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GORENSTEIN RESOLUTIONS OF
3-DIMENSIONAL TERMINAL SINGULARITIES

TAKAYUKI HAYAKAWA

Abstract. Let X be a 3-dimensional terminal singularity of index > 2. We
shall construct projective birational morphisms f : ¥ — X such that Y has
only Gorenstein terminal singularities and that f factors the minimal resolution
of a general member of |-Kx|. We also study prime divisors of f, especially
the discrepancies of these prime divisors.

§1. Introduction

Let X be a germ of a 3-dimensional terminal singularity of index m > 2
at P. In [Hay99] and [Hay00], we obtained a projective birational morphism
7m: X — X such that

(i) X has only terminal singularities,

(ii) the exceptional set of 7 is a prime divisor E, and

(i) Kg = m*Kx + - E.

By repeating such birational morphisms, we also obtained a projective bi-
rational morphism 7 : X — X such that X has only Gorenstein terminal
singularities.

On the other hand, by [Reid87], a general member Dx of |-Kx| has
only a rational double point at P. Let Dg = m;'Dx be the birational
transform. Then we see that K + Dy = n*(Kx + Dx) and that Dy
is dominated by the minimal resolution of Dx. Thus we can expect that
the restriction of # : X — X to the birational transform of Dx gives the
minimal resolution of Dx, and such kind of morphisms, especially various
properties of exceptional divisors, should be useful in birational geometry
of 3-folds.

The main purpose of this article is to construct a projective birational
morphism f :Y — X such that

(i) Y has only Gorenstein terminal singularities, and
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(ii) Ky +Dy = f*(Kx+Dx) and fipy + Dy — Dx factors the minimal
resolution of Dy, where Dy = f. ! Dy is the birational transform, and

(iii) the number of exceptional prime divisors of f is not greater than
the number of (—2)-curves in the minimal resolution of Dx.

We shall construct such f :Y — X explicitly in order to study prime
divisors with small discrepancies over X. Every prime divisors with discrep-
ancy < 1 over P (€ X) appears as an exceptional divisor of f. Our explicit
construction enables us to determine such prime divisors completely. In
particular, we know that, for each i = 1,...,m — 1, there is a prime divisor
with discrepancy i/m over P (€ X). Furthermore, there is a prime divisor
with discrepancy 1 over P if and only if X is not a cyclic quotient terminal
singularity. It also follows from (iii) that the difficulty (= the number of
prime divisors with discrepancies < 1 over P) is bounded from above by
the number of (—2)-curves in the minimal resolution of Dx.

The same kind of morphisms was already obtained by [Alex94, 5.2]. He
obtained a birational morphism g : Z — X such that Z has only Gorenstein
terminal singularities and that |-Kz| is g-free. He developed the Minimal
Model Program appropriate for linear systems and obtained g : Z — X as
an application. Roughly speaking a terminalization of Kx + |—Kx| over
X is g: Z — X. Thus one has to run the Minimal Model Program over X
starting from some good resolution of X in order to get g by his method.

Our method to construct f: Y — X as above is very simple. We shall
obtain f starting from X and make a sequence of weighted blow ups at
points of indecies > 1. By studying this process carefully, we know well
about exceptional divisors of f. Even in the case f induces the minimal
resolution of Dx, our morphism f is not necessarily the same as g: Z — X
because of the condition (iii). In order to get g from our f : Y — X, we
have to blow up Y several times.

The contents of this article are as follows. In Section 2, we shall explain
our notation and terminology. These are essentially the same as [Hay99]
and [Hay00]. We shall state our main theorems and their corollaries in Sec-
tion 3. After Section 4, we shall construct birational morphisms f: Y — X
as above by using classification of 3-dimensional terminal singularities. The-
orems in each section give a more detailed information on the exceptional
divisor of the morphism f:Y — X.

The author would like to thank Professor S. Mori for his invaluable
suggestions and encouragement.
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§2. Notation and preliminaries

Throughout this section, X denotes a germ of a 3-dimensional terminal
singularity at P of index m > 1.

2.1. Let A be a (not necessarily effective) Q-Cartier Q-divisor on
X and let Hx be a linear system on X which consists of Q-Cartier Weil
divisors. For a proper birational morphism f : ¥ — X from a normal
variety Y, we write

Ky + [7A = f*(Kx + A) + Y a(E, X, A)E,
and Ky + fi'Hx = f*(Kx + Hx) + Y a(E, X, Hx)E,

where the sum runs over all prime divisors on Y, f~'A and f 'Hy are
birational transforms and a(E, X, A), a(E, X, Hx) € Q. We call a(E, X, A)
(resp. a(E, X, Hx)) the discrepancy of E with respect to the pair (X, A)
(resp. (X,Hx)). When A = 0, a(F,X,A) is denoted by a(E,X). The
morphism f:Y — X is called Kx + Hx-crepant if a(E, X, Hx) = 0 for all
E e &(f).

For each prime divisor E on Y, f(E) (C X) is called the center of
E on X. We also say that E is a prime divisor over X (or f(F)). The
discrepancy a(F, X, A) (resp. a(E, X, Hx)) depends only on A (resp. Hx)
and the discrete valuation on the function field of X determined by F, and
does not depend on the particular choice of f : Y — X. Thus we sometimes
identify prime divisors with the corresponding discrete valuations when we
speak about prime divisors over X.

We denote the set of all exceptional prime divisors of f by £(f), and
we also define £(f, A, o) ={F € £(f) | a(E, X,A) = a} for a € Q.

In [Hay99] and [Hay00], we proved the following:

THEOREM 2.2. If P € X has index m > 2, then there is a projective
birational morphism w: X — X such that

(i) X has only terminal singularities,

(ii) the exceptional set of 7 is a prime divisor E, and

(ili) Ky =" Kx + L E.

2.3. A projective birational morphism 7 : X — X which satisfies the

conditions (i), (ii), (iil) in (2.2) is called a divisorial blow up of X at P with
discrepancy 1/m (or with minimal discrepancy). We obtained such 7 by
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embedding X into C*/Z,, or C°/Z,, and making a weighted blow up. We
remark that the exceptional divisor F of 7 is a divisor over P (€ X), and
7 is isomorphic over X \ {P}. In [Hay99] and [Hay00], we not only proved
the existence of such divisorial blow ups, but also determined all such blow
ups.

By repeating divisorial blow ups with minimal discrepancies, we also
obtained the following ([Hay00]):

THEOREM 2.4. If P € X has index m > 2, then there is a sequence of
projective birational morphisms

X2 Xy — o — X 25 X=X

such that

(i) X; has only terminal singularities (i = 1,...,N), moreover X has
only Gorenstein terminal singularities, and

(ii) m; is a divisorial blow up at Pi_q € X;—1 with discrepancy 1/m;,
where m; > 2 is the index at P;_q.

2.5. LetY = Xy andlet f:Y — X be the composition of 71,..., 7N
in (2.4). Then f is a projective birational morphism which is isomorphic
over X \ {P} and Y has only Gorenstein terminal singularities. We also
know that f consists of several weighted blow ups, in particular the ex-
ceptional locus of f is a divisor. In this article we want to construct such
f:Y — X explicitly and study exceptional prime divisors of f.

2.6. By [Reid87], a general member Dx € |—-Kx| has a rational dou-
ble point at P, hence there is a linear system Hx C |-Kx| such that a
general member Dx € Hx has a rational double point at P. We shall
consider the pair (X, Hx) consisting of a germ of a 3-dimensional termi-
nal singularity X and a linear system Hx C |-Kx|. The Minimal Model
Program which is appropriate for such pairs was developed in [Alex94] and
[Cor95]. In particular, the pair (X, Hx) is canonical by [Alex94, 1.21] and
we have the following:

PROPOSITION 2.7. Let Hx C |-Kx| be as in (2.6) and assume that
P € X has index m > 2. Let m : X — X be a divisorial blow up with
discrepancy 1/m. Then Ky + Hg = 7" (Kx + Hx) and Hyx C |-Kx]|,
where Hyg = m; YHx . Furthermore, the birational transform D = ;1 Dx
is normal and is dominated by the minimal resolution of Dx. In particular,
D has only rational double points.
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Proof. Let E be the exceptional divisor of m. Then we have K¢ =
W*KX—F%E. Since P is in the base locus of Hx, we have 7*Hx = Hyx +(8E
with § > 1/m. By [Alex94, 1.21], we know that Kx + Hx is canonical,
which implies that § < 1/m. Hence we have = 1/m, and this shows that
KX‘FHXZW*(K)(—I—H)(). D

COROLLARY 2.8. Assume that P € X has indexm > 2. Let f : Y —
X be a sequence of divisorial blow ups with minimal discrepancies as in
(2.4). Let Hx C |—Kx| be a linear system on X such that a general member
Dx has only a rational double point at P. Then f is K x + Hx-crepant and
the induced morphism fip, : Dy = fi'Dx — Dx is dominated by the
minimal resolution of Dx .

2.9. A projective birational morphism f : Y — X is called a Kx +
Hx-crepant Gorenstein resolution of X if the following conditions are sat-
isfied:

(i) Y has only Gorenstein terminal singularities,

(ii) f is isomorphic over X \ {P},

(iii) the exceptional set of f is a divisor, and

(iv) Ky + fr'Hx = f*(Kx + Hx), i.e., f is Kx + Hx-crepant.

The main purpose of this article is to construct a Kx + Hx-crepant
Gorenstein resolution of X explicitly by using only weighted blow ups, and
study its exceptional prime divisors.

The following lemma will be used to compute the discrepancies of prime
divisors over X:

LEMMA 2.10. Let 7 : X — X be a divisorial blow up with discrepancy
«a, E be the exceptional divisor of m, and let A be a Q-Cartier divisor

on X. Then, for every prime divisor F over X, we have a(F,X,A) =
a(F, X, m™A — aFE).

Proof. Let ¢ : Z — X be a projective birational morphism and let
g=moty:Z — X. Since 7Ky = Kz — aF, we have g"(Kx + A) =
V(Ky+7m"A—aF)=Kz > a(F,X,7"A — aFE)F. U

By a similar method, we can prove the following:

LEMMA 2.11. Let g: Z — X be a projective birational morphism such
that Z has only Gorenstein terminal singularities and that the exceptional
set of g is a divisor. Then every prime divisor over P with discrepancies
<1 appears as a g-exceptional divisor on Z.
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Proof. Let F' be a prime divisor over P and assume that the center
of F on Z is not a divisor. Let h : W — Z be a projective birational
morphism such that F is a divisor on W. Since h(F') lies in the exceptional
set of f, and since Z has only Gorenstein terminal singularities, we have
a(F,X)>a(F,Z) > 1. 0

As we saw in [Hay99] and [Hay00], for the divisorial blow up 7 : X —
X with discrepancy 1/m, X has cyclic quotient terminal singularities in
many cases. We can resolve these singularities and analyse the exceptional
divisors by using the following ([Reid87, 5.7], see also [Hay99, 5.1]):

LEMMA 2.12. Let X = (x,y,2)/Zm(a, —a, 1) be a germ of a 3-dimen-
sional cyclic quotient terminal singularity, where m > 2 and (m,a) = 1.
Let Hx C |—-Kx| be a linear system such that a general member has only
a rational double point. Then there is a projective birational morphism
f:Y — X which satisfies the following conditions:

(1) Y is non-singular and f is Kx + Hx-crepant.

(ii)) £(f) ={E1,...,Ep—1} with a(E;, X)=1i/m (i=1,...,m —1).
Let Aj = divx(fj(x,y, 2)) be a Q-Cartier divisor, where f; € C{x,y, 2} is
a L -semi-invariant, and let A = > d;A; be a Q-Cartier Q-divisor with
d; € Q. Then we have

(ili) a(E;, X, A) =i/m — > djo;-wt(fj(x,y, 2)), where oj-wt(x,y, z) =
({vi/m), (—axifm),i/m).

Furthermore if a general member Dx € Hx has only a rational double point
of type Ap_1, then

(iv) f induces the minimal resolution fp, : Dy = fr'Dx — Dx of
Dx.

2.13. The morphism f : Y — X obtained in (2.12) is called the
economic resolution of X = (x,y, 2)/Zm (o, —a,1). This is also obtained by
a succession of divisorial blow ups with minimal discrepancies.

2.14. In this article we follow the notation of [Hay99] and [Hay00].
We shall use weighted blow ups in order to construct a Kx + Hx-crepant
Gorenstein resolution of X. The notion of weighted blow ups is given in
[Hay99, 3.2], and we shall recall this briefly here. If X is embedded in
(x,y,z,u)/Zm(c, B,7,0), and if 0 = %(a,b, ¢,d) is a weight, then we can
define the o-blow up 7, : X, — X. In this article, this is also called the
blow up with weight (z,y,z,u) = %(a, b,c,d). The variety X, is covered
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by four affine open sets, which are called z-chart, y-chart, z-chart and u-
chart. The structure of these affine open sets and the morphism 7, are
described explicitly in [Hay99, 3.2]. We sometimes have to embed X into
(z,y,2,u,t)/Zpm(c, 3,7, 0d,€). In this case, we can define the weighted blow
ups by a similar method.

For r € R, we define the round down of r by |r| =max{t € Z |t <r}
and the round up of r by [r] = —|—r]. We denote the fractional part of r

by (r) =r—[r].

§3. Main results and their corollaries

In this section, we shall state our main results of this article. Through-
out this section, X denotes a germ of a 3-dimensional terminal singularity
at P (€ X) and assume that X has index m > 2 at P.

The main results of this article are summarized as follows:

THEOREM 3.1. Let Hx C |-Kx| be a linear system which contains
a member Dx with only a rational double point. Then there is a Kx +
Hx -crepant Gorenstein resolution f 1Y — X such that the number of
exceptional prime divisors of f is not greater than the number of (—2)-
curves in the minimal resolution of Dx .

We not only estimate the number of exceptional prime divisors of f,
but also determine the discrepancies a(F, X) for each E € E(f).

The number of prime divisors with discrepancies <1 (or < 1) over P
only depends on X. As for these divisors, we obtain the following:

THEOREM 3.2. For eachi=1,2,...,m — 1, there is a prime divisor
F; over P such that a(F;, X) = i/m. Furthermore, there is a prime divisor
F,, over P with a(F,,,X) = 1 if and only if X is not a cyclic quotient
terminal singularity.

We remark that the first part of (3.2) is already obtained by [Sho96].
Our proof is different from the one given in [Sho96].

We shall prove (3.1) and (3.2) by using classification of 3-dimensional
terminal singularities and weighted blow ups of these singularities. A more
detailed description of a K x +H x-crepant Gorenstein resolution f : Y — X
and its exceptional prime divisors will be given in theorems in the following
sections. For example, if X is of type (cD/3), then (6.4), (6.6) and (6.9)

https://doi.org/10.1017/50027763000009120 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009120

70 T. HAYAKAWA

give us an information of the exceptional prime divisors of f. By these
theorems, we know that (3.1) and (3.2) are true if X is of type (cD/3).
As an easy consequence of (2.11) and (3.1), we obtain:

COROLLARY 3.3. Let Hx and Dx be as in (3.1). Then the number
of prime divisors over P with discrepancies < 1 is not greater than the
number of (—2)-curves in the minimal resolution of Dx. In particular, the
difficulty of X has the same bound from above.

