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Essential Commutants of Semicrossed
Products

Kei Hasegawa

Abstract. Let v G ~ M be a spatial action of a countable abelian group on a “spatial” von Neumann
algebra M and let S be its unital subsemigroup with G = S™!S. We explicitly compute the essential
commutant and the essential fixed-points, modulo the Schatten p-class or the compact operators, of
the w*-semicrossed product of M by S when M’ contains no non-zero compact operators. We also
prove a weaker result when M is a von Neumann algebra on a finite dimensional Hilbert space and
(G,S) = (Z,7+), which extends a famous result due to Davidson (1977) for the classical analytic
Toeplitz operators.

1 Introduction

Let A be a (not necessarily self-adjoint) operator algebra on a Hilbert space 3. We
denote by S, = S,(H) the Schatten p-class operators on H with 1 < p < oo and
by Soo = S0 (H) the compact operators K = K(H) on H. We also denote by J(A)
the set of all isometries in A. In this paper we investigate the following two sets:

Esscom,(A) = {X € B(H) | aX — Xa € S,(H) fora € A},
Essfix, (A) = {XeBXH) |v'Xv—Xe S,(H) forv € J(A)},

called the essential commutant and the essential fixed-points of A modulo the x-ideal
©,, respectively. Clearly, Esscom,(A) is contained in Essfix,(A), and these two sets
coincide when A is a C*-algebra that contains the identity operator, since any unital
C*-algebra is the linear span of its unitary elements. Johnson and Parrott [8] and
Popa [13] proved that Esscoms,(A) = A’ + X holds when A is a von Neumann
algebra, and Hoover [7] proved that Esscom,(A) = A’ + S, when A is a C*-algebra
but p # oco. On the other hand, for a non-self-adjoint algebra these two sets do
not coincide in general, and thus the computation of them is non-trivial. Such non-
trivial results, among others, are Esscom. (T(H>™)) = T(H* + C) + K(H?), due
to Davidson [2] and Essfixo (T(H>®)) = T(L*®) + K(H?), due to Xia [16], where
T(H®°), T(H* + C), and T(L>) are the sets of all Toeplitz operators on the Hardy
space H*> = H?(T) whose symbols are in the bounded Hardy space H* = H>(T),
the Douglas algebra H* + C (with C = C(T)), and L> = L*°(T), respectively (see
[3, Chapters 6 and 7]).

In this paper, we study the essential commutant and the essential fixed-points for
w*-semicrossed products. The notation below follows [9]. Let M be a von Neumann
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algebra on a Hilbert space J(, let G be a countable abelian group acting on M by
o, and let S be a subsemigroup of G which contains the unit of G and generates G.
We also assume that the action a: G ~ M is spatial; that is, « is implemented by
a unitary representation {u, | ¢ € G} of G on J{. We denote by the same symbol
« the action of G on M’ implemented by {u, | ¢ € G}. Then we can construct the
left and right w*-crossed products Gx ,M and M’'x,G on 12 := H ® ¢*(G) with
(Gx M) = M’'%,G. The left and right reduced w*-semicrossed products Sx ,M
and M xS are constructed as o-weakly closed subalgebras of GX,M and MG,
respectively. Let P denote the orthogonal projection from I? onto H? := H ® ¢*(S)
and define the Toeplitz map T: B(I.2) — B(H?) by Tx := PX|ye for X € B(I2).
The left and the right w*-semicrossed products Sx,M and M X,S are constructed
as o-weakly closed subalgebras of B(H?), and in fact, coincide with T(Sx M) and
T(M,S), respectively (see Proposition 2.6), where, for a subset & of B(I?), the
T(&) stands for {Tr | F € &}. In the typical case of (M, H, G, S) = (C,C,Z,7Z,), the
“left” and the “right” algebras (Gx , M, SX M, SX M) and (M X G, M XS, M X,S)
coincide and become (L*°, H*, T(H*°)). The concept of w*-semicrossed products
and reduced ones were introduced by Kakariadis [9] for o-weakly closed operator
algebras and their normal endomorphisms and for von Neumann algebras and their
automorphisms, i.e., the case of (G,S) = (Z,Z,), respectively. The latter coincides
with the adjoint of analytic crossed products studied by McAsey, Muhly, and Saito
[11]. Toeplitz operators associated with analytic crossed products were studied by
Saito [14], and the algebras of analytic Toeplitz operators in this sense essentially
coincide with w*-semicrossed products, as above.

In Section 2 we define these objects and prove some elementary properties.
When M’ contains no non-zero compact operators, we can explicitly compute
Esscom,,(Sx M) and Essfix, (Sx M) as follows.

Theorem 1.1 Let M C B(H) be a von Neumann algebra, let «: G ~ M be a
spatial action of a discrete countable abelian group, and let S be a subsemigroup of G that
contains the unit of G and generates G. If M’ contains no non-zero compact operators,
then

Essfix, (SXoM) = T(M'%,G) + S,(H?),
Esscom, (SXo M) = M'X,S + S, (H?)
hold for every 1 < p < o0.
Corollary 1.2  The assertion of Theorem 1.1 holds when 3 is the standard Hilbert

space L*(M) and M is either diffuse, B({?) of infinite dimension, or a (possibly infinite)
direct sum of them.

