1.8) is a translation of (3.5) through the bisection gt>z in

the diagram (2.3).

The Johns Hopkins University
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