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1. Introduction. If A is a set with only a finite number of elements, we 
write \A\ for the number of elements in A. Let p be a large prime and let 
w b e a positive integer fixed independently of p. We write [pm] for the finite 
field with pm elements and [pm]' for [pm] — {0}. We consider in this paper only 
subsets H of [pm] for which \H\ = h satisfies 

. TO/2 

(1.1) l i m * = °-

If/(#) G [pm, x] we let iV(/; H) denote the number of distinct values of y in H 
for which at least one of the roots of f(x) = y is in [pm]. We write d (d ^ 1) for 
the degree of / and suppose throughout that d is fixed and that p ^ po(d), 
for some prime po, depending only on d, which is greater than d. We call f(x) 
primary if the coefficient of xd is 1 and /(0) = 0. There are pm{-d~^ primary 
polynomials of degree d over [pm]. Uchiyama (3, p. 199) has proved that 

(1.2) Z N(f; [pm]) = kiP
md + Od{pm{d-r>), 

deg f=d 

where the summation is over all primary polynomials / defined over [pm] 
of degree d, 

1 1 (— l ) d _ 1 

(1.3) kd = 1 - 2j + g; ~ • • • + — j ] , 

and the subscript means that the O-symbol depends only on d, that is not on 
m or p. Our aim in this paper is to generalize (1.2). In § 3 we prove the following 
theorem. 

THEOREM. / / H is any subset of [pm], satisfying (1.1), then 

(1.4) £ N(f;H) = kjip***-» + Od{pm{d~im). 
deg f=d 

This is a genuine asymptotic formula for large p as the term Od(p
m(d~1/2)) 

is certainly o{hpm{d~l)), as p —» oo, in view of (1.1). We have thus generalized 
(1.2) but at the cost of weakening the error term.The error term in (1.4) can 
be improved when d = 1 or 2 to Oaip1"^'»). 

It turns out that the estimation of Yideg r=a N(f\ H) depends on that of the 
number of (xlf . . . , xd) Ç [pm]' X . . . X [pm]\ (i y£ j) for which 
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( — îy^Xi... xd is in H. This number is denoted by N(p, m, d, H). I t is 
precisely in the estimation of N(p, m, d, H) that the error term can be improved 
when d = 1 or 2 (or when H = [pm]). We devote § 2 to the estimation of 
N(p, m, d, H) and it will be shown there that 

(1.5) N(p, m, d, H) = hpm(d-» + 0d(p
m^-1/2^). 

2. Estimation of N(p, my d, H). We denote the trace of a from [pm] to [p] 
by t(a)> so that 

(2.1) t{a) = a + a* + . . . + cT'1 £ \p], 

and hence can be considered as an integer (mod p). Clearly, 

(2.2) t(a + 0) = tia) + t($) 

and 

(2.3) t(\a) = \t(a), 

for all a, 13 £ [pm], A Ç [p]. Now let 

(2.4) e(a) = exp{27r#(«)/£} ; 

thus from (2.2) we have 

(2.5) c(a + P) = *(«)*(£). 

It is well known that for x Ç [£m], we have 

<"> £,•«*>-in;; S 
We define for any integer k ^ 1, 

5(fe) = {(xx, . . . , x,) | xt e [pmY, I ^i^k). 

Then, if 0 ^ a G [£m], we have on summing over xd, by (2.6), 

(2.7) £ «(a«i . . .*„)= E ( -D = - (Pm - I)"-1-
S(d) S(d- l ) 

I t is also well known (1, p. 39, display (12)) that for 0 ^ b G |>w] and 
£ > & ̂  1, we have: 

(2.8) XLe^) ^ (* - D/>' ro/2 

For any / ( ^ 1) positive integers i\, . . . , ix we define 

Til) = {x,x, . . . , xft) | xïV 6 b w ] ; , l^j^l}. 

Thus for any positive integers r, ii, . . . , ir, ai, . . . , ar satisfying 

(2.9) 1 ^ r ^ d - 1, I Sii<iz< ... <ir^d, ax + a2 + ... + ar = d, 
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we have, by (2.8), as p > d, 

2 e(axu
ai . . . xir

 r) z E Zm e{ (axtl
al . • • Xir-\ T )Xir J 

T(r) T(r-l) xir£[p ] ' 

^ £ {(ar- DP"1'2 + 1} < aTpm/2 • (pmy-\ 
T(r-l) 

and thus as r ^ d — 1, ar ̂  d we have: 

(2.10) 

From (2.7) and (2.10) we have: 

(2.11) 

X e(axu
ai . . . xir

ar) 
T(r) 

^dp' m(d~ 3/2) 

£ eta*! . . .*,) = - ( £ » - if-1 + od(P
mid~m)), 

S(d) 

where the asterisk means that the summation is only taken over those 
(xi, . . . , xd) G [pmY X . . . X [pm]' for which xt ̂  Xj (i ̂  j), since any sum 

(2.12) ^ e(axi. . . xd) (xt = Xj for at least one pair (i, j ) (i F^ 7)), 
5(d) 

is of the form (2.10) for some r, ii, . . . , ir, ai, . . . , ar satisfying (2.9). There are 
Od(l) such sums (2.12). 

Now N(p, m, d, H) is just the number of 

(*i, ...,xd,y)e [pmY X . . . X [£*]' X H, xt * xj (i * j), 

for which ( —l)d - 1Xi. . . xd — y = 0. Hence by (2.6) we have: 

(2.13) N(p, m, ̂ ,#) = ~ E*Z T,m ̂ ( ( - l ) ^ i ...xd-y)}. 

The terms with t = 0 in (2.13) contribute 

i Z * Z 1 = 4 (p- - D(Pm - 2 ) . . . (P
m - d). 

