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ASSESSING A LINEAR NANOSYSTEM’S
LIMITING RELIABILITY FROM
ITS COMPONENTS
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Abstract

Nanosystems are devices that are in the size range of a billionth of a meter (1 x 10~2) and
therefore are built necessarily from individual atoms. The one-dimensional nanosystems
or linear nanosystems cover all the nanosized systems which possess one dimension that
exceeds the other two dimensions, i.e. extension over one dimension is predominant over
the other two dimensions. Here only two of the dimensions have to be on the nanoscale
(Iess than 100 nanometers). In this paper we consider the structural relationship between
a linear nanosystem and its atoms acting as components of the nanosystem. Using such
information, we then assess the nanosystem’s limiting reliability which is, of course,
probabilistic in nature. We consider the linear nanosystem at a fixed moment of time,
say the present moment, and we assume that the present state of the linear nanosystem
depends only on the present states of its atoms.
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1. Introduction

Over the past several years, nanoscience and nanotechnology have become two of the most
important fields at the forefront of physics, chemistry, engineering, and biology. Nanoscience
is the study of the world on the nanometer scale, from approximately one nanometer to
several hundred nanometers. Nanoscience occurs at the intersection of traditional science and
engineering, quantum mechanics, and the most basic processes of life itself. Nanotechnology,
on the other hand, encompasses how we harness our knowledge of nanoscience to manipulate
atoms to fabricate nanodevices. Manufacturing, also referred to as ‘bottom-up nanostructure
preparation’, is based on building nanodevices by putting atoms together with chemical bonding
or through other means. Properties of manufactured nanosystems depend on how atoms
are rearranged, and their reliabilities will be limited by the strengths of the bonds holding
them together. We refer the reader to Drexler (1992), Ratner and Ratner (2003), Poole and
Owens (2003), Bahar et al. (2005), Bhushan (2007), Tabata and Tsuchiya (2008), and the
references therein for an introduction and advances in both fields.

In the fields of nanoscience and nanotechnology, much attention has been given to the dual
problem of designing nanosystems with novel physical properties and how such systems can be
fabricated. Receiving less attention has been the question of nanosystem reliability: how does
a nanosystem fail and how long does a nanosystem survive under typical operation conditions?
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Today, high reliability is necessary to guarantee the advancement and utilization of nanosystems
due to the fact that they account for a high proportion of costs of newly designed multiscale
systems.

Our goal in this paper is to develop general statistical methodologies for assessing the
reliability of linear nanosystems. Our analysis uses a probability modeling formulation that
exploits the internal structure of a linear nanosystem. Specifically, we consider a linear
nanosystem consisting of N atoms A = {1, 2, ..., N} acting as components of the system.
Usually, for a linear nanosystem, N is very large (N — o0). The formation of a linear
nanosystem essentially involves putting its atoms where they should be. The system can fail
because its atoms rearrange. To indicate the state of each atom i, the binary indicator variable
X; is defined by

X; = 1 ?f atomz. %s dlSpléCCd, )
0 if atom i is not displaced,
fori = 1,..., N. Usually, displacement occurs owing to one atom being either attracted or
repelled by another atom. It should be emphasized that, for a linear nanosystem, atoms can
move in one direction only. Without loss of generality, we assume that the atoms can move in
the x-direction only. Examples of such nanosystems are solid nanofibers, nanowires, nanorods,
and nanotubes.

We should note that in the conventional reliability theory X; is defined to be 1 if the
component is functioning and 0 if the component fails; see Barlow and Proschan (1981) and
Ebrahimi (1990). Also, see Natvig (2007), which covers multistate reliability theory. For a
linear nanosystem, however, defining X; in this way does not make sense because elements
chosen to create linear nanosystems are usually those with stable nuclei and, therefore, in
principle, they are ageless.

In order to explore complex partial patterns of atoms in three dimensions, we represent (1)
in the following way. Suppose that X j is the state of the atom located at the point (Z, j, k) in
Dy, Ny N5 Where Dy Ny vy = {(i1,02,03): 1 <ip < Ni, 1 <ip < Np, 1 <i3 < N3}. Here,

1 if the atom located at the point (i, j, k) is displaced,

Xijk = ()

0 if the atom located at the point (7, j, k) is not displaced,

fori =1,...,N;,j = 1,...,Nz, and k = 1,..., N3. It should be noted that in this
formulation N = N|N>N3 and Nj is very large compared to N, and N3. Throughout this
paper, we use (2).