Another immediate corollary of Theorem 1.1 is the double commutant theorem
for Sx,M and Sx M’ in the Calkin algebra under the assumption that MNK = M'N
K = {0}. The proofs of Theorem 1.1 and Corollary 1.2 will be given in Section 3.
In Section 4, we consider the case where H is finite dimensional (and hence so is M)
and (G, S) = (Z, ), and can prove the following theorem.
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Theorem 1.3 Let M be a von Neumann algebra on a finite dimensional Hilbert space
H and let « be a x-automorphism on M implemented by a unitary operator on H. Then
we have

Esscom,(Zy XoM) C T(M'%,2) + S,(H?)  for1 < p < cc.

This theorem is just [2, Theorem 2] for the classical analytic Toeplitz operators
specialized to M = C and p = o0, though our proof is slightly improved with the
help of several ideas in [12,16]. We do not consider the essential fixed-points because
there is a technical obstruction to translating the argument in [16] into our setting
(see Remark 4.7). In the final section, we examine whether or not the assertion of
Theorem 1.3 still holds when M is an arbitrary von Neumann algebra of standard
form.

2 Preliminaries

Remark 2.1 For agiven v € J(A) we consider the unital completely positive map
U, : X = v*Xv on B(H). Then Essfix,(A) is nothing but the set of operators “fixed
modulo &,” by {¥, | v € J(A)}. It is immediate that Esscom,(A) C Essfix,(A).
Moreover, these two sets coincide if A is a C*-algebra, since any C*-algebra is gen-
erated by its unitary elements. By [7, 8, 13] any von Neumann algebra M C B(3)
satisfies Esscom, (M) = Essfix,(M) = M’ + S, for every 1 < p < oo.

Next, let us recall w*-semicrossed products and the Toeplitz maps associated with
them. Our notation and formulation follow [9]. Note that those do not completely
agree with the usual ones for crossed products. Let M C B(H) be a von Neumann
algebra and let G be a countable discrete abelian group. Assume that we have a spatial
action a: G ~ M implemented by a unitary representation u: G 3 g > u; € B(H);
i.e, we have ag(x) = ugxuy for every x € M and g € G. Since G acts on M’
too by Ad u,, we also denote by the same symbol o, the automorphism Ad u, on
M. LetG > g A\ € B(£*(G)) be the left regular representation of G and let
e; € B((*(G)) be the orthogonal projection onto Cd,. Set I? := H ® ¢*(G) and
define representations m: M — B(IL2) and A(-), p(-): G — B(I?) by

m(x) = ZGag(x) e, AN =10N, pg)=u @A
g€
forx € M and g € G. The left and right w*-crossed products of M by G are defined
to be the von Neumann algebras Gx M = w(M) V {\(g) | ¢ € G} and Mx,G :=
M ®C1V{p(g) | g € G}, respectively. It is well known that (Gx M) = M'%x,G
(see e.g., [15, Theorem 1.21]). We also note that when M is of standard form, each
action a: G ~ M is spatial thanks to [4, Theorem 3.2].

Definition 2.1 (Kakariadis [9]) Let M C B(H) and let a: G ~ M be as above.
For a given subsemigroup S of G that contains the unit ¢ of G and generates G, the
left and right reduced w* -semicrossed product S .M and M X, S of M by S are defined
to be the o-weakly closed subalgebras of Gix ,M and M X, G generated by 7(M) and
{A(s) | s € S} and by M @ C1 and {p(s) | s € S}, respectively.
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Let P be the projection onto H? := H®/¢(S) C 12. The Toeplitz map T: B(1?) —
B(H?) is defined by Tx := PX|yp for X € B(L?). The left and right w*-semicrossed
product SX M and M XS of M by S are defined to be o-weakly closed subalgebras
of B(I?) generated by T(m(M)) and {T) | s € S} and by M ® Clpsy and {T)) |
s € S}, respectively. Here, for a subset & of B(IL?) the T(&) stands for {Tr | F € &}.

Remark 2.2 Since T is normal and multiplicative on SX ,M and M X, S, one has
T(SXoM) C SX M C T(Sx M)" " and T(M%,S) C MXoSC T(MX,S) .

Moreover, for any x,z € (SX,M) U (MX,S) and Y € B(L?), we have T} Ty T, =
T.+y,. We also note that P is in w(M)’, and hence one has

Essfix, ( T(7w(M))) = Esscom,( T(7(M))) = T(x(M)") + S,.

We will use these facts throughout.

Remark 2.3 Define a unitary operator W := 3 geG Ug @ eg on I.2. It is easily seen
that W*m(x)W = x ® 1 and W*A\(g)W = p(g) for x € M and g € G. Moreover,
since W commutes with P, W o= Ty is also unitary on HZ?, and hence one has
W*TrW = x @ 125 and W*T,\(g)W = Ty for x € X and g € G. Therefore, the
“left” and “right” algebras are unitarily equivalent.