A projective birational morphism f : ¥ — X is called an economic
resolution of X ([Reid87, 6.5]) if the following conditions are satisfied:

(i) Y has only Gorenstein terminal singularities, and

(ii) the exceptional set of f is a divisor, and £(f) is exactly the set of
all prime divisors with discrepancies < 1 over P (€ X).

In [Reid87, 6.5], it is considered that the economic resolution is a can-
didate of a good partial resolution of X. In fact, if X is cyclic quotient
terminal singularity, then there is an economic resolution f : ¥ — X and
Y is non-singular (cf. (2.12)). However the existence of prime divisors with
discrepancies 1 over P shows that there are no economic resolutions in the
above sense:

PRrROPOSITION 3.4. If there is a prime divisor with discrepancy 1 over
P (€ X), then X has no economic resolutions. In particular, if X is not a
cyclic quotient terminal singularity, then X has no economic resolutions.

Proof. If f:Y — X is a economic resolution of X, then £(f) consists
of prime divisors with discrepancies < 1. On the other hand, by (2.11),

prime divisors with discrepancies 1 must be contained in £(f). The second
part follows from (3.2). [

Thus we have to change conditions on singularities of Y or discrepancies

of elements of E£(f) to get such partial resolutions of X. These materials
will be treated in [Hay05].

§4. Terminal singularities of type (cA/m)

4.1. Let X be a germ of a 3-dimensional terminal singularity at P.
We assume that X is of type (cA/m) throughout this section. Then there
is an embedding X — (z,y, z,u)/Zm (o, —, 1,0) such that

(4.1.1) X ={zy+ f(z,u) =0}/Zp(a, —, 1,0),
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where f(z,u) € (2™, u)C{2",u} is a Z,-invariant and (a, m) = 1.

For each positive integer i, we denote Ti~wt(z) = i/m, m-wt(u) = 1,
and define w;(X) = 1-wt(f(z,u)). Since f(z,u) is a Z,-invariant and has
no constant terms, we see that w;(X) are all positive integers. We also
define wy(X) = 0.

Since the cyclic group Z,, acts freely on {zy + f(z,u) = 0} \ {(0)},
we see that v € f(z,u) for some positive integer w. The smallest such
integer w is called the axial weight of X and we shall denote it by aw(X)
(cf. [Hay99, 2.6)).

Let Hx C |-Kx| be a linear system such that a general member has
only a rational double point at P. It is easy to see that a general member
of |-Kx| has a rational double point of type A,y (x)—1-

LEMMA 4.2. (1) For each positive integer i, we have w;(X) < w;4+1(X)
and wi+1(X) — ’LUZ(X) Z 'LUZ‘J’_Q(X) — ’LUZ'_H(X).

(2) There is a positive integer | = I(X) such that w;_1(X) < wi(X) =
aw (X).

Proof. (1) The proof of the first inequality is obvious. There is a
monomial M = z™Pu? € f(z,u) such that w;11(X) = mp-wt(M) = (i +
1)p+¢. Then we have w;(X) < m-wt(M) = ip+q = wiy1(X)—p. Similarly
wi4+2(X) < wi4+1(X)+p. Hence we obtain the inequality w;41(X)—w;(X) >
wi2(X) — wip1(X).

(2) Since u*X) ¢ f(z,u), we have w;(X) = aw(X) for all sufficiently
large integer ¢. Thus the existence of such | = (X)) follows from (1). U

4.3. By (4.2), we get a sequence of strictly increasing positive integers
(’U)l(X), wQ(X), e ,wl(X)),

where w;(X) = aw(X). This is called the weight sequence of X as type
(cA/m). We also call | = [(X) the length of the weight sequence. We
remark that w;(X) = wi11(X) = -+ = aw(X).

In the following, we shall consider the pair (X, Ax(k)), where X is as
in (4.1.1) and Ax (k) = —£ divx(u) with k € Q. This allows us to work
inductively. Though Ax(k) is not an effective divisor, the discrepancy
a(G, X, Ax(k)) makes sense for each prime divisor G over X.

PROPOSITION 4.4. Let X, w;(X), I(X), Ax(k), Hx be as in (4.1) and
(4.3). Let a, b be positive integers satisfying a+b = wi(X), a = a (mod m).
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Then there is a Kx + Hx-crepant birational morphism f1 : X1 — X such
that
(1) g(fl) = {E, Fl, ce ,Fa_l,Fll, cee ’Fb/—l} with

a(E, X, Ax (k) = (k+1)/m,
a(F;, X,Ax(k)) = (k+ [mi/al)/m, i=1,...,a—1,
a(Fj, X, Ax (k) = (k+ [mj/b])/m, j=1,...,b—1.

(i) If (X) =1, then Xy has only Gorenstein terminal singularities.
(iii) If (X) > 1, then X; is Gorenstein terminal outside one point Py,
and there is an open neighborhood P, € U C X1 such that

U~ {zy+ fzu"™ u) /uX) = 0}/ Zn (o, —x, 1,0).

We have a(G,X,Ax(k)) = a(G,U,Ay(k + 1)) for each prime divisor G

over P;.

Proof. We embed X as in (4.1.1) and construct a blow up g1 : Y7 — X
with weight (x,y, z,u) = %(a,b,l,m). By [Hay99, 6.4], we see that g; is
divisorial with discrepancy 1/m and that Y7 is Gorenstein outside the origin
Q1 of the z-chart Uy, the origin Q) of the y-chart Us and the origin Q4 of
the u-chart Uy.

Let Ay, (k) = g5, 1A X(k) and let E7 be the exceptional divisor of ¢;.
Then we have g;Ax (k) — = E; = Ay, (k) — %El.

We shall resolve singularities 21 and Q2 in Y;. We have

={y+ f(@"/mz,z0) /2" ) = 0}/Zo(m, —b,~1, —m)
(7 z /a)/ (_m717m)7
with Ay, (k)jr, = —% divy, (u) and Eyy, = divy, (). Similarly we have
Uy ~ (3, 2,1)/Zy(—m, 1,m) with Ay, (k)jy, = —£ divy, () and By, =
divy, (7). Let hy : X7 — Y7 be the economic resolution of @1 and Q2 (cf.
(2.12)). Then we have
E(hy) ={F,... ,Fa_l,F{, . 7FI;71}7

where F, (resp F! ) is the prime divisor over @ (resp. Qg) with a(E, Y1) =
ifa (i=1,. a—l) (resp. a(Fj,Y1) = j/b (j = 1,...,b—1)). By (2.10)
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and (2.12), we see that

a(F;, X, Ax(k))

a(F;, Y1, 9 Ax (k) — —=FE1)
G(E,Yl,Ayl(k) - k—;;lEl)

a(F;, Uy, — £ divy, (@) — ££L divy, (2))

R A T
_ £+L{ﬁq
m m a

Similarly we have a(F}, X, Ax(k)) = (k + [mj/b])/m. For the birational
transform E = h'Ey, we see that a(F,X,Ax(k)) = (k +1)/m. Thus
fi=hiog : X1 — X is a Kx 4+ Hx-crepant birational morphism which
satisfies the condition (i).

Next we shall study the point Q4. We know that

Uy = {2y + f(za"/™,0) /") = 0}/Zp (0, —, 1,0).

If (X) = 1, then ™) € f(z,u) and Q4 ¢ Uy, hence X; is Goren-
stein. If [(X) > 1, then Q4 € Uy and we see that (g7 Ax (k) — %El)\m =
—% divy, (@). Hence, for each prime divisor G over ()4, we have

a(G, X, Ax (k) = a(G, X1, g; Ax (k) — L By)

= a(G, Uy, —% divy, (ﬂ))

We also see that the morphism f; : X3 — X satisfies the condition (iii)
when [(X) > 1. [

Remark 4.5. In (4.4)(iii), we have w;(U) = w;+1(X) — w1 (X) for all
positive integers 4, and [(U) = (X)) — 1.

THEOREM 4.6. Let X, w;(X), I(X), Ax(k), Hx be as in (4.1) and
(4.3). Then there is a Kx + Hx-crepant Gorenstein resolution f:Y — X

such that £(f) = IO e(f, Ax (k), (k + i) /m) with

Jwi(X) ifi=1,...,m—1,
B ) —Wiem(X) =1 ifi=m,...,m+1(X)—1.
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Proof. We shall prove this by induction on [(X). We take positive
integers a, b such that a + b = mw(X), a = a (mod m), and construct a
Kx + Hx-creapnt birational morphism f; : X1 — X as in (4.4).

If I(X) = 1, then f; : X3 — X is a Kx + Hx-crepant Gorenstein
resolution of X by (4.4)(ii). It follows from (4.4)(i) that a(F, X, Ax(k)) >
(k+1)/m for all F € £(f;) and that

#{F € &(f1) | a(F, X, Ax (k) < (k+1)/m}
)1+ [ai/m] + [bi/m] = iwy (X) ifi=1,2,...,m~—1,
| man(X) -1 if i > m.

Hence we see that #&(f1) = mw(X) — 1 with

w (X) ifi=1,....m—1,

#E(f1, Ax (k) (k +1)/m) = {wl(X) —1 ifi=m.

Since w;(X) = aw(X) for all ¢ > 1, this completes the proof when [(X) = 1.
If {(X) > 1, then we have ((U) =1(X) — 1 by (4.5). Thus we can use
the induction hypothesis to U and get a Kx, + f1_* ‘H x-crepant Gorenstein

resolution fo : Y — X; such that £(f2) = UW:FZ(U E(fo, Au(k + 1), (k +
i)/m) with

#E(f2, Au(k +1), (k +i)/m)

_l’_
_ ’wifl(U) ifi:2,...,m,
C \wisi(U) —wisi—(U) =1 ifi=m+1,...,m+I1U).

The composition f = fio fo: Y — X is a Kx + Hx-crepant Gorenstein
resolution. By using computations for £(f1) and (4.4)(iii), we see that

E(f) = U e(f, Ax (k), (k + i)/m) with

#E(f, Ax(k), (k +1i)/m)

wi (X) if i =1,

w1 (X) +wi—1(U) =w;(X) ifi=2,...,m—1,

(1(X) = 1) + w1 (U) = wn(X) —wo(X) — 1
if i =m,

Wi—1(U) = wi—1—m(U) = 1 = wi(X) — wjmm(X) — 1
ifi=m+1,....m+UX)-1. [
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COROLLARY 4.7. Let X, w;(X), I(X), Hx be as in (4.1) and (4.3).
Then there is a Kx + Hx-crepant Gorenstein resolution f :Y — X such
that #E(f) = maw(X) — I(X) with

~Jwi(X) ifi=1,...,m—1,
#E, kfm) = {wi(X)—wim(X) -1 ifi=m,.... m+UX)—-1.

Proof. This follows from (4.6) by taking k& = 0. U

Remark 4.8. If a general member Dx of Hx has a rational double
point of type A, (x)—1 at P, then f in (4.7) induces the minimal resolution
fipy : Dy = fi'Dx — Dx of Dx. For E € &(f), Ejp, need not be
irreducible. Our main results (3.1), (3.2) and (3.3) are proved by (4.7)
when X is of type (cA/m).

§5. Terminal singularities of type (cAx/2)

5.1. Let X be a germ of a 3-dimensional terminal singularity of type
(cAx/2). Then there is an embedding X — (z,y,2,u)/Z2(0,1,1,1) such
that

(5.1.1) X = {22+ 9>+ f(z,u) = 0}/Z5(0,1,1,1),

where f(z,u) € (z,u)*C{z,u} is a Zo-invariant. We denote T-wt(z) =
T-wt(u) = 1/2 and assume that w = 7-wt(f(z,u)). It is easy to see that
2<weZ.

Let Hx C |-Kx| be a linear system such that a general member has
only a rational double point. We remark that a general member of |—K x|
has a rational double point of type Dy 4a.

5.2. Let X, w and Hx be as in (5.1).

(A) If (f (2, %)) r-wi=w is not a square, then we embed X as in (5.1.1) and
construct a blow up f1 : X; — X with weight (x,y, z,u) = %(w,w—i— 1,1,1)
or +(w+1,w,1,1). By [Hay99, 8.4], f; is divisorial with discrepancy 1/2
and X; is Gorenstein outside one point (). There is an open neighborhood
Q € U C Xj such that U ~ (z,2,u)/Zyw+1(—1,1,1). For the exceptional
divisor Fy of fi, we see that Ey; = divy (22 + (f (2, 1)) rwi=w)-

(B) If (f(z,u))rwi=w is a square, then we can write (f(z,u))rwt=w =
—g(z,u)?. In this case, by using [Hay99, 8.6], there is another embedding
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X < (z,y,2,u)/Z2(0,1,1,1) such that

{22 + y? +2g(z,u)x + h(z,u) = 0}/Z2(0,1,1,1)

if w is even,
{2% + y? + 2g9(z,u)y + h(z,u) = 0}/Z2(0,1,1,1)

if w is odd,

(5.2.1) X =

where h(z,u) = (f(z,4))r-wt>w+1- By [Hay99, 8.8], the blow up fo: Xo —
X with weight (z,y,z,u) = +(w+2,w+1,1,1) (in the case w is even) or
T (w+1,w+2,1,1) (in the case w is odd) is divisorial with discrepancy 1/2
and X5 is Gorenstein outside one point Q’. There is an open neighborhood
Q € U C X, such that U' ~ (y,z,u)/Zyi2(—1,1,1). Let F5 be the
exceptional divisor of fz, then we see that Eypr = diveyr (y? + g(z,u) +
(h(z7 u))T—wt:w+1)'

THEOREM 5.3. Let X, w and Hx be as in (5.1). Then there is a
Kx + Hx-crepant Gorenstein resolution f:Y — X such that,

(1) if (f(2z,u))rwt=w s not a square, #E(f) = w+1 with #E(f,1/2) =
1 and #E(f,1) = w, and

(2) if (f(z,u))rawt=w @s a square, #E(f) = w + 2 with #E(f,1/2) =2
and #E(f,1) = w.

Proof. (1) In the case (f(z,u))rwi=w IS NOt a square, let f1: X3 — X,
Eiand Q € U C X; beasin (5.2)(A), and let g; : Y — X be the economic
resolution of ). Then £(g1) = {F1,..., Fy}, where F; is the prime divisor
over @ with a(F;, X;) =i/(w+1) (i =1,...,w). By (2.10) and (2.12), we

have
a(Fy, X) = a(F;, X1, —5 Er) = a(F, U, — 5 Eqp)
= G(Ea U7 _% diVU(.ﬁL‘Z + (f(Z, u))T—wt:w))
i 1 2w+1—19)
w41 2 w+ 1 N
forall i =1,...,w. Thus f = f1o0g1 : Y — X is a Gorenstein resolution

such that £(f) = {g.'E1, F1, ..., Fu}. Since a(gy,' F1, X) = 1/2 and since
f is a composition of divisorial blow ups with minimal discrepancies, we see
that f is Kx +Hx-crepant and we complete the proof when (f(z,u)) rwi=w
is not a square.
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(2) In the case (f(z,u))rwt—w is a square, let fo : Xo — X, Fy and Q' €
U’ C X3 be as in (5.2)(B), and let g2 : Y — X3 be the economic resolution
of Q. We see that £(g2) = {F1,..., Fut1}, where F; is the prime divisor
over Q' with a(F}, Xo) =i/(w+2) (i=1,...,w+1). By (2.10) and (2.12),
we see that a(F1,X) = a(Fy, Xo, — 5 E») = a(Fl,U’,—%ng/) = 1/2 and
a(Fj,X)=1fori=2,...,w+1. Thus f = faoge: Y — X isa Kx +Hx-
crepant Gorenstein resolution with required properties. b

Remark 5.4. If a general member Dx of Hx has a rational double
point of type Dy 2, then f in (5.3) induces the minimal resolution f|p, :
Dy = f;'Dx — Dx of Dx. In case (5.3)(1), g;klEl is irreducible but
gf*lEl‘ Dy has two irreducible components. Our main results (3.1), (3.2)
and (3.3) is proved when X is of type (cAx/2).