Letd; < dp < --- < d, be the r smallest distances between the points in Dy, n,,n;, and
define
S(NI, N2, N3Yy = D Xijk 3
DN1.N2,N3
and
1
Ye(N1, N2, N3) = o Yo XX ), “
A¢(N1,N2,N3)

where £ = 1,...,r and A¢(Ni1, N2, N3) is the set of all points (i, j, k) € Dy, n,,n; and
(', j' k') € Dy, ny,n, satisfying d? = (i —i')> + (j — j))? + (k — k)2

In order to find the joint distribution of X;j; fori = 1,..., Ny, j = 1,2,..., N2, and
k =1,..., N3, we must first determine how these atoms are linked. Suppose that the atoms
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are identical, i.e. P(X;jx = 1) does not depend on i, j, and k, and that the interdependence
between the atoms declines with distance.

To capture the above properties, we assume that the joint distribution of X;, i =1, ..., Ny,
j=1,..., N2, k=1,..., N3, is of the form

.

P(Xjjx =xiji;i=1,...,Ni, j=1,...,Ny, k=1,..., N3) =C—1exp[ys+zé)zye],
=1

%)

where x; ;i is either O or 1, C is a normalizing constant, and s and yi, ..., y, represent the
values of S(Ni, Na, N3) and Y;(Ny, Na, N3), ..., Y. (N1, N2, N3) described in (3) and (4),
respectively, when X;jx = x;j fori =1,..., Ny, j=1,...,Na,andk =1, ..., N3. In (5),
v, 01,02,03, ..., 06, are real-valued parameters. Random variables X;jx, i = 1,..., N1, j =
1,...,Na, k=1, ..., N3, having distributions given by (5) are particular examples of Markov
random fields. For more properties of (5), we refer the reader to Besag (1974) and Banerjee et al.
(2004, pp. 76-84). Throughout this paper, we will use the model (5). We cannot overemphasize
the fact that the model entailed in (5) is only one of the many different models that is encountered
in practice.
Several remarks are in order with respect to (5). Firstly, note that (5) can be written as

P(Xijk = xijrsi=1,...,N, j=1,..., Ny, k=1,...,N3)

,
= (M1,02,05,....6)) ' p'g"™* exp[z em}, 6)
(=1

where p =e¥/(1+¢eY),qg = 1 — p, and M(6y, ..., 0,) is the moment generating function
of Y1(Ni, N2, N3), ..., Y-(N1, N2, N3) evaluated at 61, 62, ..., 0, and computed under the
assumption that the X;j;s are independent, identically distributed Bernoulli variables having
success parameter p; see Saunders et al. (1979) for more details.

Secondly, let

,
My(to, t1, ..., 1) = E{CXP[tOS(Nl, N, N3) + ZtiYi(Nl, No, N3)“
i=1
be the joint moment generating function of
S(Ni1, N2, N3), Y1(N1, N2, N3), ..., and Y,(Ni, N2, N3)
when 6 = (64, ...,6,). Then

M*(tg, t1 + 01, ...t +6,)

k) s tr

N

where M* is the joint moment function of
S(N1, N2, N3), Y1 (N1, N2, N3), ..., and Y.(Ny, N2, N3)

under the assumption that 61 =6, = --- =6, = 0.
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Finally, for any (i, j, k),1l <i < N, 1 < j <Nz, 1 <k < N3,
PXijk = 1| Xijuw, (', j' k) € Ty, j.k), €=1,...,1)

o pexpl i 00,k Xirjw)]
g+ pexplX i 01, j a0 Xitji)]

®)

where Ty (i, j, k) = {(i', j/. k'): (i, j'. k') € Dy nyons —{(G. j. K)Yand (0= i)+ (j — j)* +
k—k'?* = d%} and, for any two sets A and B, A-B is the complement of B with respect to A.
For example, if i = j = k =2 and £ = 1 then it is clear that d| = 1,

T12,2,2) ={G, j, k): G, j, k) e Dy Ny Ny —1(2,2,2)} and
C-i+Q-)+C-k)Y=1
=1{2,2,3),2,3,2),3,2,2),2,2,1),(2,1,2), (1,2, 2)},
and (8) is
P(Xopm = 1| Xyj, (', j' k') € T1(2,2,2))
_ pexplfi(Xaa1 + Xo12 + X122 + X223 + X032 + X320)]
© g+ pexplfi (X221 + X212 + X122 + X223 + X232 + X322)1

In this paper we focus on two types of linear nanosystems. Both cases describe the
relationship between the failure of a linear nanosystem and its atoms.