Proposition 2.4 Let M, G, S, « be as in Definition 2.1. Then we have
S[)_<(YM = {x € G|>_<aM | x(l ® 6,,) = P}C(l oY eL)}?
Mx,S={xeMx,G|x(1®e)=Px(1Re,)}.

Proof Put(:= {x € GX,M | x(1®¢,) = Px(1®e,)}. Clearly, Sx,M is contained
in Q. Let G be the dual group of G equipped with the normalized Haar measure
1, and let a: G — Aut(Gx M) be the dual action. By [10, Corollary 4.3.2], it
suffices to show that for any x € € its spectrum sp;(x) is contained in S (see [10,
Definition 2.1]). Indeed, if g is in G \ S, then it is not hard to see that the function
G> v+ v(g)~! € Cbelongs to the annihilator of x. Hence, for any h € sp(x) we
have fav(g)_lv(h)d,u(v) = 0, which implies ¢ # h. Since g € G\ S is arbitrary,
we have h € §, and hence sp;(x) is contained in S. By the preceding remark, one has
Mx,S={x€Mx,G|x(1®e)=Px(1®e,)}. []

Recall that a semigroup S is right amenable if S has a right invariant mean; that is,
there exists a state 10 on £°°(S) that satisfies that ¥(f) = ¢(rf) for f € £>°(S) and
s € S, where r;f(t) = f(ts), t € S. It is known (see [5, Theorem 17.5]) that every
abelian semigroup is (right) amenable.

Proposition 2.5 If S is a right amenable semigroup and o: S — B(H) is a unitary
representation, then {o(s) | s € S} N {o(s)*xo(s) | s € S} # & for every
x € B(H).

Proof Let v be aright invariant mean on S. Fix x € B(J(). For £ € &, (H), define
fe € £°(S) by fe(s) = Tr(o(s)*x0(s)€),s € S. Then there exists y € B(H) =
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S1(H)* such that Tr(y€) = ¥(fe) for £ € S, (H). Since fo(o)eo)x = rsfe fors € S
and v is right invariant, we have Tr(c (s)*y0 (5)§) = Y (fo(s¢o(*) = ¥(fe) = Tr(y€),
which implies that y € {o(s) | s € S}’. Suppose that y ¢ 6" {0 (s)*xo(s) | s € S}.
By the Hahn—Banach separation theorem, there exist £ € &;(J) and a constant
¢ € Rsuch that Rey(fe) = ReTr(y€) < ¢ < ReTr(o(s)*xo(s)) = Re fe(s) fors € S.
However, by the Krein—-Mil’'man theorem, ¢ belongs to the weak* closed convex hull
of S C £°°(S)*, a contradiction. [ |

The following proposition gives us a Brown—Halmos type criterion ([1, Theorems
6 and 7]).

Proposition 2.6 Let M C B(H),S C G, « be as in Definition 2.1. Then the follow-

ing are true.

(i)  Foragiven X € B(H?), X belongs to T(M’' %,G) (resp. T(Gx ,M")) if and only if
X commutes with T(m(M)) (resp. M @ Clps)) and satisfies that T;‘(S)XTA(S) =X
(resp. T;(S)X Tos) = X) for every s € S. ) ) )

(ii) T(M' %,S) = M'%x,S = (Sx M) and T(Sx  M') = Sx M = (Mx,S).

Proof Let X € T(m(M))’ be arbitrarily chosen in such a way that Ty, XT») = X
for every s € S. Since T(w(M))" = T(w(M)’), there exists x € 7(M)’ such that
X = T,. By Proposition 2.5, we find y in @ {\(s)*PxPA(s) | s € S}N{A(s) | s € S}.
Note that y is in M'%,G = (GX M) = (M) N {A(g) | g € G}, since PxP is in
w(M)’, the A(s),s € S, normalize 7(M)’, and S generates G. Since the Toeplitz map
T is o-weakly continuous, one has T, € 0" {T}(XTy) | s € S} = {X}, which
implies that X = T, € T(M'x,G). Conversely, let x be in M"%,G C 7(M)'. Then
T, € T(r(M)") = T(x(M))'. For any s € S, we have Ty TxTrs) = Taw e = To
which implies (i).

To see (ii) it suffices to prove that (Sx,M)" = T(M’x,S) by Remark 2.2. It is
immediate to see that T(M’'x,S) C (SX,M)’. Conversely, let Y € (Sx,M)’ be
arbitrary. By the preceding paragraph, there exists a € M’ X,G such that Y = T,.
By the assumption that G = S™!S, for each ¢ € G\ S there exist s, € S such that
g = s~ !t. Since a commutes with A(s), s € S, we have

(a8 @0,,n ® 6g) = (1= P)aPE © 5,1 @ b1y
= (PA(s)(1 — P)aP£ ® 6,,n ® 6;)
= ([Ts, Ta9]§®6,,n® ) =0

for every £,m € 3, and hence (1 ® ¢;)a(l ® e,) = 0. Therefore, a belongs to M’ %, S
by Proposition 2.4. ]

3 Proof of Theorem 1.1

Throughout this section, let M C B(J) denote a von Neumann algebra, a: G ~ M
a spatial action of discrete countable abelian group, and S a subsemigroup of G that
contains the unit ¢ of G and generates G.
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Lemma 3.1 If M’ (resp. M) contains no non-zero compact operators, then so does
T (M)’ (resp. (M’ ® C1)").