§6. Terminal singularities of type (cD/3)

6.1. Let X be a germ of a 3-dimensional terminal singularity of type
(cD/3). Then there is an embedding X — (x,y,z,u)/Z3(2,1,1,0) such
that

({u? 4 2° + y22 + %2 = 0}/Z3(2,1,1,0),

{u? 4+ 23 +y2? + 2y 2\ y3) + vOu(y?) = 0}/Z3(2,1,1,0),
6.1.1) X={ or

{u2 + 23 + y3 + zyz3a(2?)
\

+aztB(2) +y2y () + 286 (2%) = 0}/23@’ 1,1,0),

where \(t), u(t), a(t), B(t), v(t), 6(t) € C{t}.

Let Hx C |-Kx| be a linear system such that a general member has
only a rational double point. We remark that a general member of |—K x|
has a rational double point of type Fg.

6.2. Let X — (z,y,2,u)/Z3(2,1,1,0) be as in (6.1.1) and assume
that

the blow up f1 : X1 — X with weight (z,y,2z,u) = %(2,4, 1,3)

2.1
(6:2.1) is divisorial with discrepancy 1/3.

Under the assumption (6.2.1), it follows from [Hay99, 9.4] that X is Goren-
stein outside one point @ (the origin of the y-chart), which is terminal of
type (cAx/4). Let E be the exceptional divisor of fi. Then, by (2.10),
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for each prime divisor F' over ) and Q-Cartier divisor A on X, we have
a(F,X,A) = a(F, Xy, ffA — 3E).

Thus the study of terminal singularities of type (cD/3) is reduced to
the study of terminal singularities of type (cAx/4). In this section, divisors
A is chosen so that it will work well when we study terminal singularities
of type (cE/2) in Section 7.

LEMMA 6.3. Let
U={u®+2°+ 2% +yz=0}/Z4(2,1,1,3)

be a germ of a 3-dimensional terminal singularity of type (cAx/4). Let
Hu C |-Ky| be a linear system such that a general member has only a
rational double point. For 1# o € C and k € Q, let

AL (k) = —5 divy (y +az + A'(z,y,2)) - 2 div(y) ifa#0, 1,
“ —% divy (y) ifa =0,

where A'(z,y,2) € (x,y,2)*C{x,y, 2} is a Zy-semi-invariant. Then there
is a Ky + Hy-crepant Gorenstein resolution g : V- — U such that E(g) =
{Fl, cee ,F5} with

a(Fy,U,AL(K)) = (k+2)/6, a(Fe,U,AL (k) = (k+2)/6,
a(F3, U, AL (K) = (k+2)/3,  a(Fy, U, AL (k) = (k+2)/2,
a(F5, U, AL (k) = (2k +4)/3.

Proof. Let g1 : Uy — U be the blow up with weight (z,y,2,u) =
%(2, 1,5,3). By [Hay99, 7.9], g: is divisorial with discrepancy 1/4 and U is
Gorenstein outside one point @’ (which is the origin of the z-chart). There
is an open neighborhood Q' € W C U; such that W ~ (x, z,u)/Z5(2, 1, 3).
We also have

— & diviy ((a — 1)z —u? — 2 + A (x21/2,y2t/4, 25/%) /214
= — B2 diviy (2 +u? + 2%) — B2 divp () ifa#0, 1,

B divyy (s 402 +2%) — B2 divg(s)  ifa=0,

where F' is the exceptional divisor of g;. We shall denote the economic
resolution of Q" by hy : V. — Uj. Then we have E(hy) = {G1,...,G4},
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where G; is the prime divisor over Q' with a(G;,Uy) = /5 (i = 1,...,4).
By (2.10) and (2.12), we have a(G1, U, AL (k)) = a(G1,Ur, g AL(k)— 1 F) =
a(G1, W, (gi AL (k) — $F)w) = (k +2)/6. Similarly a(G2,U, Al (k)) =
(k+2)/3, a(Gs,U,Al(k)) = (k+2)/2 and a(G4,U,AL(k)) = (2k +4)/3.
Since a(Fy,U, AL (k)) = (k +2)/6 for the birational transform F; = hi,'F,
we complete the proof by setting g = g1 ohy : V — U and F;1; = G; for
i=1,...,4. b

THEOREM 6.4. Let
X = {u® + 2% + yz* + y*2 = 0}/Z3(2,1,1,0)

and let Hx be as in (6.1). Let Ay(k) = —% divx(y + az + A(z,y, 2)),
where A(z,y, 2) € (z,y,2)2C{x,y, 2} is a Z3-semi-invariant, 1 # a € C and
k € Q. Then there is a Kx + Hx-crepant Gorenstein resolution f : Y — X
such that E(f) = {En,...,Es} with

(k+2)/6 ifa#0,1,
2k +1)/3 ifa=0,

a(Ba, X, Au(k)) = (k+2)/6,  a(Es3, X, Aa(k)) = (k +2)/6,
a(By, X, Au(k)) = (k+2)/3,  a(Es, X, Aa(k)) = (k+2)/2,
a(Es, X, Ao (k) = (2k + 4)/3.

a(E1, X, Ay (k) = {

In particular, we have #E(f) = 6 with #E(f,1/3) = 3, #&(f,2/3) =
#E(f. 1) = #E(f,4/3) = 1.

Proof. By [Hay99, 9.4, 9.9], the assumption (6.2.1) is satisfied. Under
the notation in (6.2), there is an open neighborhood @ € U C X such that

U= {u®+2° + 22 +yz = 0}/Z4(2,1, 1, 3).
Let E be the exceptional divisor of fi. Then we have

(fida(k) = 5By
—Edivy (y + az + A'(z,y,2)) — B2 divy(y) ifa#0, 1,
=\ 2641 divy (y) if @ =0,

where A'(x,y,2) = A(zy®?,y*3, y'/32)/y"/3. We can take a Gorenstein
resolution g; : Y — X with #&(¢g1) = 5 as in (6.3). For each F' € &(¢1),
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we have a(F, X, Aa(k)) = a(F, X1, ffAa(k) — 3E) = a(F.U, (f{ Aa(k) —
%E)| v ), and these values are obtained in (6.3). For the birational transform
E = gf*lE, we have

(k+2)/6 ifa0,1,

a(E, X, AL (k) = {(Qk +1)/3 ifa=0.

Since f1 is a divisorial blow up with minimal discrepancy and since g;
is Kx, + ff*l’HX—crepant, it follows from (2.8) that the composition f =
fiogi 1Y — X is Kx + Hx-crepant. Therefore f is a Kx + Hx-crepant
Gorenstein resolution with required properties. 0

LEMMA 6.5. Let
U= {u*+a°+ 2% + 2y’ \y") + y°u(y?) = 0}/24(2,1,1,3)

be a germ of a 3-dimensional terminal singularity of type (cAx/4), where
A(t), pu(t) € C{t}, and let Hy C |—Ky| be a linear system such that a gen-
eral member has only a rational double point. Let A\ (k) = —%TH divy (y),
AL(k) = —% divy(z+ A'(z,y,2)) — % divy (y), where k € Q, A'(z,y,2) €
(z,y,2)2C{z,y, 2} is a Zy-semi-invariant. Then there is a Ky +Hy -crepant
Gorenstein resolution g : V' — U such that E(g) = {F1,..., F5} with

a(Fy,U, AV (k) = (k+2)/6, a(Fe, U, A (k) = (k+2)/3,
a(F5 UMY R) = (k+2)/3,  a(Fy U Ay (k) = (k +2)/2,
aF5, U, A4 (k) = (2k +4)/3,

and

a(F1, U, Ny(k)) = (2k +1)/3,  a(Fy, U, Ab(k)) = (5k + 4)/6,
a(F3,U, Ay(k)) = (k+2)/3,  a(F1,U,A5(k)) = (k+2)/2,
a(F5, U, Ny(k)) = (2k + 4)/3.

Proof. Let g1 : Uy — U be the blow up with weight (z,y,z,u) =
+(2,1,5,3). By [Hay99, 7.4], g1 is divisorial with discrepancy 1/4 and Uy is
Gorenstein outside one point Q' (which is the origin of the z-chart). There is
an open neighborhood Q' € W C Uy such that W ~ (x, z,u)/Z5(2,1,3). We
have an economic resolution hy : V' — Uj as in (2.12). Then #&(h1) = 4.
Thus g =gi10h1 : V — U is a Ky + Hy-crepant Gorenstein resolution with
#E(g) = 5. We can compute the discrepancies of each F' € £(g) as in the
proof of (6.3) and obtain the result. U
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THEOREM 6.6. Let
X = {u2 + a3 +y2? + xy4)\(y3) + y6u(y3) =0}/723(2,1,1,0)

and Hx be as in (6.1). Let Ay(k) = —£ divyx(y + A(z,y,2)) and As(k) =
—% divx (z+B(z,y, 2)), where A(x,y,2) and B(x,vy,2) € (z,y,2)>C{z,y, 2}
are Zs-semi-invariants, and k € Q. Then there is a Kx + Hx-crepant
Gorenstein resolution f:Y — X such that E(f) = {Ex1,..., FEg} with

a(Ey, X, A1 (k) = (2k+1)/3,  a(E2, X, Aq(k)) = (k+2)/6,
a(Es, X, A1(k)) = (k+2)/3,  a(By, X, A1(k) = (k+2)/3,
a(Es, X, A1 (k) = (k+2)/2,  a(Es, X, A1(k)) = (2k +4)/3,

and

a(Er, X, Mg (k) = (k+2)/6,  a(Es, X, As(k)) = (2k +1)/3,
a(E3, X, Ag(k)) = (5k +4)/6,  a(Eq, X, Ag(k)) = (k+2)/3,
a(Es, X, Mo(k)) = (k+2)/2,  a(Es, X, As(k)) = (2k +4)/3.

In particular, we have #E(f) = 6 with #E(f,1/3) = #&E(f,2/3) = 2,
H#E(f,1) = #E(f,4/3) = 1.

Proof. By [Hay99, 9.4, 9.14], the assumption (6.2.1) is satisfied. Under
the notation in (6.2), there is an open neighborhood @ € U C X such that

U~ {u? + 23+ 22 + oy \yh) + 45uy?) = 0}/Z4(2,1,1, 3).
Let E be the exceptional divisor of fi. Then we have

——ngrl divy (y) if j =1,

* 1

(fl A](k) 3E)\U {—%diVU(Z —|—A’(:):,y,z)) _ %divU(y) if j =2,

where A'(x,y,2) = A(zy®?,y*3,y'/32)/y"/3. We can take a Gorenstein
resolution g; : Y — X, with #&(¢g1) = 5 as in (6.5). For each F' € £(g1)
and each i = 1, 2, we have a(F,X,A;(k)) = a(F, X1, f{Ai(k) — $E) =
a(F U, (ffAi(k) — %E)‘U), and these values are obtained in (6.5). For the
birational transform Ey = g;,' E, we have a(Ey, X, A1 (k)) = (2k+1)/3 and
a(E1, X, As(k)) = (k+2)/6. Therefore f = fiog1: Y — X isa Kx +Hx-
crepant Gorenstein resolution with required properties. 0
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6.7. Let X be a germ of a 3-dimensional terminal singularity of type
(cD/3), and assume there is an embedding X — (x,y,z,u)/Z3(2,1,1,0)
such that

u? + 23 + 3 + 2yzia(z?)
where a(t), B(t), v(t), 6(t) € C{t}. We write a(z?) = D22, ;2% ete. as
power series, and consider the following system of equations in x:

(6.7.2) z3 + Gox + g = 0, 322 +6B0=0, agx +v =0, Brz+ 6 =0.

We shall divide the case into two subcases:

(A) (6.7.2) has no solutions in z. In this case we embed X asin (6.7.1),
then it follows from [Hay99, 9.4, 9.20] that the blow up f; : X3 — X
with weight (x,y,z,u) = %(2,4,1,3) is divisorial with discrepancy 1/3,
hence we can use the discussion in (6.2). We also consider the Q-Cartier
divisor A(k) = —%£divx(y + A(z,y,2)), where k € Q and A(z,y,2) €
(z,y,2)*C{z,y, 2} is a Zs-semi-invariant.

(B) (6.7.2) has a solution x = v € C. By [Hay99, 9.23|, there is another
embedding X — (z,y,z,u)/Z3(2,1,1,0) such that

u? + 2% + 3va?2? + 3 + 2yz3a/ (23)
(6-7'3) X = { —|—x2’7ﬂ’(23) +y28,y/(23) +2125/(23 }/Z3 2, 1717())
where o/(t), 5'(t), 7/ (t), 0'(t) € C{t}. We see from [Hay99, 9.5, 9.25] that
the blow up fo : X9 — X with weight (z,y, z,u) = %(5,4, 1,6) is divisorial
with discrepancy 1/3 and that X5 is Gorenstein outside two points Q1 and
Q2. One point @ (which is the origin of the z-chart) has an open neigh-
borhood U; € X5 such that Uy ~ (y,2,u)/Z5(4,1,1), and the other point
()2 has an open neighborhood Us C X5 such that Uy ~ (z,vy,2)/Z2(1,1,1).

The exceptional divisor Ey of fo satisfies that Eyy;, = divy, (x(y, 2, 1)),
where x(y, z,u) = u? + 3v2% +y3 + o/ (0)yz® + 5(0)2" ++/(0)yz® +§"(0)212,
and that Fypy, = divy,(y).

We also consider the Q-Cartier divisor A/ (k) = —£ divy (y+4/(z,y, 2))
and Aj(k) = —& divx(z + B'(z,y,2)), where A'(z,y,2) and B'(z,y,2) €
(z,y,2)*C{z,y, 2} are Zz-semi-invariants, and k € Q.

LEMMA 6.8. Let

u? + 23 +y? + 2yza(yz 3)
U= /Z (2,1,1,3
{ +2248(y23) + y2Py(yz®) + 256 (y2°) ! )
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be a germ of a 3-dimensional terminal singularity of type (cAx/4), where
a(t), B(t), y(t), 6(t) € C{t}, and let Hy C |-Ky| be a linear system
such that a general member has only a rational double point. Let A'(k) =

—L;l divy (y), where k € Q. Then there is a Ky + Hy-crepant Gorenstein

resolution g : V' — U such that E(g) = {F1,...,F5} with

a(FL, U, N (k) = (5k+4)/6,  a(Fo,U, A (k) =k + 1,
a(Fs, U,N (k) = (k+2)/3,  a(Fu,U,A(k) = (k+2)/2,
a(Fs, U, A (k) = (2k +4)/3.