Type 1. We assume that the system fails if at least £ + 1 atoms are displaced. We refer to
this type of system as an £-out-of N : F linear nanosystem.

Type 2. For given integers r1,r2, and r3 (1 <r; < N;, i =1,2,3),let Cp 1, 5, j, k) =
{G1.i2,3):i—rn+1<ii1 <i,j—n+l1<i<jk<iz<k+rs—1}fori =
r,...,Ni, j =r2....,Np,and k = 1,..., N3 —r3 + 1. Define W;j; =>3% Xabes
where the sum is taken over all possible values of a, b, and ¢ in C;, ,, (i, j, k). We assume

that the system fails if at least one of Wi, i =ry,..., N1, j=r2,...,No, k=1,..., N3 —
r3 + 1, exceeds £. In this case the system will survive if all the Wijx, i =r1,..., N1, j =
r,...,No, k=1,..., N3 —r3+ 1, are less than or equal to £.

It should be noted that in practical situations there are different tools, such as scanning
probe microscopy, scanning force microscopy, scanning tunneling microscopy, and atomic
microscopy, to provide information about £ for types 1 and 2 linear nanosystems.

This paper is organized as follows. In Section 2 we consider an £-out-of N: F linear
nanosystem (type 1) and assess its limiting reliability when N is assumed to be very large
(N — 00). In Section 3 we consider a type 2 linear nanosystem.

2. Assessing the reliability of an £-out-of N : F linear nanosystem (type 1)

Using (3), it is clear that the reliability of an £-out-of N : F linear nanosystem is
Ri(N,£) = P(S(N1, N2, N3) < ).
That is, the probability of failure is
Fi(N,2) =1—R|(N, %) =P(S(N1, N2, N3) > £+ 1).

Since, for a linear nanosystem, N is usually very large, we will compute Ry (N, £) when
N — oo.
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Theorem 1. If N - coand € > 1,

Ri{(N,€) = ¢<i> ©)
R E I\ UM =p )

where p = eV /(1 +¢eV).

Proof. From (7), it is clear that the distribution of S(Ny, N2, N3) for any 6y, ... and 6, is
equivalent to the distribution of S(N1, N2, N3) under the assumption that 0 = 6, = --- =
0, = 0. Using this result and the central limit theorem, we obtain (9).

As an application of Theorem 1, consider the following example.

Example 1. Suppose that N = 10 and that the linear nanosystem fails if at least 1001 atoms
are displaced, i.e. 1000-out-of-10°: F linear nanosystem. In (5), suppose that y = —7. Itis
clear that p ~ 9.2 x 10~*. Then, from Theorem 1,

1000 — 920

R1(10°, 1000) = ®
1 ) ( 30.5

) = $(2.62) = 0.996.
That is, the limiting reliability of the system with this specification is about 0.996.

3. Assessing the reliability of a type 2 linear nanosystem

It is clear that, for a type 2 linear nanosystem, the reliability is

Roy(N,r1,r2,73,8) =P(Wijp < &;i=r1,..., N1, j=r2,...,Na,
k=1,...,N3—r3+1)
= P(max(Wijx) < £), (10)

where the maximum is taken over all points (i, j, k) such thatr; <i < Ny, < j < Nj, and
1<k<N3—r3+1.

To calculate Ry(N, 7y, 72,73, £) in (10), instead of working directly with the W;jis, we
first construct an equivalent parallel sequence of random variables and then use this sequence
to obtain Ry(N, ry,r2,73,£). The problem is thus to make sure that both sequences are
asymptotically equivalent.

In (5), first we assume that 9y = O0and £ = 1, ..., r. Then

Ro(N, 11,712,713, £) = P(max(W;) < 0), (11

where Wl.*j‘.k is binomial with parameters r* = ryr,r3 and p, and the maximum is overall (i, j, k)
suchthatr; <i < Nj,rp < j < Nz,and 1 < k < N3 —r3 + 1. Below, we calculate (11)
for different values of £. We assume that N — oo, p — 0 (displacement of an atom is a rare
event), and Np — n (n > 0).