Proof Assume that M’ N KX = {0}. By Remark 2.3 it suffices to prove that
(M ®C1) NK(12) ={0}. Let K € (M ® C1)’ N K(L?) be arbitrary chosen.
Since (M ® C1) = M'@B(*(G)), the (1 ® Aseg)K(1 ® ey \n)|scwes, belongs to
(M @ Ce,) NK(H ® C§,) 2 M NK(H) = {0} for every g, h € G, which implies
K =0. |

Lemma 3.2  The restrictions of the Toeplitz map to {\(g) | ¢ € G} and
{p(h) | h € G} are isometries. Consequently, every isometry in SX M and M X,S
is of the form T, with some isometry v in SX .M and M xS, respectively.

Proof First, we prove that the restriction of T to {\(g) | ¢ € G}’ is injective. Let
x € {\(g) | g € G} be chosen in such a way that T, = 0. Since S generates G
and G is abelian, for each g, h € G there exist 5,5, ¢, € Ssuch that g = t~!sand
h =t'~'s. Since x commutes with \(g), g € G, one has

(€@ 6-1), M@ bp-19) = (x(ER N T),n @ Nbg ) = (x(€ @ A\rds),n @ Ny )
= (T @ 6rs),n®6b9) =0
for every £, € 3, and hence x = 0. By Proposition 2.5 there exists
y € €0V {A\(s)*PxPA(s) | s € S} N{\(g) | g € G}.
Note that ||y|| < || Tx||. Since PA(s)P = A(s)P for s € S, one has
Ty € W {T3yTiTn | s € S} =0 {Taw=ano | 5 € S} = {Tx}-

Since T is injective on {\(g) | ¢ € G}/, it follows that x = y. Thus, ||x|| < ||T| <
||x||, and hence the restriction of T to {\(g) | ¢ € G}’ is isometric.

To see the second assertion let V' € J(Sx,M) be arbitrary. By Proposition 2.6 we
find v € Sx,M in such a way that V. = T,. Thenonehas 1 = V*V =TT, = T«,.
Since T is injective on Sx M C {p(g) | g € G}/, v itself must be isometry. Similarly,
one can prove the same assertion for {p(g) | ¢ € G}’ and M X,S. [ |

By the preceding lemma, it is immediate to see that T(M’ %,G) + S,, is contained
in Essfix, (Sx ,M). Hence the next theorem completes the proof of Theorem 1.1.

Theorem 3.3  Assume that M' N K = {0}. For a given X € B(H?) the following are

true.

(i)  The X belongs to T(M'%,G) + &, if and only if X commutes with T(m(M))
modulo S, and satisfies that T} XT) — X € S, foreverys € S.

(ii) The X belongs to M'x S + &, if and only if X commutes with T(7(M)) and
{Tx | s € S} modulo S,.

Proof First, we prove the “if” part of (i). Let X € Esscom, (T (w(M))) be arbitrarily

chosen in such a way that T3 XT)) — X € S, for every s € S. By Remark 2.2 there
exista € (M) and K € &, such that X = T, + K. Note that (T, — T3y TaTrs)P =
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P(a — \(s)*aX(s))P € w(M)', since a,P € w(M)' and A(s),s € S, normalize 7(M)’.
For each s € S one has

belongs to K N w(M)’ by assumption. Thus, it follows from Lemma 3.1 that
Tj\‘(5> T.Txs = T, for every s € S, and hence we have T, € T(M’%,G) by Propo-
sition 2.6. Therefore, the X = T, + K is in T(M'X,G) + &,. The “only if” part of (i)
also follows from Proposition 2.6.

Next, we prove (ii). Since M'x,S = (SX,M)’, the “only if” part is trivial. By
the preceding paragraph, it suffices to prove that every T, € T(M’X,G) commuting
with {T) | s € S} modulo &, belongs to M'x,S = T(M’'x,S). By Proposition
2.4, it suffices to show that (1 ® e;)y(1 ® e,) = 0 for every g € G\ S. Note that
(1®e)y(l ®e) € n(M), since (1 ® e,) € m(M)" for every h € G. As in the
proof of Proposition 2.6 we can find s, € S in such a way that ¢ = s~ 't, and have
(Y€ ®6,n® 0g) = ([T, Ta]& ® 6,,n ® 0;) for every £,n € I, which implies
that (1 ® ¢,)y(1 ® ¢,) is compact, and hence (1 ® ¢,)y(1 ® ¢,) € (M) N K = {0}.
Therefore, we get T, € M’ X,S. [ |

Proof of Corollary 1.2 By [4, Theorem 3.2] every action o: G ~ M is spatial.
Since M is anti-spatially isomorphic to M’, it suffices to prove that X N M = {0}.
We first prove the case when M = B(¢?). Since