Proof. Let g1 : Uy — U be the blow up with weight (z,y,z,u) =
%(2, 5,1,3). By [Hay99, 7.4], g1 is divisorial with discrepancy 1/4 and U; is
Gorenstein outside one point ' (which is the origin of the y-chart). There
is an open neighborhood Q' € W C U such that W ~ (z, z,u)/Z5(2,1, 3).
We have an economic resolution hy : V' — Uy with #&(hy) = 4. Therefore
g=giohy : V — U is a Ky + Hy-crepant Gorenstein resolution with
#E(g) = 5. We can compute the discrepancies of F' € £(g) as in the proof
of (6.3) and obtain the result. U

THEOREM 6.9. Let X, Hx, A(k), Al (k), AL(k) be as in (6.7). Under

the notation and assumptions in (6.7), we have the following:

(1) In case (A), there is a Kx + Hx-crepant Gorenstein resolution
f:Y — X such that E(f) = {En,...,E¢} with

a(Br, X,Ak)) = (2k +1)/3,  a(Es, X, A(k)) = (5k + 4)/6,
a(Bs, X, A(k)) =k + 1, a(Ey, X, A(k)) = (k +2)/3,
a(Es, X,A(k)) = (k+2)/2,  a(Ee, X, A(k)) = (2k + 4)/3.

In particular, we have #E(f) = 6 with #E(f,1/3) = 1, #&(f,2/3) =
#E(f,1) =2 and #E(f,4/3) = 1.

(2) In case (B), there is a Kx + Hx-crepant Gorenstein resolution
f:Y — X such that E(f) = {En, ..., Es¢} with

a(By, X, Al (k) = (2k+1)/3, a(Ey, X, A} (k) = (2k +1)/3,
a’(E37X’ All(k)) = (5k + 4)/67 a(E47X’ All(k)) =k+1,
a(Es, X, Al (k) = (k+2)/2, a(Ee, X, A} (k) = (k+2)/3
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and

a(Br, X, Ab(k)) = (k +2)/6,  a(Ea, X, (k) = (k +2)/6,
a(Bs, X, Ay(k)) = (k+2)/3,  a(Ex, X, Ay(k)) = (k +2)/2,
a(Bs, X, Ay(k)) = (k+2)/2,  a(Es, X, Ay(k)) = (k +2)/3.

In particular, #E(f) = 6 with #E(f,1/3) = #E(f,2/3) = #E(f,1) = 2.

Proof. (1) By [Hay99, 9.4, 9.20], the assumption (6.2.1) is satisfied.
Under the notation in (6.2), there is an open neighborhood @ € U C X,
such that

u? + 2% + y? + ay2da(yz?)
V= { + 22" B(y2%) + y2°y(y2*) + 2%6(y=*) = 0 /24(2’ 1,1,3).

We also see that (ffA(k) — %E)IU = —%TH divy (y), where F is the excep-
tional divisor of f;. By (6.8), there is a Gorenstein resolution g7 : ¥ —
X1 with #&(¢g1) = 5. For each F € &(g1), we have a(F, X, A(k)) =
a(F, X1, f{A(k) — $E) = a(F,U,(ffA(k) — $E)y) by (2.10), and these
values are obtained in (6.8). For the birational transform E; = g;,' F, we
have a(E1, X, A(k)) = (2k +1)/3. Therefore f = fiog1 : Y — X is a
Kx + Hx-crepant Gorenstein resolution with required properties.

(Q)Letfg:X2—>X, Ery, Q1 € Uy C Xy, Q2 € Uy C X5 be as in
(6.7)(B). We shall denote the economic resolution of Q1 and Q2 by g2 : ¥ —
Xy. Then £(g2) = {Fi,...,Fy1,G}, where F; (resp. G) is the prime divisor
over (1 (resp. Q2) with a(F;, X2) = i/5 (i = 1,...,4) (resp. a(G,X2) =
1/2).

We first study a(F;, X, Aj(k)) (i =1,...,4, j =1, 2). We have

(f50%(k) — 5 E2)u,
_ {‘%diVUl(l/ + Ay, z,u)) — 2L divy, (x(y, 2,u) i j =1,

_% divy, (z + Bi(y,z,u)) - % divy, (x(y, z,u)) if j =2,

where A)(y,z,u), Bi(y,z,u) € (y,2,u)?C{y,z,u} are Zs-semi-invariants.
By (2.10), we see that a(Fy, X, Ay (k) = a(Fy, Uy, (f3A1(k) — $E2)p,) =
(2k + 1)/3. Similarly, we obtain values of a(F;, X, A’(k)) for each i =

L,...,4, j = 1, 2. These correspond to a(E;11, X, A’(k)) respectively in
the theorem.
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Next we study a(G, X, A’(k)) for j =1, 2. We have

{_—Qk:»,ﬂ divyy, (y) if j =1,
—% divy, (z + B(z,y, 2)) — % divy, (y) ifj =2,

for some Zs-semi-invariant Bj(z,y,z) € (z,y,2)?C{z,y,2z}. Hence, by
(2.10), we see that a(G, X, Al (k)) = a(G, X, AL(k)) = (k+2)/3. Therefore
we complete the proof by taking f = foogy: Y — X. 0

Remark 6.10. Thus (6.4), (6.6) and (6.9) prove our main results (3.1),
(3.2) and (3.3) when X is of type (cD/3). Moreover if Dy € Hx has only
a rational double point of type Eg, then f in (6.4), (6.6) and (6.9) induces
the minimal resolution of Dx.

§7. Terminal singularities of type (cE/2)

7.1. Let X be a germ of a 3-dimensional terminal singularity of type
(cE/2). Then there is an embedding X — (x,y,z,u)/Z2(0,1,1,1) such
that

(7.1.1) X = {u*+ 2% + gy, )z + h(y, 2) = 0}/Z5(0,1,1,1),

where ¢(y, 2), h(y,z) € (y,2)*C{y, 2z} are Zy-invariants and the degree 4
part hqeg4(y, z) of h(y,z) is non-zero.

We denote by Hx a linear system C |— K x| such that a general member
has only a rational double point, which is of type E7.

72. Let X — (x,y,2,u)/Z2(0,1,1,1) be as in (7.1.1) and assume
that 2% & h(y, z) and that

the blow up f1 : X1 — X with weight (z,y,z,u) = %(2,3, 1,3)

2.1
(72.1) is divisorial with discrepancy 1/2.

It follows from [Hay99, 10.4] that X; is Gorenstein outside one point @
(which is the origin of the y-chart) and that there is an open neighborhood
Q@ € U C X; such that

U~ {u? + 2% + g(y*%,y"22) Jy* - o + h(y®?,y"%2) [y = 0}/Z5(2,1,1,0).

Since hgeg 4(y, 2) is non-zero, this is terminal of type (cD/3).
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Let E be the exceptional divisor of f1. By (2.10), we see that a(F, X) =
a(F, X1,—1E1) = a(F,U,— % divy(y)) for each prime divisor F over Q.

Thus the study of terminal singularities of type (cE/2) is reduced to
the study of terminal singularities of type (cD/3), which is already done in
Section 6.

We shall study terminal singularities of type (cE/2) by dividing into
several cases as in [Hay99, §10]. If hqeg4(y, 2) does not have a triple or a
quadruple factor, the assumption (7.2.1) is satisfied by [Hay99, 10.4] and
we can apply the discussion in (7.2).

THEOREM 7.3. Let X, Hx be as in (7.1) and assume that haeg4(y, 2)
has four distinct factors. Then there is a Kx 4+ Hx-crepant Gorenstein
resolution f Y — X such that #E(f) = 7 with #E(f,1/2) = 4 and
#g(fv 1) = #5(]",3/2) = #8(]“72) =1

Proof. By a linear transformation in y and z, we may assume that
haeg 4(y, 2) = yz(y + M2)(y + A2z) for some Aj, Ay € C with Ay, Ao # 0,
A1 # 2. By [Hay99, 10.4, 10.11], the assumption (7.2.1) is satisfied. Under
the notation in (7.2),

u? 4+ 23 + 2(y + A2)(y + A22)
U~ { + (terms of degree > 4) = 0}/23(2, 1,1,0),

and this is isomorphic to
V = {u®+ 23 +y2® + 9?2 = 0}/Z3(2,1,1,0).

Furthermore, we see that (U, —%EHU) ~ (V, —% divy (y + az + A(z,y, 2)))
for some o € C with a # 0, 1 and some Zgs-semi-invariant A(z,y,z) €
(z,y,2)2C{z,y,2}. By (6.4), there is a Kx, + f;,""Hx-crepant Gorenstein
resolution ¢1 : Y — X; with #&(g1) = 6. For each F € &(g1), we have
a(F,X) = a(F,X1,—5E) = a(F,V,—5 divy(y + oz + A(z,y,2))), and
these values are obtained in (6.4). Since a(gy,'E1, X) = 1/2, we complete
the proof by taking f = f1o0¢g1: Y — X. U

THEOREM 7.4. Let X, Hx be as in (7.1) and assume that hqeg4(y, 2)
has one double and two single factors. Then there is a Kx + Hx-crepant
Gorenstein resolution f : Y — X such that #E(f) = T with #E(f,1/2) =3,
#E(f,1) =2 and #E(f,3/2) = #E(f,2) = 1.

https://doi.org/10.1017/50027763000009120 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009120

3-DIMENSIONAL TERMINAL SINGULARITIES 87

Proof. 'We may assume that hqeg4(y, 2) = y*2(y+z). By [Hay99, 10.4,
10.17], the assumption (7.2.1) is satisfied. Under the notation in (7.2), U
is isomorphic to

V= {u® + 2 +y22 +y*2 = 0}/Z3(2,1,1,0).

We also have (U, —%EHU) ~ (V,—% divy (y+ A(z, y, 2))) for some Zs-semi-
invariant A(z,y, 2) € (v,y,2)>C{z,y,z}. By (6.4), there is a Kx, + f;, " Hx-
crepant Gorenstein resolution ¢; : ¥ — X; with #&(g1) = 6. For each
F € &(gq1), we have a(F,X) = a(F,X1,—3E1) = a(F,V,—% divy(y +
A(z,y,z))), and these values are obtained in (6.4) by setting v = 0 and
k = 1. Thus it suffices to take f = fio0¢g; : Y — X. 0

THEOREM 7.5. Let X, Hx be as in (7.1) and assume that hgeg4(y, 2)
has two double factors. Then there is a Kx + Hx-crepant Gorenstein res-
olution f:Y — X such that #E(f) =7 with #E(f,1/2) =2, #E(f,1) =3
and #E(f,3/2) = #E(f,2) = 1.

Proof. We may assume that hgega(y,2) = y?22. By [Hay99, 10.4,
10.22], the assumption (7.2.1) is satisfied. Under the notation in (7.2), U
is isomorphic to

V= {u2 + 23 +y? + xy4)\(y3) + y6,u(y3) =0}/Z3(2,1,1,0)

for some A(t), u(t) € C{t}, and (U, —%EHU) ~ (V,— % divy (y+ A(z, y,2)))
for some Zg-semi-invariant A(z,vy,2) € (z,y,2)?C{z,y,2}. By using (6.6),
there is a Kx, + ff*lHX—crepant Gorenstein resolution g1 : Y — X7 with
#E(g1) = 6. For each F € £(g1), we have a(F,X) = a(F,V,—+ divy(y +
A(z,y,z))), and these values are obtained in (6.6). Therefore f = f; o
g1 : Y — X is a Kx + Hx-crepant Gorenstein resolution with required
properties. 0

7.6. Next we shall study the case where hgeg4(y, 2) has a triple factor
and a single factor. We may assume that hgega(y,2) = y3z. We write
9(y,2) = >, g apgy?2, My, 2) = 3, , bpgyP2? as power series, and consider
the following system of equations in x:

(7.6.1) x° + aggx + bog = 0, 322 +ags =0, a3z + b5 =0, aggx + bgg = 0.

We shall divide into two subcases:
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(A) (7.6.1) has no solutions in z. In this case, the assumption (7.2.1) is
satisfied by [Hay99, 10.4, 10.28], hence we can use the discussion in (7.2).

(B) (7.6.1) has a solution x = v € C. By [Hay99, 10.31], there is
another embedding X — (x,y, z,u)/Z2(0,1,1,1) such that

(762) X = {u2 + xS + 3V$2Z2 + a0 (ya Z)J,‘ + hl (ya Z) = 0}/22(07 1> ]-7 1)7

where 7-wt(g1(y,2)) > 3, T-wt(h1(y,z)) > 5 when we set T-wt(y,z) =
(3/2,1/2), and y3z € hq(y,2). In this case we shall use the blow up fs :
Xo — X with weight (z,y,2,u) = %(2,1,3, 3). This is divisorial with
discrepancy 1/2, and in particular this is K x + H x-crepant.

THEOREM 7.7. Let X, Hx be as in (7.1) and assume that hqaeg4(y, 2)
has a triple factor and a single factor. Under the notation and assumptions

in (7.6), there is a Kx +Hx-crepant Gorenstein resolution f:Y — X such
that #E(f) = 7 with

{#E(f,1/2) =#E(f,1) = #E(f,3/2) =2, #E(f,2) =1 in case (A),
#E(f,1/2) =3, #E(f,1) = #E(f,3/2) =2 in case (B).

Proof. (1) In case (A), we can use the discussion in (7.2) as in (7.6)(A).
Under the notation in (7.2), U is isomorphic to

V= {u?+2° +y2® + 2y Ay?) + yOu(y?) = 0}/Z5(2,1,1,0),

for some \(t), pu(t) € C{t}, and (U, —+ sEw) = (V,—5 Ldivy (2 + B(2,y,2)))
for some Zg-semi-invariant B(z,y,2) € (z,v,2)?C{z, y,z} By using (6.6),
there is a Kx, + fl_*lH x-crepant Gorenstein resolution g1 : Y — X; with
#&(g1) = 6. For each F € E(gy1), we have a(F,X) = a(F,V,—+ divy(z +
B(z,y,2))), and these values are obtained in (6.6). Therefore we complete
the proof by taking f = fiog; : Y — X.

(2) Next we treat case (B). Under the notation in (7.6)(B), we see that
X, is Gorenstein outside one point Q" (which is the origin of the z-chart),
and there is an open neighborhood Q' € U’ C X5 such that

u2 + 23 + 3vr222 + 91(3/21/2,23/2)/22 .
Ulg{ +hy(y2'/?,2%2) /23 = 0 }/Z3(2,1,1,0),

which is isomorphic to

2, .3 2.2, .3 3 /.3
;Jut+x® 4+ vtz +y —|—xyza( ) /
V' = { 223 (28) + ySy (23) + 21267 (%) = 7Z3(2,1,1,0)
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for some o/(t), 5'(t), ¥/ (t), &(t) € C{t}. Let E5 be the exceptional divisor
of fo. Then (U',—5Eyy) ~ (V',—5 divy(z + B'(z,y,2))) for some Zs-
semi-invariant B'(x,y,z) € (x,y,2)?C{x,y,2}. By (6.9), we know that
there is a Kx, + fﬂlHX—crepant Gorenstein resolution go : Y — Xs with
#E(g2) = 6. For each F € &£(g2), we have a(F, X) = a(F,Xg,—%Eg) =
a(F,V',—% divy/(z + B'(z,y,2))), and these values are obtained in (6.9).
Therefore f = foogs : Y — X is a Kx + Hx-crepant Gorenstein resolution
with required properties. O

7.8. Lastly we shall study the case where hqeg4(y,2) has a quadru-
ple factor. We may assume that haega(y,2) = y*. As in (7.6), we write
9(y,2) = >, apgyP2, My, 2) = >, , bpgyP2? as power series, and consider
the following two systems of equations in x:

(7.8.1) x° + aggx + bog = 0, 32?2 4+ ags =0, a3z + b1z = 0,
and
(7.8.2) x° 4+ aggx + bog = 0, 322 4+ags =0, a1zx+bi5 =0, apgx + bgg = 0.