Case I: £ = 0. For this case, it is equivalent to saying that the nanosystem will survive if all
its atoms do not move. Thus,

N
R2(N1r17r27r3,0)=(]—p)N:<1__) .

Now, as N — 00, Rp(N,0) = e~ .
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Case II: £ = 1. Since X;jx, i = 1,...,Ny, j = 1,...,Na2, k = 1,..., N3, are inde-
pendent, we find that Wl?;.k, i=ry,....,N1, j=ry....,Np,k=1,...,N3 —r3 + 1, are
associated random variables. (For the definition of associated random variables, see Barlow
and Proschan (1981, pp. 29-32).) Thus,

Ry(N,ri,rp,13,1) = P(W;;k <l;i=ry,....,Ni, j=ra ..., Ny,

k=1,...,N3—r3+1)

Ni Nz Nz—r3+1
=111 H P(Wiy <
i=ry j=r2 k=l
=*pA—p) T+ -pHV, (12)

where N* = (N| —ri1 + D(Np —rp + D(N3 —r3 + 1) and r* = (r1)(r2)(r3). Since
N*/N — 1, (12) reduces to

Ry(N,r1,r2,73,1) = (Fp(l = p) '+ (1 = p))V. (13)
The right-hand side of (13) can be written as

FpAd=p)" T+ =pHN == p)"tA = p+rp)V
(-5 (55"
N N N
r*fl %k N
lim ((1—1> (1 1 ”’)) =1
N—o00 N N N

Consequently, for this case, as N — oo, Ry(N, r1,r2,r3,1) = 1.

From case I1, it is clear that, for6y =6, = --- =6, =0, Ry(N, ry,rp,1r3,£) = 1 forl > 1.
Keeping the assumptions that N — oo, p — 0, and Np — n (n > 0), and following similar
arguments to those in Saunders et al. (1979, p. 558), we can easily show that

It follows that

P(max(W;jx) <€) ~ P(max(W’jk) <0,

where the max is taken over all possible values of (i, j, k), r1 < i < Ni,rn < j < N,
1 <k < Ny —r3 4+ 1. Thus, similar results are obtained for any real numbers 61, 6, ..., 0.
The above results can be summarized in the following theorem.

Theorem 2. If N — oo, p — 0, and Np — n(n > 0), then
(@) Ra(N,ri,r2,13,0) =e™",
(b) Ro(N,r1,r2,13,8) =1fort > 1.

Next we move to the case in which N — oo, p — 0, and Np> — 1 (A > 0). To compute
R>(N, r1, ra, r3, £), we first prove the following lemma.

Lemma 1. As N — 00, p — 0, and Np> — 1 (. > 0),
P(Xijk = xijrsi=1,...,N1, j=1,...,No, k=1,...,N3)

= [T explre — reexplbellp* (1 — p)V = exp[Z 9()’2]

=1 =1
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where Ly = Aay and 4ay is the number of (i1, i2,i3) € Dy, N, N; Such that (i — i+ (G-
1'2)2 + (k — i3)2 = dezforagiven (i, j,k). Here 1 <i < Ny, 1 < j < Ny, and1 <k < N3.

Proof. Using similar arguments to the proof of Theorem 2 of Saunders et al. (1979), we
can show that Y1 (N1, N2, N3), ..., Y- (N1, N3, N3) are independent and that Y, (N1, N2, N3)
is a Poisson random variable with mean Aay, £ = 1, ..., r. Now, from (6) and the fact that,
for a Poisson distribution with mean w, the moment generating function is exp[—u + ue’], we
obtain the result.

If £ = 0 then, using Theorem 1 and Theorem 2 of Saunders et al. (1979),

1/2—-N
Ry(N, r1, 72, 73.0) = P(S(N1, N2, Ny) = 0) & @( (/2 - Np) ) ~ 0

vNp(l —p)
Now consider the case in which £ > 0, N — oo, p — 0, sz — A (A > 0), and
0 = --- =0, = 0. For this case,

Rz(N,rl,rz,m,ﬂ):P(W;;k <&i=ry,....,Ni,, j=ra,....,Ny, k=1,...,N3—r3+1).
First note that, for any (i, j, k), for{ = 1 and N — oo,

PWjj < 1) = lim (1= p)" +prid=p)" ™)

. VI LV Vi
= lim l—-—) +r'—= |1 - —
N—o00 VN JN JN
=1.
Again, since the Wi’; &S are associated, we obtain
P(max( l-’;-k) <=1

Thatis,as N — oo, Ry(N,r1,rp,r3,1) = 1. Thus,as N — 00, Ry(N, ry,r,r3, £) = 1 for
£ > 1.