(B(?),LX(B(£?)) = (B(*) @ CL, 2 @ 2)

and ¢? is infinite dimensional, we have XN (B (/*)®C1) = {0}. When M is diffuse, it
is clear that KNM = {0}. The general case follows from [4, Lemma 2.6], which guar-
antees that each central projection g € M enjoys (Mq, gL*(M)) = (Mq, L*(Mg)). ®

4 Proof of Theorem 1.3

Let (M, JH, ) be as in Theorem 1.3. We first point out that the same assertions of
the lemmas below hold true for p(1), since A(1) and p(1) are unitarily equivalent; see
Remark 2.3. Remark that A(n) converge to 0 weakly, and hence A(n)*KA(n) converge
to 0 strongly for every compact operator K. Also, note that (1 — P)A(n) converges to
0 strongly. These facts are frequently used throughout.

The following two lemmas seem well known, but we give their proofs for the
reader’s convenience.

Lemma 4.1 There exists a x-isomorphism from L= = L*°(T) onto {\(1)}" sending
zto M\(1).

Proof Let U be the bilateral shift on L?>(T) with respect to the standard basis
{z" | n € Z} and define the unitary transformation V : £*(Z) — L*(T) by V6, := 2",
n € Z. Then one has A(1) = 1 ® A\; = 1 ® V*UV. Since the von Neumann algebra
generated by U is known to be L°°, the correspondence L* 3 f +— 1 @ V*fV €
{A(1)}" obviously gives the desired #-isomorphism. [ |
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We denote by ® the quotient map from B(JH) onto the Calkin algebra. Recall that
the essential norm || X || of X € B(FH) is defined to be

[X[le = inf{[|X — K[| | K € K(H)}.

Lemma 4.2 [A(1), P] is a compact operator and the mapping C(T) > f +— <I>(Tf) €

C*(D(T\))) gives a x-isomorphism, where L > f ]? € {\(1)}" is the x-isomor-
phism in the preceding lemma.

Proof Since the range of PA(1)(1 — P) is H ® Cdy and I is finite dimensional,
PA(1) — A(1)P = PA(1)(1 — P) is compact. Hence, @ o T|c«(1)) forms a *-homo-
morphism. By the preceding lemma we have C*(A(1)) = C(T), and hence it suffices
to show that || Ty|le = |jx|| for x € C*(A(1)). Indeed, for any x € Zx,M and
K € X(H2), it follows from [14, Poposition 3.4] and the compactness of K that
p(n)*(PxP—K)p(n) converges to x strongly. By the lower-semicontinuity of operator
norm, we have || T, — K|| > ||x||. Since K is arbitrary, we get || Tx||. = ||x||. [ |

Lemma 4.3 Ifa € n(M)' satisfies that [T,, Tha)] € X, then every o-weak cluster
point of {\(n)*PaP(n) },>¢ belongs to M’ 7.

Proof Let b be a o-weak cluster point of {A(1n)*PaPA(n)},>0. Then there exists a
subnet A of N such that b = o-w-lim,cp A(n)*PaPA(n). Since PaP € w(M)’ and
A(1) normalizes (M), one has b € w(M)’. Hence, it suffices to show that the b
commutes with A(1). Since [PaP, PA(1)P] is compact by assumption, one has

A1) (A(n)*PaPX(n))
= A(n)*PA(1)PaPA(n)
= A(n)*PaPA(1)PA(n) + A(n)*[PA(1)P, PaP]\(n)
= A(n)*PaPA(n)A(1) + X(n)* [PA(1)P, PaP]\(n) + X(n)*PaPA(1)(1 — P)\(n)

neA
— bA(1) strongly,

which implies that [b, A(1)] = 0. [ |

We denote by || X]|, € [0, +oc] the Schatten p-norm of X € B(H) with1 < p <
oo and define || X|| s := ||X||, the operator norm of X. Recall the fact that the norms
|| - ||, are lower-semicontinuous with respect to the weak operator topology (see e.g.,
[6, Proposition 2.11]).

Lemma 4.4 Letb € {\(1)},let K € K, and let 1 < p < oo be given and set
X = Ty, + K. Assume that x is an element in the x-algebra generated by \(1) and that
there exists a constant 6 > 0 such that || TyX — Tyl|, > 9. Then ||[Team), X1, > 6
and x\(n) € 7. % oM hold for all sufficiently large n € N.
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Proof Since x is a polynomial of A(1) and A(1)*, there exists ny € N such that
xA(ng) isin Z,x ,M. For n > n, one has that
T3 [ T Ty, X1 = Ty T TamyX — T (To + K)To T
= ToX — TNy Texn — TxK T Tawm)
== TxX — Tbx — T:(n)KTxT)\(ﬂ)

converges to T, X — Ty, strongly as n — 00, since K is compact. Thus, by the lower-
semicontinuity of || - || ,, there exists #; > ng such that

1T XMp = (1 TXwy [T T, X1 > 6
aslongasn > n;. |

First, we deal with the case where p = co. Although Claim 4.5 can be shown in
the same way as the proof of [2, Theorem 2], we give a somewhat simplified proof

based on the techniques used in [12,16]. The method of our proof may be essentially
known, but we could not find a suitable reference that explicitly explains such an
argument.