We shall divide the case into six subcases:

(A) (7.8.1) has no solutions in z. In this case, the assumption (7.2.1) is
satisfied by [Hay99, 10.4, 10.41], hence we can use the discussion in (7.2).

(B) (7.8.1) has a solution but (7.8.2) has no solutions. In this case,
the assumption (7.2.1) is satisfied and we can use the discussion in (7.2).
However the situation is slightly different from case (A).

If (7.8.2) has a solution = v € C, then it follows from [Hay99, 10.44]
that there is another embedding X — (z,y, z,u)/Z2(0,1,1,1) such that

(7.8.3) X = {u? +2° + 3v2%2® + g1 (y, 2)x + M1 (y, 2) = 0}/Z2(0,1,1,1),

where T-wt(g1(y,2)) > 3, T-wt(hi(y,z)) > 5 when we set T-wt(y,z) =
(3/2,1/2), and y* € hi(y,z). We next consider the following weighted
homogeneous polynomial:

(7.8.4) & =u? +3vz?? + (91(Y, 2))rwt=3 - = + (h1(y, 2)) r-wi=5-

(C) {& =0} CP(4,3,1,5) is irreducible and reduced. We embed X as
in (7.8.3) and construct a blow up fo : Xo — X with weight (z,y, z,u) =
%(4,3, 1,5). By [Hay99, 10.5, 10.47], fo is divisorial with discrepancy 1/2
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and Xy is Gorenstein outside two points 1 and @2 (which are the origins
of the x-chart and the y-chart respectively). There is an open neighborhood
Q1 € Uy C X, (resp. Q2 € Uy C Xy) such that Uy ~ (y,z,u)/Z4(3,1,1)
(resp. Uy ~ (x,2,u)/Z3(1,1,2)). Moreover we have Eoyp, = divy, (u* +
3v22+(g1(Y, 2)) rewi=3 T+ (h1 (Y, 2) ) rwt=5) and By, = divy, (u?+3va222+
(91(1, 2)) rowt=3 - + (h1(1, 2)) r-wt=5), where Fs is the exceptional divisor of
fa.

If {& =0} CP(4,3,1,5) is reducible or non-reduced, then we see from
[Hay99, 10.51] that there is an embedding X — (z,y,2,u)/Z2(0,1,1,1)
such that

u? + 2(azz + Byz? +v2°)u
7.8.5 X = Z5(0,1,1,1
(78.5) { + 2%+ ga(y, 2) + ha(y,2) = 0 / 20, 1,1, 1),

where «, 3, v € C and 7-wt(g2(y, z)) > 4, T-wt(ha(y, z)) > 6 when we set
r-wt(y, z) = (3/2,1/2), and y* € ha(y, 2).

(D) (e, B,v) # (0,0,0). We embed X as in (7.8.5) and construct a
blow up f3 : X3 — X with weight (z,y,z,u) = %(4,3,1,7). By [Hay99,
10.6, 10.54], f3 is divisorial with discrepancy 1/2, X3 is Gorenstein outside
one point @ (which is the origin of the w-chart), and there is an open
neighborhood @ € U C X3 such that U ~ (z,y, 2)/Z7(4,3,1) with E3y =
divy (2(awz+ Byz* +72°) + 23+ (92(y, 2)) rwi=a- £+ (h2 (Y, 2) ) r-wi=6), Where
FE5 is the exceptional divisor of f3.

(E) (o, 8,7) = (0,0,0) and the blow up f3 : X3 — X with weight
(x,y,z,u) = %(4,3,1,7) is divisorial with discrepancy 1/2. By [Hay99,
10.6, 10.61], the non-Gorenstein point of X3 is unique and it has the same
properties as (D).

(F) (o, B8,7) = (0,0,0) and the blow up f3 : X3 — X with weight
(x,y,z,u) = %(4,3, 1,7) is not divisorial with discrepancy 1/2. By [Hay99,
10.65], we can change the embedding X — (z,y, z,u)/Z2(0,1,1,1) and get

(7.8.6) X ={u® +2° + g3(y, 2)= + ha(y, z) = 0}/Z2(0,1,1, 1),

where 7-wt(g3(y, z)) > 6, 7-wt(hs3(y,z)) > 9 when we set 7"-wt(y, z) =
(5/2,1/2), and y* € h3(y, 2). It follows from [Hay99, 10.7, 10.67] that the
blow up f; : X4 — X with weight (z,y,z,u) = %(6,5,1,9) is divisorial
with discrepancy 1/2, X, is Gorenstein outside two points @1 and Q2 (Q1
is the origin of the y-chart and Q2 lies on the x-chart and the u-chart), and
there is an open neighborhood @1 € U; C X4 (resp. Q2 € Uy C X4) such
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that Uy ~ (z,z,u)/Z5(1,1,4) (resp. Uy ~ (x,y,2)/Z3(1,2,1)). Moreover
we have By, = divy, (u? +2° + (g3(1, 2))rrwi=6 -  + (h3(Y, 2))7/-wi=9) and
Eyu, = divy,(z) for the exceptional divisor Fy of fj.

THEOREM 7.9. Let X, Hx be as in (7.1) and assume that hgeg4(y, 2)
has a quadruple factor. Then, under the notation and assumptions in (7.8),
there is a Kx + Hx-crepant Gorenstein resolution f :'Y — X such that
#E(f) =6 in case (C) and #E(f) =T in other cases. More precisely,

#E(f,1/2) =1, #E(f,1) = #E(f,3/2) = #E(f,2) =2 in case (A),
#E(f,1/2) =1, #E(f. 1) =3, #E(f,3/2) =2, #E(f,2) =1

in case (B),
#E(f,1)2) =2, #E(f,1) =3, #&E(f,3/2) =1 in case (C),
#E(f,1/2) = #E(f,1) =3, #E(£,3/2) =1 in case (D),
#E(f,1/2) =2, #E(f,1) =4, #E(f,3/2) =1 in case (E),
#E(f,1/2) =3, #E(f,1) =4 in case (F).

Proof. (1) In case (A), we can use the discussion in (7.2). Under the
notation in (7.2), U is isomorphic to

u? + 23 + 3 + 2yzia(z?)
' { + 22! B(2) + 2Py (%) + 206(2%) = o}/ Z5(2,1,1,0)

for some a(t), B(t), v(t), 6(t) € C{t}. Since (7.8.1) has no solutions, we are
in the situation of (6.7)(A). We also have (U, —5Eyy) ~ (V, —5 divy (y +
A(z,y,2))) for some Zs-semi-invariant A(z,vy,2) € (z,y, 2)2C{z,y, z}. By
(6.9), there is a Kx, + ff*lHX—crepant Gorenstein resolution g1 : Y — X3
with #€(g1) = 6. For each F' € £(g1), we have a(F, X) = a(F, X1,— %+ Ey) =
a(F,V,—% divy (y + A(z,y, 2))), and these values are obtained in (6.9) by
setting k = 1. Since a(gy,} F1, X) = 1/2, we complete the proof by taking
f=fiog:Y = X.

(2) In case (B), we again use the discussion in (7.2). Under the notation
in (7.2), U is isomorphic to V as above. Since (7.8.1) has a solution, we are
in the situation (6.7)(B). Thus U is isomorphic to

2, .3 2.2 .3 3.1(.3
,Jut a4 3vatet 4y +ayzd(27) /
14 _{ +xz7ﬂ’(z3)—|—y28'y’(z3)—1—2125’(23) =0 ZS(ZLLO)

for some v € C and o/(t), §'(t), 7'(t), §'(t) € C{t}. We have (U, — 5 Ejyy) ~
(V' =5 divi(y + A'(2,y,2))), where A'(z,y,2) € (2,9,2)°C{z,y,2} is a
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Zs-semi-invariant. By (2.12), there is a Kx, + f;,'Hx-crepant Gorenstein
resolution g; : Y — X with #&(¢1) = 6. Using (6.9), we know the value
a(F,X) for each F € &(g1). Thus f = fiog1 : Y — X is a required
Kx + Hx-crepant Gorenstein resolution.

(3) In case (C), let fo: Xo — X, Ey, Q1 € Uy C Xg, Q2 € Us C Xo,
Q3 € Us C Xg be as in (7.8)(C), and let g3 : ¥ — X5 be the economic
resolution of Q1 and Q2. Then £(g2) = {F1, Fa, F3,G1, Gy}, where F; (resp.
G;) is the prime divisor over Q1 (resp. Q2) with a(F;, Xo) =i/4 (i =1, 2,
3) (resp. a(Gj,X2) = j/3 (j = 1, 2)). By using (2.10) and (2.12), we see
that a(F1,X) = a(F1, X2, —5E2) = a(F1,U1, —5 Eo,) = 1/2. Similarly
we have a(Fy, X) =1, a(F3,X) = 3/2 and a(G1,X) = a(G2,X) = 1. The
birational transform E = g,.' Es satisfies a(E, X) = 1/2.

(4) In case (D), let f3: X3 — X, E3,Q € U C X3 beasin (7.8)(D), and
let g3 : Y — X3 be the economic resolution of (). Then g3 isa Kx,+ fr;lH X-
crepant Gorenstein resolution and we have £(g3) = {F1,..., Fs}, where F; is
the prime divisor over @ with a(F;, X3) =1i/7 (i =1,...,6). By (2.10) and
(2.12), we have a(Fy,X) = a(Fi, X3, —+E3) = a(Fy,U,—3E3p) = 1/2.
Similarly, we have a(F3, X) = 1/2, a(F3,X) = a(Fy, X) = a(F5,X) =1
and a(Fg, X) = 3/2. Since Y has only Gorenstein terminal singularities and
since a(F,X) =1/2 for E = g3_*1E3, the composition f = f30g3:Y — X
is a Kx 4+ Hx-crepant Gorenstein resolution with required properties.

(5) In case (E), we construct birational morphisms f3 : X3 — X and
g3 : Y — X3 as in (4). Then the composition f = fz3og3:Y — X is a
Kx + Hx-crepant Gorenstein resolution. Computations of discrepancies of
each F' € £(f) is the same as in (4) except for a(Fy, X). In this case, we
have a(F, X) = 1.

(6) Lastly we shall study case (F). Let fy : X4 — X, Ey, Q1 € Uy C
Xy, Q2 € U € X4 be as in (7.8)(F), and let g4 : ¥ — X, be the
economic resolution of ()1 and (2. Then ¢4 is a Kx, + f4_*1H x-crepant
Gorenstein resolution and we have £(g4) = {F1,..., Fy,G1,G2}, where F;
(resp. G;) is the prime divisor over Qi (resp. Q2) with a(F;, X4) = /5
(¢ =1,...,4) (vesp. a(G;,X4) = j/3 (7 = 1, 2)). By (2.10) and (2.12),
we have a(F1,X) = a(Fy, X4, —5Ey) = a(F1, U1, — 5 Eyy,) = 1/2. Simi-
larly, we have a(Fy, X) = a(F3,X) = a(Fy, X) = 1, a(G1,X) = 1/2 and
a(Ga,X) = 1. Since Y has only Gorenstein terminal singularities and since
a(E,X) =1/2 for E = g;;' B4, the composition f = fy0g4:Y — X satis-
fies our requirement. 0

Remark 7.10. By (7.3), (7.4), (7.5), (7.7) and (7.9), our main results
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(3.1), (3.2) and (3.3) are proved in the case X is of type (cE/2). Moreover,
if Dy € Hx has only rational double point of type E7, then our Goren-
stein resolution f : Y — X induces the minimal resolution f|p, : Dy =
f'Dx — Dx of Dx except for (7.9)(C). In this exceptional case, Dy has
one rational double point of type A; and Y has an isolated cDV point there.

§8. Terminal singularities of type (cD/2)

In this section, we shall study a part of 3-dimensional terminal singu-
larities of type (cD/2). The rest of this type will be treated in Section 9
together with type (cAx/4).

8.1. Let X be a germ of a 3-dimensional terminal singularity of type
(cD/2) and assume that there is an embedding X — (x,y, z,u)/Z2(1,1,0,1)
such that

(8.1.1) X = {u® 4 2zyz + 2% + Yy 4 ¢ = 0}/Z2(1,1,0,1),

where a, b > 2 and ¢ > 3. Let Hx C |-Kx]| be a linear system such that
a general member has only a rational double point. We remark that the
general member of |—K x| has a rational double point of type Da,.

We first treat the case a = b = 2, and next treat the case a > 3 or
b> 3.

The following lemma is a special case of (4.6) and will be used in the
proof of (8.3).

LEMMA 8.2. Let U = {zy + zu? + 272 = 0}/Z2(1,1,0,1) (c > 3),
Hy C |-Ky| be a linear system such that a general member has only a
rational double point and let A = —% divy(2). Then there is a Ky + Hy-
crepant Gorenstein resolution g : V. — U which satisfies the following:

(1) If c = 3, then #&(g) = 1 with #&E(g,A,1) = 1.

(2) If c =4, then #&(g) = 3 with #E(g,A,1) =2, #E(g,A,3/2) = 1.

(3) If ¢ > 5, then #E&(g9) = ¢ — 1 with #&(g,A,1) = #E(9,A,3/2) =2
and #E(g,A,i/2) =1 for eachi=4,5,...,c—2.

Proof. Since the weight sequence of U as type (cA/2) (cf. (4.3)) is (1)
if c=3,and (2, 3,...,c— 2) if ¢ > 4, this lemma follows from (4.6). 0
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THEOREM 8.3. Let X, Hx be as in (8.1) and assume that a = b = 2.
Then there is a Kx + Hx-crepant Gorenstein resolution f:Y — X which
satisfies the following:

(1) If c = 3, then we have #E(f) = 4 with #E(f,1/2) =1, #E(f,1) =2
and #E(f,3/2) = 1.

(2) If c = 4, then we have #E(f) = 6 with #E(f,1/2) =1, #E(f,1) =3
and #E(f,3/2) = 2.

(3) If ¢ > 5, then we have #E(f) = ¢+ 2 with #&(f,1/2) = 1,
#E(f,1) = #E(f,3/2) =3 and #E(f,i/2) =1 for eachi=4,5,...,¢c—2.

Proof. By using [Hay00, 4.4], the blow up f1 : X; — X with weight
(x,y,z,u) = %(1, 1,2, 3) is divisorial with discrepancy 1/2, and X is Goren-
stein outside two points @1 and Q2. One point (); has an open neigh-
borhood U; C Xj such that Uy ~ {xy + zu® + 272 = 0}/Z2(1,1,0,1),
and the other point Q2 has an open neighborhood Us C X such that
Us ~ (z,y,2)/Z3(1,1,2). We also see that Eyy, = divy,(2) and By, =
divy, (ryz + 2% 4+ y*) for the exceptional divisor E; of fi.