It should be noted that, from (8), if 61, 60;,...,6, > 0 then the X;j;s are conditionally
increasing in sequence and, therefore, they are associated random variables. For the definition
of conditionally increasing in sequence, see Barlow and Proschan (1981, pp. 146—148). Using
this fact and similar arguments to Theorem 2, the W; ;s are also associated random variables
and, thus, for this case, Ry(N, ri, r2, r3, £) = 1 as well.

Below we summarize the above results.

Theorem 3. Suppose that N — oo, p — 0, and Np* — A (. > 0). Then
(@ R2(N,r1,r2,13,0) =0,
(b) if6; >0,i=1,2,...,r, Ra(N,r;,r,1r3,0) =1, £ > 1.

For other cases, it is difficult to directly assess the reliability R>(N, ry, 72, r3, £). We obtain
it through simulations that are carried out in two stages. It should be noted that the technique
we describe below can also be used for small N as well.

Stage 1. At this stage we compute A;jx = P(Wijx > €, i =r1,...,Ny, j =r2,...,Na,
k=1,...,N3 —r3+ 1). There are many situations where it is hard to compute the A;jxs
analytically. For those situations, using conditional probabilities in (8) for a given (i, j, k), r1 <
i <Ni,rm<j<N | <k<N3—r3+ 1, and techniques like the Gibbs sampler, we can
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generate W;j and then use it to estimate A;jx = P(W;;; > £). For more details about the Gibbs
sampler, see Casella and George (1992).
Stage 2. Suppose that

X:ZZZMM and Vi = 1 ifWijk'>£,
i j ok

0 otherwise.

Then it is clear that Ry(N, r1,r2,r3,£) =1 —P(V > 0), where

N1 Ny Niz—r3+1
V=22 Z Vije:
lr]] )

Here V represents the total number of W; s that exceed £.
Now, let I be a random variable independent of the random vector

(Vrlrzls R VN1N2(N3—V3+1))
and defined on {(i, j, k);r1 <i < N1, r2 < j < Nz, 1 <k < N3 —r3+ 1} such that

1
(Ni—ri+D(Na—ra+ (N3 —r3+ 1)

P(I =@, j. k) =

Then,
.. Aijk
PU=Gjk|Vi=1= -
Let
0, V=0,
R=11
—, V>0
\%
Then

P(V > 0) = E(RV)}
N1 Ny N3z—r3+1

=L ) 2 RV

i= =r ]—r2
N1 Ny N3z—r3+1

= Z Z Z E{RVijk | Vijk = 1}k

i= =r ]—rz
N1 N» N3—r3+1
=> > Z Mijk B{R | Vijk = 1}. (14)
i= =r ]—rz
Using the fact that
Ny N» N3—r3+l
ER|Vi=1}=) > Z E{R|I=(.j.h,Vi=1PU =@ jk|Vi=1
i= =ri j—rz
Ny N» N3— r3+1
=> > Z E{R|v,,k—1}
i= =ri j—rz
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and (14),
P(V > 0) :AE{%lVl = 1}.

At this stage, we simulate the value of J, a random variable with probability function

.. Aijk
P(J =G, j k) = %

fori =r,....,N1, j=ry...,Np,andk = 1,..., N3 —r3 + 1. Note that the random
variable J has the same distribution as P(1 = (i, j, k) | Vi = 1). Now, we set V;jx = 1 for
J = (i, j, k), generate Wy jip forry <i’ < Nyandry < j' < Na, 1 <k’ < N3 —r3+ 1such
that (i, j’, k") is not equal to J, and compute V;/ j;;» and, consequently,

N1 Ny N3z—r3+1

V*=Z Z ’; Vijk-

i=ry j=nr

It should be noted that V* > 1. Now, we estimate Ry(N,r1,r2,7r3,£) = 1 —P(V > 0) by
1 —x(1/V*).
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