Proof of Theorem 1.3 when p = oo Let X be in Esscom, (7, X oM). Since X is in
Esscomoo (T(7(M))) = T(m(M)") + K, there exists a € m(M)’ such that X — T}, is
compact. Let A be a subsequence of N such that the limit

b = o-w-1lim A(n)*PaP\(n)
neA

exists. Lemma 4.3 states that this b must be in M’ x,Z. If T, — T} is compact, then
s0 is X — T. Since T, is in Esscomy, (Z+ X oM), that is, [T, Y] is compact for every
Y € Z, x oM, the proof will be complete after establishing the following claim. W

Claim 4.5 [If T, — T} is not compact, then there exists Z in Z; XM such that
[Tz, T,] is not compact.

Proof Setd := | T, — Tp|le > Oand A := C*(®(T, — Tp), ®(Txq)). For v € T let
J-, be the closed ideal of A generated by {<I>(Tf) | f(y) =0}andletp,: A — A/d,
be the quotient map. Since ®(T, — T},) commutes with ® (7)) and C*(®(Ty))) is
isomorphic to C(T), by [3, Theorem 7.47] Z?@r oyt A — Z?ETA /d~ is injective.
Thus, there exists v € T such that || ®(T, — T) + J-|| > 6/2. Now for any f € C(T)
with f(v) = 1, we have

1T:Ta = T, lle = ITH(Ta = Ty)lle = [|2(Ta — Tp) + ©(T7_, (Ta — Tp))|, > 6/2

since q)(Tf—l(T” —Ty)) € 37.

Let us construct a sequence {pi}x C Zi XM such that limy_, ||[Ty,, Tul|| >
§/2 and the sum )~ | py converges strongly. Set B) := {7’ € T | |7/ —~| < n™'}
and ¢(f) := HTJ?T,, — Tﬁ,H for f € L*(T). Note that ¢(-) is o-weakly lower-
semicontinuous. For #n + 2 < k one can take f,; € C(T) in such a way that
0< fux<1,f=00nB] U(T\B})and f = 1onB),, \ B]_,. Note that { f, s }+
converges almost everywhere to a function f, € C(T) with f,(y) = 1. Hence, by
the lower-semicontinuity of ¢( -) together with Lebesgue’s dominated convergence
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theorem, there exists n’ > n such that ¢(f,,») > §/2. We can inductively choose
n < nj < mny <mny < - insuchaway that g := f,, , satisfies that 0 < g < 1,
{gk}x have pairwise disjoint supports, and c(gx) > /2. Let hy be a trigonomet-
ric polynomial such that ||gy — hllee < 27% and (i) > 6/2. By Lemma 4.4
one can choose m1; such that H[T%Tk/\(mk)’ T,]|| > 6/2 and hAk)\(mk) € 2y X M. Set
Pr i= IgA(my); then [Ty, Talll < 2||htl|oc|al] < 4]al|. Thus by passing to a sub-
sequence if necessary, we may and do assume that limy_, o ||[T},, T,]|| exists. Let xx
be the characteristic function of supp(gx). Then X%, k € N, are mutually orthogonal
projections in {\(1)}” satisfying that ||px(1 — Xi)|| = [[m(1 — x©)||eo < 27F and
Pkl = lIXkprXk|| < 2 for every k € N. For any € € 1.2 and k < I, we have that

<]

E

1 1 I 1
v pie| < |5 wmisie]| + ]| S - e <2 S wie

|+ 27 e

converges to 0 as k,I — 00, and hence the {p} is the desired sequence. Note that
pr and pj converge to 0 strongly. Since T, € Esscomus(Z, X M), we can apply
[12, Lemma 2.1] to compact operators [T}, , T,] and obtain a subsequence { px(i) } 2,
such that

o0

Z [Tpk(,') 9 Ta]

> [Ty, Ta] converges strongly and
i=1 i=1

> 6/2.

Letting Z := Y oo, pi(i), we have Z € Z, XM and [T, T,] ¢ X, which implies the
claim. [ |

We then treat the case where p # oco. The next lemma originates in [12, Lemma
2.1].

Lemma 4.6 Let H; be a Hilbert space and fix 1 < p < oo. Assume that a sequence
{Kn}n C S,(3Hy) satisfies the following conditions:

(i) ||Kullp > 2 foreveryn € N;

(i) sup, ||Kull < Cy for some Cy > 0;

(ili) K, and K} converge to 0 strongly.

Then there exists a subsequence {K,, }3°, such that >~ K, converges strongly and
2 K & €p(300).