By using (8.2) for @1 and the economic resolution of (2, we get a
Kx,+ fl_*lH x-crepant Gorenstein resolution g1 : Y — X such that £(¢g1) =
{prime divisors over Q1}U{G1,G>}, where G is the prime divisor over Q2
with a(Gj, X1) =j/3 (j =1, 2). By (2.10) and (2.12), we have a(G1,X) =
a(G1, X1, —5E1) = a(G1,Us, —5 Eyp,) = 1, and similarly a(Ga, X) = 3/2.
We know that a(F,X) = a(F,X1,—3E1) = a(F,Uy,—% divy, (2)) for a
prime divisor F' over )1 by (2.10), and these values are obtained in (8.2).
Since a(E, X) = 1/2 for the birational transform E = g;,' By, we complete
the proof. 0

Next we shall treat the case a > 3 or b > 3. By changing x and y if
necessary, we shall assume that a > 3. The following lemmas will be used
in the proof of (8.6) and (8.7).

LEMMA 8.4. Let U = {xz + u? + 333 = 0}/Z3(1,1,2,0) (b > 2),
Hu C |-Ky| be a linear system such that a general member has only a
rational double point and let A = —% divy(y). Then there is a Ky + Hy-
crepant Gorenstein resolution g : V. — U which satisfies the following:

(1) If b =2, then #&E(g) = 4 with #E(9,A,1/2) =1, #E(9,A,1) =2
and #&(g9,A,3/2) = 1.

(2) If b > 3, then #E(g) = 5 with #E(g,A,1/2) = #E(g9,A,1) =2 and
#E(g,A,3/2) = 1.
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Proof. (1) By [Hay99, 6.4], the blow up ¢g; : Uy — U with weight
(z,y,2z,u) = %(1, 1,2, 3) is divisorial with discrepancy 1/3, and U is Goren-
stein outside two points @)1 and Q2. One point ()1 has an open neighbor-
hood W; C Uj such that Wy ~ (y, z,u)/Z2(1,1,1), and the other point Q2
has an open neighborhood Wy C U such that Wy ~ (z,y, 2)/Z3(1,1,2). For
the exceptional divisor E; of g1, we have (¢7A — %El)\wl = —3 divw, (y) —
5 diviy, (2) and (giA — B \w, = — 5 divi, (y) — 5 divig, (22 + 37).

Let hy : V — Uy be the economic resolution of @)1 and ()2. Then V has
only Gorenstein terminal singularities and £(h1) = {F,G1,G2}, where F
(resp. G) is the prime divisor over @ (resp. Q2) with a(F,U;) = 1/2 (resp.
a(G;,Ur) = j/3 (j = 1, 2)). By (2.10) and (2.12), we have a(F,U,A) =
a(F,U1, ;A — +E1) = 1 and similarly a(G1,U, A) = 1, a(G2,U, A) = 3/2.
Hence the composition g = g1 o hy : V — U satisfies our requirement.

(2) In this case, we start with the blow up g2 : Us — U with weight
(z,y,2z,u) = %(1,1,5,3), which is divisorial with discrepancy 1/3. We
see that Us has a unique non-Gorenstein point, which is a cyclic quotient
terminal singularity of index 5. Thus we can argue as in (1) and get the
results. We shall omit the details. []

LEMMA 8.5. Let U = {zy + u® + 273 = 0}/Z2(1,1,0,1) (¢ > 4),
Hy C |—-Ky| be a linear system such that a general member has only a
rational double point and let A = —1 divy(z). Then there is a Ky + Hy-

crepant Gorenstein resolution g : V. — U such that #&E(g) = ¢ — 3 with
#E(g9,A,i/2) =1 for each i =2,3,...,c—2.

Proof.  Since the weight sequence of U as type (cA/2) (cf. (4.3)) is
(1, 2,...,¢— 3), this lemma follows from (4.6). 0

THEOREM 8.6. Let X, Hx be as in (8.1) and assume that a > 3 and
b= 2. Then there is a Kx + Hx-crepant Gorenstein resolution f:Y — X
which satisfies the following:

(1) If ¢ = 3, then we have #E(f) = b5 with #E(f,1/2) = #E(f,1) =2
and #E(f,3/2) = 1.

(2) If c = 4, then we have #E(f) = 6 with #E(f,1/2) =2, #E(f,1) =3
and #E(f,3/2) = 1.

(3) If ¢ > 5, then we have #E(f) = ¢+ 2 with #&(f,1/2) = 2,
#E(f,1) = 3 and #E(f,3/2) = 2 and #E(f,i/2) = 1 for each i = 4,
5, .., c— 2.
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THEOREM 8.7. Let X, Hx be as in (8.1) and assume that a, b > 3.
Then there is a Kx + Hx-crepant Gorenstein resolution f:Y — X which
satisfies the following:

(1) If c = 3, then we have #E(f) = 6 with #E(f,1/2) =3, #E(f,1) =2
and #&(f,3/2) = 1.

(2) If c = 4, then we have #E(f) =T with #E(f,1/2) = #E(f,1) =3
and #E(f,3/2) = 1.

(3) If ¢ > 5, then we have #E(f) = c+3 with #E(f,1/2) = #E(f,1) =
3, #E(f,3/2) =2 and #E(f,i/2) =1 for eachi=4,5,...,c— 2.

We shall prove these two theorems at the same time.

Proof. We first assume that ¢ > 4. By [Hay00, 4.7, 4.12], the blow
up f1 : X; — X with weight (z,y,z,u) = %(1,3,2,3) is divisorial with
discrepancy 1/2, and X is Gorenstein outside two points (1 and (2. One
point Q1 has an open neighborhood U; C X7 such that Uy ~ {zz + u? +
y?v=3 = 0}/Z3(1,1,2,0), and the other point Q5 has an open neighborhood
Uy C Xi such that Uy ~ {xy + u® + 273 = 0}/Z5(1,1,0,1). For the
exceptional divisor £ of f1, we have )y, = divy, (y) and By, = divyy, (2).

By taking the Kx, + ff*l’HX—crepant Gorenstein resolutions of Q)
and @2 as in (8.4) and (8.5), we get a projective birational morphism
g1 : Y — Xj such that Y has only Gorenstein terminal singularities. If
F) is a prime divisor over @, we have a(F;,X) = a(Fl,Xl,—%El) =
a(Fy, Uy, —% divy, (y)). We also see that if F, is a prime divisor over Qo,
then a(F, X) = a(Fy, Us, —% divy,(2)). Thus we know the value a(F, X)
for each F' € &(g1) by (8.4) and (8.5). Since the birational transform
E = g1} F) satisfies a(F, X) = 1/2, the composition f = fiog; : Y — X
is a Kx + Hx-crepant Gorenstein resolution of X and E£(f) satisfies the
conditions in (8.6) and (8.7). Thus we proved (8.6) and (8.7) when ¢ > 4.

If ¢ = 3, then the same blow up f; : X1 — X as above is divisorial with
discrepancy 1/2, and X is Gorenstein outside one point ; € X1, which
has the same properties as above. Thus we can argue similarly and obtain
(8.6)(1) and (8.7)(1) 0

Remark 8.8. By (8.3), (8.6) and (8.3), we obtain our main results (3.1),
(3.2) and (3.3) for X as in (8.1), which is a part of type (cD/2). In this
case fipy, : Dy = fo !Dx — Dy is not necessarily the minimal resolution
for Dx € Hx.

https://doi.org/10.1017/50027763000009120 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009120

3-DIMENSIONAL TERMINAL SINGULARITIES 97

§9. Terminal singularities of type (cD/2) and (cAx/4)

In this section, we shall study 3-dimensional terminal singularities of
type (cD/2) and (cAx/4) simultaneously. The argument in this section is
similar to the one given in Section 4, but rather complicated. The results
in this section and Section 8 treat all 3-dimensional terminal singularities
of type (cD/2). All type (cAx/4) singularities are treated in this section.

9.1. Let X be a germ of a 3-dimensional terminal singularity at P.
We assume that there is an embedding X — (z,y,z,u)/Z2(1,1,1,0) such
that
X = {2 + y*u+ h(2)y + g(z,u) = 0}/Z5(1,1,1,0),
where h(z) = Y,500,27 " € C{z} and g(z,u) = D prg>1 apgz?Pul €
C{z%, u}.

For each positive integer i, we denote 7;-wt(z,u) = (i/2,2), and define

w;i(X) = rrwt(—1h(2)* + g(z,w)u) — 2
= min{27;-wt(h(z)) — 2, 7-wt(g(z,u))}
=min({(2r +1)i — 2 | b, # 0} U {ip + 2¢ | apq # 0}).

Since the cyclic group Zsy acts freely on {x? + y?u + h(2)y + g(z,u) =
0} \ {(0)}, we see that u¥ € g(z,u) for some positive integer w. The
smallest such integer w is called the azial weight of X and we shall denote
it by aw(X) (cf. [Hay99, 2.6]).

Let Hx C |-Kx| be a linear system such that a general member has
only a rational double point. We remark that X is of type (cD/2) in most
cases, but it may be of type (cAx/2) or (cA/2). If X is of type (cD/2), then
a general member of |~K x| has a rational double point of type Daoy(x)-

LEMMA 9.2. Under the notation and assumptions in (9.1), we have the
following:

(1) For each positive integer i, we have —1 < wi(X) € Z, w;(X) <
wiJrl(X) and wi+1(X) - UJZ(X) 2 /UJZ'JFQ(X) — wiJrl(X).

(2) If i is even, then w;(X) is also even.

(3) For all sufficiently large integer i, we have w;(X) = 2aw(X).
(4) If w1 (X) <2, then T1-wt(h(z)) <1 or -wt(g(z,u)) < 2. Further-

more,

m-wt(h(z)) <1 if and only if by # 0 or by # 0,
T1-wt(g(z,u)) <2 if and only if a19 # 0, azo # 0 or ap; # 0.
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Proof. We can prove (1) and (3) similarly as in (4.2), while proofs for
(2) and (4) are obvious. U

9.3. By (9.2), we get a sequence of strictly increasing integers
(wl(X)7w2(X)7 st 7wl(X))7

where w;(X) = 2aw(X). This is called the weight sequence of X as type
(cD/2). We also call | = I(X) the length of the weight sequence of X.
For each positive odd integer ¢, we define

Bi(X) = {wi(X) %f wi(X) s odd,
wi(X) —1 if w;(X) is even.

In particular, w;(X) is always an odd integer. We sometimes denote w;(X)
and w;(X) by w; and w; respectively if there is no danger of confusion.

For each positive even integer i, we shall denote G;(z,u) = (—%h(z)2 +
g(z, u)u) ricwt—wi (X)42 and set x;(z) = Gi(z,1). We define the condition (xi)
as follows:

(0) Xi(z) = (thl OétZQt’l)Q for some a; € C.
If i ¢ 47, then the condition (*i) is equivalent to

(*i/) wz(X) ¢ 4Z> (g(zau))Ti—wt:wi(X) is a square, or
wi(X) €4Z, (—1h(2)?+ g(z,u)u) riwt=wn(X) 42 is a square.

It is easy to see that the condition (xi) does not hold for all i > [(X).

In the following, we shall consider the pair (X, Ax(k)), where X is as
n (9.1) and Ax(k) = —%divy(u) with k¥ € Q. This allows us to work
inductively.

9.4. Let X bea germ of a 3-dimensional terminal singularity at Pe
X. We assume that there is an embedding X < (x,y,2,u)/7Z4(1,3,1,2)
such that
X = {22 +92 + f(z,u) = 0}/Z4(1,3,1,2),

where f(z,u) =3\ 51 odd cpg??Pud € C{2%, u}.
For each positive integer i, we denote p;-wt(z,u) = (i/2,1), and define

n(X) = pirwt(f (z,u) = min{ip + q | cpq # 0}
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Since the cyclic group Z4 acts freely on {z? + y% + f(z,u) = 0} \ {(0)}, we
see that u" € f(z,u) for some positive odd integer w. Let w be the smallest

such integer, then we have aw(X) = (w + 1)/2 (cf. [Hay99, 2.6]).

Let Hy C |[~K | be a linear system such that a general member has
only a rational double point. We remark that X is of type (cAx/4) if
cor # 0. If this is so, then a general member of |~ K ¢| has a rational double
point of type DQaw(X)+1

LEMMA 9.5.  Under the notation and assumptions in (9.4), we have the
following:

(1) For each positive integer i, we have 1 < @Z(X) € Z, wi(X) <
Wiy1(X) and i1 (X) — i (X) = Wi (X) — ig1(X).

(2) Ifi is odd, then w;(X) is also odd.
(3) For all sufficiently large integer i, we have w;(X) = 2aw(X) — 1.

Proof. This lemma is proved similarly as in (4.2) or (9.2). 0

9.6. By (9.5), we get a sequence of strictly increasing positive integers

A A

(@1 (X), 2(X),..., wn(X)),

where (X)) = 2aw(X) — 1. This is called the weight sequence of X as type
(cAx/4). We also call [ = [(X) the length of the weight sequence of X. We
sometimes denote w;(X) by w; if there is no danger of confusion.

For each positive odd integer i, we define the condition (}i) as follows:

(T9) (f(z, u))pi—wt:ﬁ)i(f() = Zz‘p+q:u}i(f() cpgz?Pud is a square.

If we set Fi(z,u) = (f(z,u))
dition (}7) is equivalent to

prwt—in; (%) A0 Xi(z) = Fi(z,1), then the con-

(+i') Xi(2) = (Zyq Brz21)? for some f € C

since w;(X) is odd. It is easy to see that the condition (fi) does not hold
for all i > I(X)

We shall consider the pair (X,A¢(k)), where X is as in (9.4) and
A4 (k) = —% div ¢ (u) with k € Q. This again allows us to work inductively
together with (X, Ax(k)) in (9.3).
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From now on, we shall study Gorenstein resolutions of X in (9.1) and
X in (9.4) by dividing into several cases. The results in this section will
be given in (9.19) and (9.20) after we prepare several inductive steps in
(9.7)-(9.18).

The first two lemmas (9.7) and (9.8) deals with X as in (9.1) such that
X is not of type (cD/2). We need these lemmas because of the inductive
argument in (9.19) and (9.20).

LEMMA 9.7. Let X, w;(X), Ax(k), Hx be as in (9.1) and (9.3), and
assume that w1(X) = —1. Then wy(X) = 0, the condition (x2) holds, and

there is a Kx + Hx-crepant Gorenstein resolution f :' Y — X such that
#E(f) = aw(X) with

#E(f,Ax(k), (k+2i)/4) =1 fori=1,2,...,aw(X).

Proof. Since z € h(z), we see that wg(X) = 0, the condition (*2) holds
and that

(X, Ax (k) ~ ({22 + yz + u™X) = 0}/Z5(1,1,1,0), — £ div(u)).

Thus we immediately see that the weight sequence of X as type (cA/2)
(cf. (4.3)) is (1, 2,...,aw(X)). Therefore the remaining part of this lemma
follows from (4.6). 0

LEMMA 9.8. Let X, w;i(X), Ax(k), Hx be as in (9.1) and (9.3), and
assume that w1 (X) = 1 and wo(X) = 2. Then the condition (¥2) holds if
and only if aw(X) > 2, and one of the following holds:

(1) If the condition (x2) holds, then there is a K x +H x -crepant Goren-
stein resolution f :'Y — X such that #E(f) = aw(X) + 1. Moreover, if
aw(X) = 2, then
2 ifi=1,

HE(S, D), (0 +20)/4) = {1 i
and if aw(X) > 3, then

2 ifi=1,2,

#E(f, Ax(k), (k +2i)/4) = {1 ifi=3,. .. aw(X)—1.