P S(d) y£H P 

The terms with / ̂  0 yield: 

* 

S(d) 
4 Î Z E e(-ty)Y:*e{{-l)<i-hxl...xi) 
P véU l€lvm]' 

= ̂ E Z e{-ty){-{pm-\r1 + Od{pm^îli))\ 
V y£H t£[pm]' 

= -(pm~J)*~1i: E e(-ty) + Oa(p
m^) 

P y£H te[pm]' 

(pm - D d-1 

{pmd(H) -h\ + oa{pm'™), 
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where 

' 1 if 0 € i l , 
<2-14> 5^=U) ifo*tf. 
Clearly 

(pm - îy-1 

\pmb{H) -h} =0(pm(d~1)); 
P 

thus (2.13) becomes 

N(p, m, d, H) = hpm(d-» + Oaip^-vv), 

as required. 

3. Proof of the Theorem. Let g0, gu • • • , &m-i be the pm elements of 
\pm\, with g0 = 0. We let 

(3.1) M E= M(p,rn,d,H,x) 

= {fix) = xd + a*-!**-1 + . . . + axx - y \ at e [£w], ? G # } 

so that \M\ = hp^-v. For i = 0, 1, . . . , pm - 1 we define 

(3.2) Mt = Mt(p, m,d,H,gux) = {/ G M\f a multiple of * - g<}. 

Now for 

0 ^ i 1 < i 2 < . . . < i r ^ p m - l 1 l ^ r ^ d - l ( ^ p - 2 ^ p m - 2 ) 

we have: 

\MtlnMt2n...niMir\ 
T 

= number oî f £ M which are multiples of YL (x ~ gtj) 

= number of &d_r_i, . . . , b0 G [£m] such that 
r 

E [ (* - £ < y ) ( * * ~ r + ^ - r - i x " - ^ 1 + . . . + &!X + bo) e M 

(pw if ii = 0, 0 Ci? , 
= ^ — D . / 0 if ii = 0, 0 $H, 

\h if ii j± 0, 

as ( —l) r_1^û . . . gir has an inverse in [pm] if and only if ix j£ 0. Thus from 
(2.14) we have: 

\Mtlnil2n...nij = {ÇtUf} ^ = °0' 
Hence, writing £/(£, /) = {(ilt . . . , ik) \l S ii < H < . . . < H ^ Pm ~ 1}, 
we have for 1 ^ r ^ d — 1 ( S Pm — 2) : 
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£ \Milr\Ml,r\...r\Mir\ 
J7(r,0) 

E \Milr\MHr\...r\Mir\ 
U(r,0)-U(r,l) 

+ Z \Milr\Mitr\...nMtr\ 
U(r.l) 

= (frZl)pm'a~r)KH) + (f~ ^p^-'-^h 

= hpmid~TM^- + Or(p
mlr-V)\ + 5{H)pm{d~T)Or(pmlr-1)) 

- - f ! — - r - ^ - ^ " 

We next estimate 

7 .TO(d-l) 

a 

\Mtl C\. . . n Af„| = number of/ = I I (* - «*y) 6 M 
3=1 

i l if (-lY-'gn . . . gU €H, 
\0 otherwise, hence 

£ |Mft n •.. n Mtt| = £ + 1 , 
I7(d,0) u-(d.O) 

where the dagger (f ) denotes that only those (ii , . . . , id) are counted for which 
( —l) d _ 1 g<! . . . gu G i ï . Thus on picking out the terms with i\ = 0 we have: 

V(d,0) \ a — 1 / U(d,l) 
_ 1. 

U(d,0) \(l — 1 / u(dt 

Now ^ 
à\ Z f 1 = „ E 1 =N(p,tn,d,H) 

U(d,l) (-1) ^ . . . zdCff 
= hp^-» + Od{pm{d-im), by (1.5). 

Hence 
7 .m(d-l) 

£ |M«, n . . . n M t t | = ̂ p - + o,(rw"1/2)). 
u(d,o) al 

Now 
S # ( / ;# ) = | ^ o W ¥ 1 U . . . U ¥ / _ 1 | 

deg /=d 

= Z ( - i ) " 1 Z |Mftn...n7kf i r | 
r= l C/(r,0) 

Z(-i) r - 1{^ r - + a(rw-1))} 

»(d-D V^ (""!) 

+ (-ir1{^^+o^' >(*-l/2)\l 

as required. 
- r! 
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4. Conclusion. The Theorem shows that for any given subset H of [pm\ 
we have: 

(4.1) N(f;H) =kdh + Od(p^) 

on the average. Carlitz and Uchiyama (1, p. 40, display (17)) have also shown 
that 

fA 9 , S N2(f; [pm]) = kd
2pm(d+1) + Od{pmd). 

V±>4) deg f=d 

It would be interesting to find an analogous asymptotic formula for 

r 4 3 ) E N\f;H). 
K^'O) deg f=d 

I t seems reasonable to conjecture that the main term of any such asymptotic 
formula for (4.3), when it exists, would be 

(4.4) kd
2h2pm^d~l\ 

This is certainly true when d = 1. I t can also be verified in special cases when 
d = 2, 3 or 4. For example (see 2, p. 79, Theorem 2) when d = 4 (so that 
kd = 5/8), m = 1, p > 3 and H an arithmetic progression of h (^p) distinct 
terms in [p], it was shown that 

(4.5) N(f; H) = (5/8)/* + 0(pm log p) if and only if a3
3 - ±a2a3 + 8ai ^ 0. 

Hence 

£ iV2(/;ff) = (£3 - p2)((5/8)h + 0(pVi logp))2 + p'OQt2) 
deg /=4 

= (25/64)/*V + 0(£9/2 log £), if lim HS^± = 0. 
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