Proof Let H, be the separable Hilbert space generated by [ J;°, (Ker K,,)*. Choose
an orthonormal basis {e, }5°, of Ho, and let R, be the orthogonal projection onto
the linear span of ey, ..., e,. We claim that there exist mutually orthogonal finite
rank projections { Qi } 2, and a subsequence {K,, } 22, such that

(a) ||QkKnka||P > 1,

(b) Ky QFllp < 3% and [[QF K, < 375,

() [|KuRell <275,

with Q,ﬂ- := I — Q. Assume that we have chosen Qq,..., Q¢ and ny,...,n;. Put
Q:= Zl](':l Qj. Since K, K;; — 0 strongly and Q is finite rank, there exists np,1 > g
such that ||K,,, R || < 27571, ||K,,,, Qll, < 37571, and ||QK,y,,, ||, < 37F!. Thus

k+1
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this K,

Myl

2 < [IKll, < |QTKQ™ ||, + IQKQ™ |, + [ KQ|l, < [|QTKQ ||, +1,

satisfies the desired (c). Write K := K, for short. We have

Mt 1

implying that [[Q*KQ"Y||, > 1. Let F; < Q*,j € J, be an increasing net of

finite rank projections that converges to Q" strongly. Since K is in S, one has

|FiKF; — QY KQ"||,, |[KF*||,, and ||F-K||, converge to 0. By the lower-semiconti-

nuity of norm, we can find j € Jin such a way that Q;; := F; < Q-+ satisfies (a)

and (b) for K = Kj,,,,. Hence we can construct the desired Q; and K,,, by induction.
Write K. := K, for short. By (ii) and (b) we have

|z <]

Hence ZZ:1 Ky is norm bounded. If £ in R,H, and m > [ > n, then by (c) we have

n n n
) QkKkaH + 3 QkLKkaH 3 K&#H <Ci+2.
k=1 k=1 k=1

m I m m
[(Zx- L r)e| < 3 IRl < 3 27l < 27)ell
k=1 k=1 k=I+1 k=I+1
Since J;2, R, is dense in H; and each K is equal to 0 on Hg", Y2 | Ky converges

strongly. Set X = Z,C:il K. Since each Q, is finite rank, Q, Z,’f:l K Q, converges to
Q,XQ, in norm. For each n € N we have

lQxQul, = lim || Q.3 K@,
m—» 00 k=1

> ”QnKnQan - Z ”QnKkQﬂHP
P k#n

_ 1
>1-> [[KI=Qull, >21—-33 k> 2
k#n kn 2

which implies that X ¢ &,, since Q,, n € N, are mutually orthogonal. [ |
We can now complete the proof of Theorem 1.3.

Proof of Theorem 1.3 when p # oo Let X € Esscom,(Z, X ,M) be arbitrarily cho-
sen. Since Esscom(Z; X M) C Esscoms(Z; X M), there exists b € M'X,Z such
that X — T} is compact. Suppose that X — T, € X \ S,. Define ¢,: L —
[0, +00] by ¢,(g) = || T(§)X — T(bg)||,. Note that ¢, is lower-semicontinuous with
respect to the weak operator topology and ¢,(1) = +o0o. Suppose that for each
v € T there exists n € N such that ¢,(f) < 2 aslongas f € C(T) satisfies that
0 < f < 1andsupp(f) C B). Then, by the compactness of T, there exist such
(Yi,m)s -+, (e m) € T x Nwith T = [J5_, B)i. Taking a partition of the unity
{1;}r_, for the covering {B}i}}_|, we have ¢,(1) < Zi-;l cp(1hi) < 2k, a contradic-
tion. Hence, we can find v € T such that for every n € N there exists f, € C(T) such
thatc,(f,) > 2,0 < f, < 1,and supp(f,) C Bj. By a same approximation argument
as in the case of p = oo together with Lemma 4.4, we obtain py € Z, XM such that
prand p; converge to 0 strongly, >~ | pi converges strongly, and that ||p|| < 2 and
[Ty, X1||, > 2 for every k € N. Applying Lemma 4.6 to Ky = [T}, X| we obtain a
subsequence { p(;) }; such that Z := Y °| pri) € Z+ XM and [Tz, X] ¢ S,. This s
a contradiction; hence X — T} is in &,,. [ |
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Remark 4.7 To compute the essential fixed-points, there is a technical obstruction.
In the proof of Lemma 4.3, it is crucial that that A(1) normalizes w(M)’. In [16] Xia
computed Essfixoo (T(H)) by using the finite Blaschke product w, instead of the
inner function z"; see [ 16, Proposition 3]. However, unitary elements in C*(A(1)) do
not normalize (M)’ in general.

5 Condition (%)

Let M be a von Neumann algebra on L>(M) and « be a *-automorphism of M. We
say (M, o) satisfies condition (x) if

(%) Esscom,(Zy X M) C T(M'},Z2) +S,, 1<p <00
holds true. Note that (M, «) satisfies (x) if and only if so does (M’, ) if and only if
Esscom,(MXZ.) C T(ZLx M) +G,, 1<p< oo

holds. We have already seen that (M, «) satisfies (x) when M is either diffuse, a type
I factor, a direct sum of them (Corollary 1.2), or is finite dimensional (Theorem
1.3). In fact, we can prove the next theorem, asserting that condition (%) is satisfied
in a more general case. For a given (M, «) it is known and not hard to see that M is
decomposed uniquely as M = M. & M, & 2%1 M,,, where M. is diffuse, the M, a
direct sum of infinite type I factors, and M,, = M,(C) ® £>°(X,,), n > 1, with discrete
sets X,,. The uniqueness of this decomposition guarantees that « is also decomposed
asa = ac P s D ES; ay. It is not difficult to see that there exists a unique
automorphism 3, of £>°(X,,) and a unitary element v,, € M, (C) ® ¢£>°(X,,) such that
a, = Adv, o (id ®03,). Remark that 3, induces a unique bijection 6, on X,. With
these notation we have the following theorem.