(2) If the condition (x2) does not hold, then there is a K x +Hx -crepant
Gorenstein resolution f:Y — X such that #E(f) =1 with

#E(f, Ax(k), (k+2)/4) = 1.

https://doi.org/10.1017/50027763000009120 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009120

3-DIMENSIONAL TERMINAL SINGULARITIES 101

Proof. Since a9 # 0 or ag; # 0, the condition (%2) holds if and only if
ap1 = 0, which is equivalent to saying that aw(X) > 2.
If the condition (%2) holds, then we have

(X, Ax (k) =~ ({22 + 22 + y?u +u™E) = 0}/Z5(1,1,1,0), — £ div(u)).

Thus the weight sequence of X as type (cA/2) (cf. (4.3))is (2, 3,...,aw(X)).
Hence this lemma follows from (4.6).

If the condition (%2) does not hold, then X ~ (z,y,2)/Z2(1,1,1). Let
f:Y — X be the economic resolution, then the exceptional divisor E of f
satisfies a(F, X, Ax(k)) = (k+2)/4. 0

LEMMA 9.9. Let X, w;i(X), Ax(k), Hx be as in (9.1) and (9.3), and
assume that w1(X) = 1, wo(X) = 4 and that the condition (¥2) does not
hold. Then one of the following holds:

(1) If aw(X) = 2, then there is a Kx + Hx-crepant Gorenstein resolu-
tion f1: X1 — X such that #E(f1) = 3 with

#E(f1, Ax (), (k+2)/4) =1,  #E(f1,Ax(k), (k+4)/4) =1,
#E(f1,Ax(k), (k+2)/2) = 1.

(2) If aw(X) > 3, then there is a K x+Hx -crepant birational morphism
f1: X1 — X such that #E(f1) = 3 with

#E(f1, Ax(k), (k+2)/4) =1,  #E(f1,Ax(k), (k+2)/2) =1,
#E(f1, Ax(k), (k+3)/2) =1,

and that X1 is Gorenstein terminal outside one point Py. There is an open
neighborhood P; € U C X7 such that

U~ {2 + y*u — Th(zu'/?)? /ud + g(2u'/?,u) /u? = 0}/Z5(1,1,1,0).

Furthermore, we have a(G,X,Ax(k)) = a(G,U,—E2 divy(u)) for each
prime diwvisor G over P;.

Proof. Let g1 : Y1 — X be the blow up with weight (z,y,z,u) =
%(3,1,1,2). By [Hay00, 5.22, 5.32], g1 is divisorial with discrepancy 1/2
and Y7 is Gorenstein outside the origin ()1 of the z-chart and the origin Q4
of the u-chart. Let FE be the exceptional divisor of g;.
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We shall study these non-Gorenstein points individually. There is an
open neighborhood @1 € Uy C Y; such that Uy ~ (y, z,u)/Z3(1,1,2). We
see that a(E, X, Ax(k)) = (k+2)/4 and that

(g Ax (k) — 5B,

— k42
1

= —% divy, (u) divy, (y?u + b1 23y + agez? + a112%u + agau?).

We take the economic resolution hy : X1 — Y of Q1, then E(hy) = {F1, Fa},
where Fj is the prime divisor over Q1 with a(F};,Y1) =j/3 (j =1, 2). We
see that

a(Fy, X, Ax (k) = (k +2)/2
(k + 3)/2 if apy = 0,

and a(F2aX’AX(k))_{(k+4)/4 if aga # 0

by using (2.10) and (2.12). We can write the u-chart U, as follows:
Us = {2%u+ 1% + h(zu"?) Ju®? -y + g(zu? u) Ju® = 0}/Z2(1,1,1,0),

which is isomorphic to the given form of U. The composition f; = g; o
hi : X; — X is a projective birational morphism such that £(f1) =
(W E, F, By}, If aw(X) = 2, then agy # 0 and Q4 ¢ Uy, hence X is
Gorenstein. Otherwise f; satisfies the condition in (2) since (¢7Ax (k) —
%E)|U4 = —% diVU4(u). I:I

Remark 9.10. In (9.9), aw(X) = 2 if and only if [(X) < 2. If aw(X) =
2, then the condition (x4) does not hold.

The pair (U, —% divy(w)) in (9.9)(2) is of the form in (9.1) and (9.3).
It is easy to see that w;(U) = w;+2(X) — we(X) for all positive integers i
and {(U) = [(X) — 2. We also see that the condition (x¢) holds for U if and
only if the condition (xi + 2) holds for X.

LEMMA 9.11. Let X, w;i(X), Ax(k), Hx be as in (9.1) and (9.3), and
assume that w1 (X) = 1, we(X) = 4 and that the condition (x2) holds. Then
aw(X) > 3 and one of the following holds:

(1) If aw(X) = 3, then there is a Kx + Hx-crepant Gorenstein resolu-
tion f1: X1 — X such that #E(f1) =5 with

#E(f1, Ax (k), (k+2)/4) =2, #E(f1, Ax(k), (k+4)/4)
#E(f1, Ax(k), (k+2)/2) =1, #E(f1, Ax(k), (k+3)/2)

)

1
1.
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(2) Ifaw(X) > 4, then there is a K x +Hx -crepant birational morphism
f1: X1 — X such that #E(f1) =5 with

#E(f1, Ax (k), (k+2)/4) = 2,

1 if a1 # 0,
#E(f1, Ax (R), (k +4)/4) = {o if a1 =0,
HE(F1, Ax (k), (k+2)/2) =1,

B 1 ifa;; #0,
#E(f1, Ax (k) (k+3)/2) = {2 if a1 =0,

and that X1 is Gorenstein terminal outside one point Py. There is an open
neighborhood P; € U C X1 such that

22 4+ y2u+ (202 + b1 23)y — %hl(?;ulﬂ)?/u4
~ Zo(1,1,1
v { — 2b12%h (2ul/?) Ju/? + g1 (zut/?, ) fud —0}/ 2(1,1,1,0),
where o = —ay1, g1(2,u) = (9(2,1))ry-wt>6 and hi(z) = (h(2))rywt>s. We
also have a(G, X, Ax (k)) = a(G, U, —£E2 divs (u)) for each prime divisor
G over Py.

Proof. Since the condition (x2) holds, we see that ags = 0, hence
aw(X) > 3. We can write (—1h(z)? —|—g(z,u)u)T2_wt:6 = — (30123 — azu)?,
where o> = —aq;. With this notation, we see that there is an embedding

X < (z,y,2,u,t)/Z2(1,1,1,0,1) such that

22+ (y —a2)t + h1(2)y + g1(z,u) =0
X = { t=(y+az)u+ b 23 /ZQ(l’l’l’O’ b,

where h1(z) = (h(2))ry-w>s and g1 (2, u) = (9(2,4)) ry-wt>6- Let g1 : Y1 — X
be the blow up with weight (x,y, z,u,t) = %(3,1, 1,2,5). By [Hay00, 5.9,
5.36], g1 is divisorial with discrepancy 1/2 and Y7 is Gorenstein outside the
origin Q5 of the t-chart and the origin Q4 of the u-chart. Let E be the
exceptional divisor of g1.

We know that @5 has an open neighborhood Us ~ (z, z,u)/Z5(3,1,2),
a(E,X,Ax(k)) = (k+2)/4 and that

(g1 Ax (k) — 5 E)u;

2 3
T k42 s ru — 20zu — b1z
= -7 leU5 (u) - I leUs( .

+ Zp+q:3 apqz2puq+1 — abyz8u — byby28
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Let hy : X; — Y7 be the economic resolution of Q5. Then we have E(hy) =
{F1,...,Fy} with a(F;, Y1) =1i/5 (i = 1,...,4). Thus, by (2.10) and (2.12),

we have

E+2)/4 ifi=1,
/2 ifi=2,
/4 if i =3 and “a11 # 0 or ap3 # 07,

(
(P X Ax(0) = 4|
(k—|-3 /2 if “=3and aj1 =ag3=0" or i =4.

On the other hand, the u-chart U4 has an expression:

22+ (y — ax)t + hl(zul/Z)/u5/2 Y
Ur={  + g1 (cull?,u)/u? = 0 /25(1,1,1,0,1).
tu=1y+ az+ b1 23

Let f1 = g1 0hy : X1 — X be the composition. If aw(X) = 3, then ag3 # 0
and Q4 & Uy, therefore f; is a Gorenstein resolution. Otherwise, X is
Gorenstein terminal outside Q4 and Uy is isomorphic to the given form of U.
Since (g7 Ax (k) — %E)‘U4 = — &2 divy, (u), we see that a(G, X, Ax(k)) =
a(G,Uy, Ay, (k + 2)) for each prime divisor G over Q4 [

Remark 9.12. In (9.11), aw(X) = 3if and only if /(X)) < 4. If aw(X) =
3, then the condition (*4) does not hold.

The pair (U, —% divyr(u)) in (9.11)(2) is of the form in (9.1) and (9.3).
Since

— 3202 + b123)2 + (=T ha(zut/?)? Jut — Lb1 28k (2ul/?) fud/?
+ gl(zul/Z,u)/u3)u
= —Lh(zul/?)?/u? + g(zul/? u) fu?,
we see that w;(U) = w;2(X) — wa(X) — 2 for all positive integers ¢ and
(U) =1(X)—2. We also see that the condition (*7) holds for U if and only

if the condition (i + 2) holds for X. If aj; # 0, then w;(U) = —1 and the
condition (x4) holds for X.

LEMMA 9.13. Let X, wy(X), AX(k:), H be as in (9.4) and (9.6), and

assume that the condition (1) does not hold. Then one of the following
holds:
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(1) Ifaw(X) = (1 (X)+1)/2, then there is a K ¢ +H ¢ -crepant Goren-
stein resolution fy: X1 — X such that #E(f1) = in (X) + 2 with

#E(N1, g (k) (k+1)/4) =1, #E(f1,Ax(k), (k+3)/4) =1,
#E(f1, B (k). (k+1)/2) = (@1(X) +1)/2,
#E(f1, Ax(k), (k +2)/2) = (@1(X) = 1)/2.

(2) If aw(X) > (w1 (X) 4 3)/2, then there is a K ¢ +H ¢ -crepant bira-
tional morphism f1 : X1 — X such that #E(f1) = w1 (X) + 2 with

#E(fr, A g (), (k+1)/4) =1,
#E(f1, A (k), (k+1)/2) = (1 (X) +1)/2,
#E(f1, Ay (k), (k +2)/2) = (11 (X) +1)/2,

and that X1 is Gorenstein terminal outside one point Py. There is an open
neighborhood P; € U C X7 such that

U =~ {22 + y2u+ flzul/®, ul/2) ju /2 = 01 /7,(1,1,1,0).

Furthermore, we have a(G,X,AX(k)) = a(G,U,— L divy (u)) for each

prime divisor G over Pj.

Proof. As we can treat the case w; = 3 (mod 4) similarly, we shall
assume that @; = 1 (mod 4) in the following. Let g, : Y7 — X be the
blow up with weight (z,y,z,u) = %(12)1,1211 +2,1,2). By [Hay99, 7.4], g1 is
divisorial with discrepancy 1/4 and Y7 is Gorenstein outside the origin Q2
of the y-chart and the origin ()4 of the u-chart. Let E be the exceptional
divisor of ¢;.

The point Q)2 has an open neighborhood Us ~ (z, z,u) /Zy, +2(—2,1,2),
a(E, X,A¢(k)) = (k+1)/4 and that

(g1 A ¢ (k) — LE) 1y, = —& divy, (u) — £ divy, (22 + (£(2,1)) pwt—in)-

Let h; : X1 — Y7 be the economic resolution of Q1. Then we have £(hy) =
{Fl,. .. ,Fﬁjl-‘rl} with a(Fz,Yl) = Z/(’Lbl + 2) (l =1,...,01 + 1) Thus, by
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(2.10) and (2.12), we have

a(Fi, X, A g (k)
= a(F3,Y1,9i A (k) — E)
= a(E, Uy, —% divy, (u) — % divy, (y? + (f(z,u))ﬁkwt:ugl))
(k+1)/2 ifi=1,...,(01 +1)/2,
=< (k+3)/4 ifi= (w1 +3)/2and cpp, #0
(k+2)/2 “t= (w1 +3)/2and ¢y, =0” ori > (w1 +5)/2.

On the other hand, we can write the u-chart Uy as follows:
Uy = {2 + y2u+ f(zu'/* ul/?) ju™/? = 0} )Z5(1,1,1,0).

Let fi = g1oh; : X1 — X be the composition. If aw(X) = (i +1)/2, then
Q4 ¢ Uy and f1 is a Gorenstein resolution. Otherwise, X; is Gorenstein

termir}aleutside Q4. Since (gi‘AX(kz) - %E)W4 = —£tL divy, (u), we have
a(G, X, A4 (k) = a(G, Uy, — L divy, (u)) for each prime divisor G over
e [

Remark 9.14. In (9.13), aw(X) = (1 (X) +1)/2 if and only if [(X) =
1. If aw(X) = (w1 (X) + 1)/2, then the condition (13) does not hold.

The pair (U, — £ divy (u)) in (9.13)(2) is of the form in (9.1) and (9.3).
It is easy to see that w;(U) = w;y1(X) — w1 (X) for all positive integers i
and [(U) = [(X) — 1. We also see that the condition (xi) holds for U if and
only if the condition (fi + 1) holds for X.

LEMMA 9.15. Let X, w;(X), AX(k), H be as in (9.4) and (9.6), and
assume that the condition (11) hold. Then aw(X) > (w1 (X)+3)/2 and one
of the following holds:

(1) Ifaw(X) = (i1 (X)+3)/2, then there is a K ¢ +H ¢ -crepant Goren-
stein resolution f1: X1 — X such that #E(f1) = wl(f() + 4 with

#E(f1, A k), (k+1)/4) =2,  #E(f1, A5 (k), (k+3)/4) =1,
HE(f1, A (k), (k+1)/2) = (01 (X) +1)/2,
#E(f1, A (k), (k+2)/2) = (1 (X) +1)/2.
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(2) If aw(X) > (w01 (X) +5)/2, then there is a K ¢ + H -crepant bira-
tional morphism f1 : X1 — X such that #E(f1) = w1 (X) + 4 with

A Lif er - 0,
#E(f1, D¢ (k), (k+3)/4) = {0 ij _1i0

1(X) +1)/2,
(W1(X) +1)/2 if e14,-1 #0,
(w ( ) + 3)/2 if Cla,-1 = 0.

Moreover X is Gorenstein terminal outside one point Py, and there is an
open neighborhood P, € U C X7 such that

#E(f1, A g (k), (k +1)/2) = (@
#E(f1, A g (k). (k+2)/2) = {

U {2 + yPu+ 2905, Dy + bzl ud/2) [l 00022 Z 0}7,(1,1,1,0),
where g(Z u) = (f( ))p1—’wt:ﬁ)1(X)7 h(z’u) = (f(z’u))pl—thﬁ)l(X)—i-Q'
We have a(G, X, A < (k) = a(G,U,—EL divys (u)) for each prime divisor
G over Py.

Proof. Since the condition (f1) holds, we see that ¢, = 0, hence
aw(X) > (i1 + 3)/2. We also see that there is an embedding X <
(x,y,2,u)/Z4(1,3,1,2) such that

{x2 + 2+ 2g(z,u)x + h(z,u) = 0}/Z4(1,3,1,2)
ifw; =1 (mod 4),

X =
{2% +y° +29(z,u)y + h(z,u) = 0}/Z4(1,3,1,2)
if w; =3 (mod 4),
where g(Z, u)2 = _(f(zau))m-wt:wla h(zau) = (f(zvu))pl-wtzlerQ- Since we

can treat the case w; = 3 (mod 4) similarly, we shall assume that @w; = 1
(mod 4) in the following. Let g1 : Y1 — X be the blow up with weight
(r,y,z,u) = %(ﬁ)l +4,w + 2,1,2). By [Hay99, 7.9], g1 is divisorial with
discrepancy 1/4 and Y is Gorenstein outside the origin @ of the z-chart
and the origin 4 of the u-chart. Let E be the exceptional divisor of g;.

The point @ has an open neighborhood Uy ~ (y, z,u) /Zy, +4(—2,1,2),
a(E,X,A ¢ (k)) = (k+1)/4 and that

~

(g7 A5 (k) — T B,
= _% diVUl (u) - % diVU1 (y2 + QQ(Z,U) + (f(z’u))p-wt:w1+2)'
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Let h; : X; — Y7 be the economic resolution of ;. Then we have E(hy) =
{Fl, e ,Fu*}1+3} with CL(.FZ',Yl) = Z/(’UAjl + 4) (l =1,...,w1 + 3) Thus, by
(2.10) and (2.12), we have
a(Fiv X? AX(k))

= a(F;, V1,0 A (k) — 1 E)

= a(F;, Uy, —% divy, (u) — 25 dive, (82 + 29(2,u) + (f(2,1)) pwt—is +2))

(k+1)/4 ifi=1,
(k+1)/2 ifi=2... (@1 +3)/2,

) (k+3)/4 ifi= (i +5)/2 and “c1, 1 # 0 or coy 12 # 07,
(k+2)/2 otherwise.

On the other hand, the u-chart U4 has an expression:
Uy = {2% + y2u+ 2g(z, Dy + h(zut/t, ul/2) ful 212 = 0}/7,(1,1,1,0).

Let fi = gi1oh; : X1 — X be the composition. If aw(X) = (i1 +3)/2, then
Q4 ¢ Uy and f1 is a Gorenstein resolution. Otherwise, X; is Gorenstein

termir}aleutside Q4. Since (gi‘AX(kz) - %E)W4 = —£tL divy, (u), we have
a(G, X, A (k) = a(G,Us, — 2 divy, (u)) for each prime divisor G' over
o [

Remark 9.16. In (9.15), aw(X) = (d1(X) +3)/2 if and only if [(X) <
3. If aw(X) = (w1 (X) + 3)/2, then the condition (13) does not hold.
The pair (U, — £ divy (u)) in (9.15)(2) is of the form in (9.1) and (9.3).

Since

~h (2002, 1) + (e, 2) ful P F D2 = il ) fus 2,

A~ A~

we have w; (U) = w;4+1(X) —w1(X) —2 for all positive integers i and I(U) =

I[(X) — 1. We also see that the condition (xi) holds for U if and only if the
condition (¢ + 1) holds for X. If ¢; ;,—1 # 0, then w(U) = —1 and the
condition (13) holds for X.

LEMMA 9.17. Let X, wi(X), Ax(k), Hx be as in (9.1) and (9.3),
and assume that wi(X) > 3. Then there is a Kx + Hx-crepant birational
morphism f1: X1 — X such that #E(f1) = wi(X) — 2 with

#E(f1, Ax (k), (k +1)/2) = (w01 (X) - 1)/2,
#E(f1, Ax (k), (k +2)/2) = (01 (X) - 3)/2,
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and that X1 is Gorenstein terminal outside one point Py. There is an open
neighborhood P; € U C X1 such that

~ xQ 4 y2 _ %h(zul/Q)Q/uwl(X)'f‘?
U= { + g(zu!/? u?) Ju™X) =0 }/Z4(173, 1,2).

Furthermore, we have a(G,X,Ax(k)) = a(G, U,—% divy (u)) for each
prime diwisor G over P;.

Proof. Let g1 : Y1 — X be the blow up with weight (z,y,z,u) =

3 (w1, w1 — 2,1,4). By [Hay00, 5.4], g is divisorial with discrepancy 1/2

and Y7 is Gorenstein outside the origin ()2 of the y-chart and the origin Q4
of the u-chart. Let E be the exceptional divisor of g;.

The point @2 has an open neighborhood Us ~ (x,y, 2) /Zg,—2(2,—2, 1),
a(E, X, Ax(k)) = (k+1)/2 and that

(97 Ax (k) — 3 E)
= — & divy, (2% + h(zy"/?) [y FD/2 4 g(2y1/2,0) /y™) — £ divy, (y).
Let hy : X7 — Y7 be the economic resolution of Q2 and let £(hy) =
{Fl, R ,F@l_g} with a(F;, Y1) = 2/(17}1 — 2) (7, =1,...,w1 — 3) Then
we have
a(Fiu X) AX(k))
= a(F;, V1,9 Ax (k) — 3 E)
= a(F;, Uy, =% divy, (2% + h(zy*?) [y D72 + g (2412, 0) [y™)
- % diVU2 (y))

k)2 ifi=1,.. () —3)/2,
C\(k+2)/2 ifi= (0 —1)/2,... 01— 3.

On the other hand, the u-chart Uy has an expression:
Uy = {2 + 2+ h(zu'/?) Ju™HD2 4 g(zut/? u?) Ju™ = 0}/Z4(1,3,1,2),
which is isomorphic to the given form of U. We also know that (¢7Ax (k) —

%E)W4 = — 2 divy, (u). Hence a(G, X, Ax (k) = a(G,Us, — L divy, (u))
for each prime divisor G over Q4. b
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Remark 9.18. The pair (U, — AL divy(u)) in (9.17) is of the form in
(9.4) and (9.6). We see that ’LDZ(U) = wi+1(X) — w1(X) for all positive
integers i and [(U) = I(X) — 1. We also see that the condition (1i) holds
for U if and only if the condition (si 4+ 1) holds for X.

Now we state our main results in this section. The following theorem
(9.19) (resp. (9.20)) relates the number of exceptional prime divisors of
a Gorenstein resolution with the data w;(X) and conditions (xi) (resp.
w;(X) and conditions (ti)). Though it should be possible to write down all
informations on exceptional prime divisors obtained from (9.7)-(9.18), our
results are restricted to divisors with discrepancies < 1 over X and X. This
is because we have to divide into many cases. Proofs of (9.19) and (9.20)
will be given at the same time.

THEOREM 9.19. Let X, w;(X), Ax(k), Hx be as in (9.1) and (9.3),
and assume that X is of type (cD/2). Then there is a Kx + Hx-crepant
Gorenstein resolution f:Y — X such that #E(f) < 2aw(X) with

if (x¥2) does not hold,
*2) holds,

f(
#E(f, Ax(k), (k+4)/4) = {; ! E:i; sz;not hold,

#E(f, Ax(k), (k +1)/2) = (w1 (X) = 1)/2,
#E(f, Ax(k), (k +2)/2) = wa(X)/2 - 1,
)

and other E € E(f) satisfies a(E, X, Ax(k)) > (k+6)/4 or > (k+ 3)/2.

BE(S Ax (k). (k +2)/4) = { ;

THEOREM 9.20. Let X, w;(X), Ag(k), Hy be as in (9.4) and (9.6).
Then there is a K ¢ + H g -crepant Gorenstein resolution f : Y — X such
that #E(f) < 2aw(X) + 1 with

« ~ )1 if (1) does not hold,
#E (Db, O+ 1)/4) = {2 RS
K B ), (6 + /1) = {; L) ettt
#E(f, Ag (k), (k+1)/2) = (@1(X) +1)/2,
#E(f, Ag(k), (k +2)/2) = [2(X) /2],
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and other E € E(f) satisfies a(E,X,AX(k)) > (k+3)/2 or > (k+5)/4.

Proof of (9.19) and (9.20). (A) If we(X) < 2, then it follows from (9.7)
and (9.8) that there is a Gorenstein resolution f : Y — X such that
#E(f) < 2aw(X). This statement is not a part of (9.19) since X is not of
type (cD/2), but we need this in the following.

(B) We shall prove (9.20) when the condition (f1) does not hold and
I(X) <1, or the condition (1) holds and I(X) < 3.

In the first case, we have aw(X) = (1(X)+1)/2 by (9.14), hence there
is a K + H¢-crepant Gorenstein resolution fq : X7 — X as in (9.13)(1).
Since #E(f1) = w1(X) + 2 = 2aw(X) + 1, [@2(X)/2] = (@1 (X) — 1)/2
and since the condition (13) does not hold, this f; satisfies the conditions
in (9.20).

In the second case, we can take a K ¢ + H ¢-crepant Gorenstein reso-
lution f1 : X; — X as in (9.15)(1). Then we again see that f; satisfies the
conditions in (9.20) by a similar argument as above.

(C) We shall prove (9.19) when the condition (*2) does not hold and
[(X) < 2. Since X is of type (cD/2), we have either w;(X) = 1 and
U)Q(X) =4, or ’Lf)l(X) > 3.

If w1(X) =1 and wao(X) = 4, then there is a Kx + Hx-crepant Goren-
stein resolution f1 : X1 — X as in (9.9)(1). Since #&(f1) =3 < 4 =
2aw(X), (w1(X) —1)/2 = 0 and since we(X)/2 — 1 = 1, we see that f;
satisfies the conditions in (9.19).

If w;(X) > 3, then we first take f1 : X; — X as in (9.17). Since U in
(9.17) satisfies [(U) < 1, there is a Kx, +H.x,-crepant Gorenstein resolution
g1 :Y — Xj asin (9.20) by using the results in (B). Let f = fiog; : Y — X
be the composition. This is a Kx + H x-crepant Gorenstein resolution. We
see that #E(f) = #E(f1)+#E(g1) < (w1(X)—2)+(2aw (U)+1) = 2aw(X).
By (9.17) and (9.18), we also see that

#E(f, Ax (), (k +2)/4) = #E (g1, Ap (k) (k +1)/4) =1,
#E(f, Ax (), (k +4)/4) = #E (g1, Ap (k), (k +3)/4) =1,
#E(f, Ax (k) (k+1)/2) = (01 (X) —1)/2,

#E(f, BDx(k), (k+2)/2) = #E(fr, Ax (k) (k +2)/2)

+ #E(91, Ay (k), (k+1)/2)
= (01(X) = 3)/2 + (wa(X) — w1 (X) +1)/2
=w(X)/2 -1,
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and other E € &(f) satisfies a(E, X, Ax(k)) > (k+6)/4 or > (k + 3)/2.
Since the condition (x4) does not hold in this case, f : Y — X satisfies the
condition in (9.19).

(D) By a similar way, we can prove (9.19) when the condition (%2) holds
and [(X) <4

Let [ be a positive integer, and assume that (9.20) holds for all X with
[(X) <1—1 and (9.19) holds for all X with I(X) <[ —1.

(E) We shall prove (9.19) for X with [(X) = . We first assume that the
condition (*2) does not hold for X. By the result in (C), we may assume
that [ = (X)) > 3.

If w1(X) =1 and w9 (X) = 4, then we first take f; : X3 — X as in
(9.9)(2). Since U in (9.9)(2) satisfies w1 (U) = 1, wa(U) < 4and {(U) = (-2,
there is a Kx, + Hx,-crepant Gorenstein resolution ¢g; : ¥ — X; as in
(9.19) of (9.8). Let f = f1og1: Y — X be the composition. We see that
BE() = BE(f) + #E(1) < 3+ 2aw(U) = 3 + (2aw(X) — 4) < 2aw(X).
We also see that

#E(f, Bx(k), (k+2)/4) = #E(f1, Ax (k), (k +2)/4) =1,

#E(f, Ax(k), (k +4)/4) = #E(91, Av(k), (k +2)/4)
] 1 if (%4) does not hold,
2 if (+4) holds,
#E(f, Ax (k), (k+1)/2) = #E(f1, Ax (k), (k +1)/2) =0,
#E(f, Ax(k), (k +2)/2) = #E(f1, Ax (k), (k +2)/2) =1,

and other E € E£(f) satisfies a(E, X, Ax(k)) > (k+6)/4 or > (k + 3)/2.
Hence f:Y — X satisfies the conditions in (9.19).

If w;(X) > 3, then as in the proof of (C), we first take f; : X; — X
as in (9.17) and a Gorenstein resolution ¢ : Y — X7 as in (9.20) which is
obtained by induction hypothesis. Then the composition f = fiog; : Y —
X is a Kx + Hx-crepant Gorenstein resolution with required properties.

If the condition (%2) holds, then we can prove (9.19) similarly by using
induction and (9.7).

(F) Finally we shall prove (9.20) for X with [(X) = L.

We first assume that the condition (1) does not hold. In this case we
may assume that [(X) > 2 by (B). Then we can take f; : X; — X as in
(9.13)(2). Since U in (9.13)(2) satisfies [(U) = [ — 1, there is a Kx, + Hx,-
crepant Gorenstein resolution g; : ¥ — X as in (9.19) or (9.8). Let
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I }Af X be the composition. We see that #&(f) = #E(f1) + #E(g1) <
(01 (X) + 2) + 2aw(U) = 2aw(X) + 1. We also see that

#E(f, A (k) (k+1)/4) = #E(fr, Ay (k), (k +1)/4) =1,
#E(f, Ax(k), (k +3)/4) = #& (gl,AU k), (k+2)/4)

(
1 if (¥3) does not hold,
2 if (3) holds,

#E(f, D (k), (k +1)/2) = #E(fr, Ag (), (k +1)/2)
= (@1 (X) +1)/2,
HE(f, A (k), (k +2)/2) = #E(fr, Ag (), (k +2)/2)

);
+#E(g1, Au(k), (k+1)/2)

and other E € &£(f) satisfies a(E, X,Ax(k)) > (k+5)/4 or > (k+ 3)/2.
Hence f :Y — X satisfies the conditions in (9.20).
We can prove similarly in the case where the condition (f1) holds. []

COROLLARY 9.21. Let X, w;(X), Hx be as in (9.1) and (9.3). Then
there is a Kx + Hx-crepant Gorenstein resolution f :'Y — X such that
#E(f) < 2aw(X) with

) (@1(X) +1)/2  if (x2) does not hold,
#E(.1/2) = {( 2(X)+3)/2 if (+2) holds,
Jwe(X)/2 if (x4) does not hold,
#E(4 1) = { 2(X)/241 if (%4) holds,

and other E € E(f) satisfies a(E,X) > 1

Proof. This comes from (9.19) by setting k£ = 0 if X satisfies w3(X) > 3
or wi(X) =1, wa(X) > 4. Otherwise we can apply (9.7) or (9.8) to obtain
this result. [

COROLLARY 9.22. Let X, i;(X), Hy be as in (9.4) and (9.6). Then
there is a K¢ + H-crepant Gorenstein resolution f : Y — X such that
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#E(f) < 2aw(X) + 1 with

1 if (+1) does not hold,
SN =1, if (11) holds,

_ if (13) does not hold,
B3 = (Tg) holds,

and other E € £(f) satisfies a(E, X) > 1
Proof. This follows from (9.20) by setting & = 0. [

Remark 9.23. (9.21) and (9.22) prove our main results (3.1), (3.2) and
(3.3) for X asin (9.1) and X asin (9.4). In this case fipy : Dy = fi'Dx —
Dx need not be the minimal resolution of Dx even if Dx € Hx has only a
rational double point. We also see that exceptional prime divisors may not
be irreducible when it is restricted to Dy.
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