Theorem 5.1  Assume that every orbit of 0, forms a finite set. Then (M, «) satisfies
condition (%).

To prove this theorem we need the following lemma.

Lemma 5.2 Let {(M;, «;) }ic; be a family of von Neumann algebras and their *-auto-
morphisms. Set M = Zil M; and o := Zj‘il a;. If every (M, o) satisfies condition
(%), then so does (M, v).

Proof Let X € Esscom,(Z;x,M) be arbitrarily chosen. Let e; be the central sup-
port of w(M;) in (M) and put A := {¢; | i € I}". Note that A\(1) and P com-
mute with A. Then there exists a € (M) C A’ such that X — T, € S,. Since
T, is also in Esscom,(Z; X M) and Z,x M = Zl% 74X o, M;, we have T,, €
Esscom (7, X o,M;). By assumption, there exist b; € Mj X, Zand K; € CSP(eiL2 (M))
such that T, = Tj, + Ki. Setb:= ), b;and K := ), K;. Since
be Y P Mx,Z=Mx,Z,

it suffices to prove that K € &,. Since Ty, — T3 (e, Tae, Tawe: — Ki strongly as
n — 0o, the lower-semicontinuity of || - ||, enables us to find #; € N in such a way
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that
||[T/\(m)ew Tue,]Hp > HTaei - T;:(n;)e,- TaeiT/\(n,)Epr > 2_1||Ki||17'

Then x := Ziel A(n;)e; belongs to Z, x oM. Since T, € Esscom,(Z, x M), one has
[Te; Tal = > ici[Taxtmye;> Tae] € S,. Hence, it follows from the inequality above
that K € &,. u

Proof of Theorem 5.1 By Corollary 1.2 and Lemma 5.2 we may and do assume that
M = M, and o = id ®3,,. Decompose X,, into the disjoint §,-orbits X,, ;, j € J,. Set
M, ; := M,(C) ® £>°(X,, ;), which sits inside M,, = M,,(C) ® £>°(X,,) naturally. Then
M, = Z?eln M, j, and clearly a(M,, ;) = M, ; holds for every j € J,. Consequently,
one has

(Mn,Oén) = ?eLl(Mn.jaaMn_j)‘

By assumption each X, ; is a finite set, and hence M,, ; is finite dimensional. There-
fore, the desired assertion follows from Theorem 1.3 thanks to Lemma 5.2. |

Here a question naturally arises.

Question 5.3 Let o be the x-automorphism on ¢°°(Z) induced from the transla-
tionn € Z+— n+1 € Z. Does ({*°(7), o) satisfy condition (x)?

In fact, the positive answer to the question enables us to get rid of the assump-
tion from Theorem 5.1 as follows. We use the notation in the proof of Theorem 5.1.
Thanks to Lemma 5.2 and Theorem 5.1, it suffices to prove that for every infinite 6,,-
orbit X,, j, (M,j, a|u, ;) satisfies condition (x). Then (M, j, @|u, ;) can be identified
with (M,,(C)®£°°(Z), Ad v, joid ®0) for a unitary element v, ; € M,(C)®L>°(X,, ;),
and hence we may assume that (M, «) = (M,(C) ® ¢>°(Z),id ®c). Write {>*° =
0%°(7) and ¢* := (*(7) for simplicity. The standard form of M,(C) ® (> be-
comes M, (C) ® C1 ® £ on C" ® C" ® ¢*. Hence, ZXid 9o (M,(C) ® £°°) and
(M, (C)®£%°) Xiq 0o 2 become M, (C) @C1 R (ZX ,£>°) and C1 @ M,(C) ® (£>° X1 ,7Z.),
respectively. It is easily seen that

Esscomp(M,,((C) RCl® (7, >_<U€°°)) C €1 ® M,(C) ® Esscom,(Z; X,£7°) + S,.

Therefore, if Question 5.3 had an affirmative answer, then (M, ) would satisfy con-
dition (%), since
Esscom,(Z, X M) = Esscomp(Mn((C) RCl® (7, >_<g£°°))
C C1 ® M,(C) ® Esscom,(Z; x,£>°) + S,
CClOM,(C)R@TU®x,2L) + S,
=T(M'%,2) + S,.
Finally, we should remark that the canonical implementing unitary operator of o is

nothing but the bilateral shift on ¢*(Z) with respect to the standard basis. Hence
Question 5.3 seems operator theoretic rather than operator algebraic.
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