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Abstract

Let 1 <p<oo, p#2 andlet K be any complex Hilbert space. We prove that every isometry
T of H?(K) onto itself is of the form

(TF)(z) = U(F o ¢(2)) - (do/dz)""?  (F e H*(K), |z| < 1),
where U is a unitary operator on K and ¢ is a conformal map of the unit disc onto itself.
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1. Introduction

Let D be the open unit disc in the complex plane and let £ be any complex
Banach space. Then the Banach space H?(E), 1 < p < oo, consists of all
F:D — E suchthat (F, e*) belongs to the Hardy class H” forall ¢ € E*,
and the norm of F is given by

2n .
IF]l, = lim {i/ IF(re®) | de} if1<p<oo,
r—1- 2n 0
| Fllo, = ess sup || F(z)||.
|z|<1

A complex Banach space E is said to have the analytic Radon-Nikodym
property, if for each F € H?(E), F(e") = lim,_, - F(re'®) exists almost
everywhere (for more detail see [1] and [4]). (It is known that the L,-spaces,
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1 € p < o0, have the analytic Radon-Nikodym property.) If E has the
analytic Radon-Nikodym property and if F € H?(E), then the norm of F
is

1 2 o 1/p
I1F1, = {E/o £ (e’ >n”do} if1<p <oo,
17
IF|loo = ess sup ||F(e"™)].
0<0<2n

The linear isometries of H” were first studied by deLeeuw, Rudin, and
Wermer [6]. They proved that if T is a surjective isometry on H' (respec-
tively, H°°), then there are a conformal map ¢ of the unit disk onto itself
and a unimodular complex number 5 such that

Tf=b-(d¢/dz) - fop (respectively, Tf=b-fo¢).
Later, F. Forelli [7] extended this result to H? for p # 2. He proved that

THEOREM A. If p # 2 and if T is a linear isometry of H” onto H”,
then there is a conformal map ¢ of the unit disk onto itself and a unimodular
complex number b such that

Tf=b-(d¢/dz)!? fo¢.

The isometries of the vector valued H” function spaces were studied by
M. Cambern. He [2] showed that if K is a complex Hilbert space and if T
is a surjective isometry on H*°(K), then there are a conformal map ¢ of
the unit disc onto itself and a unitary operator U on K such that for any
FeH*(K) andany z€ D,

TF(z) = U(F o ¢(2)).

Recently, M. Cambern and K. Jarosz [3] proved a similar result holds on
H 1(K ) if K is a finite dimensional complex Hilbert space. In this article,
we extend this result to H?(K), 1 < p < oo. The main result of this article
is the following theorem.

MAIN THEOREM. Let 1 < p < 0o, p # 2, and let K be any complex
Hilbert space. If T: H?(K) — HY(K) is a surjective isometry, then there
exist a unitary operator U on K, and a conformal map ¢ from the disc onto
the disc such that

(TF)(z) = U(F 0 §(2)) - (d¢/dz)' ()  (F e H"(K),|z| < 1).
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Let ¢ be a conformal map of the unit disk onto itself, and let U be a
unitary operator on a complex Hilbert space K. If
TF(z) = U(F 0 §(2)) - (d/ dz)'"(2)
for all F € H?(K), then T satisfies the following conditions.

(a) If (e,,e,) = 0, then (T(fe,)(e”), T(ge,)(e”)) = 0 ae. for all
f.geH. 4 .

@) If (e,,e,) =0, then (T(z"¢,)(e”), T(z"e,)(e”)) = 0 a.e. for all
n,m>0.

(b) T (fe)(e’”) T(ge)(e”))| = IT(fe)e”)] - IT(ge)(e”)| ae. (that
is T(fe)(e ) and T(ge)(e ) are linearly dependent a.e.) for all
ecK and f, g€ H?. 4 _

©) (T("e)e"), T("eXe)| = IT("eNe™)] - IT(z"e)e)] ac.
forall eec K and n,m>0

(c) For any e € K, there is e’ € K such that T(H”e) = H”¢'. More-
over, if T(H"e,) = H’e,, T(H’e,) = H’e,, and (¢, e,) =0, then
(e, €4) =0.

Clearly, (a) implies (a'), (b) implies (b'), and (c) implies (a) and (b). Since
{z": n >0} spans H?, (a') implies (a) and (b') implies (b). By Theorem
A, one can show that if T is a surjective isometry on H?(K) which satisfies
(c), then T satisfies the conclusion of the Main Theorem (see Section 3).
Hence, we only need to show every surjective isometry on H?(K) satisfies
(c). However, we do not know any direct proof. In Section 2, we establish
the following proposition.

ProrosITION 1. Suppose that 1 <p < oo, and p # 2. If K is a complex
Hilbert space and if T is a linear isometry of H?(K) onto H?(K), then T
satisfies (a').

If 1 < p <2, we provide a direct proof of Proposition 1. But we do not
know whether there is a direct proof if 2 < p < oc. In this case, we first show
that T satisfies (b'), and then use (b) to prove Proposition 1. In Section 3,
we use the conclusion of Proposition 1 to show that every surjective isometry
on H?(K) satisfies (c), and then give the proof of the Main Theorem.

2. The proof of Proposition 1

In this section, we will assume that (i) 1 <p<oo and p# 2, (il) K isa
complex Hilbert space, and (iii) T is a surjective isometry of H”(K) onto
itself. Before proving Proposition 1, we need the following fact.
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Fact 1. Suppose that 1 < p < 2. If f|, f, are any two positive functions
in L” such that f, >0 a.e. and ||fj|l, =1 =]fll,, then

= 1)
2n A le_p() dt > 1.

Moreover, equality holds if and only if f, = f, a..

PROOF OF PROPOSITION 1 WHEN 1 < p < 2. Let ¢, and e, be any two
nonzero vectors in K. If ||re,|| < |le,||, then
—ix

] r 2 2 2 ix p/2
lle, +ree,li” = (lle|I” + rlleyll” + r(e™ ey, &,) + €7 (e, €)))

p/?
= ”81" (1 +— ” ” ’||ez|| +( — <e1 s 6’2) +e1x<eza e1>)))
1

00 j _ ) .
= Helnp Z ( ) (” 1” ) (r”ezuz + (e_'x(el , ) + e’x(ez’ 31)))j

j=0
o0
2 , _ |
=3 (PPN el + e ) + e )
Jj=0
and so
1 2n ix p
E/O lle, + re”e,| dx
(*) 0o [%] /2 21
2j-2! 2 2j—4l 2
=2 (")) (7)) el e e, e
Jj=01=0

This implies

1 l 2 ix p p
lim (ﬁ/o le, + re™e,)” dx — |,

-2 2 -2 -4 2
=2 (le e + 25 2 Ie e, ).

Let F =T(z"e,) and G = T(z"¢,). Then |F(e'®)|| # 0 a.e. By Fatou’s
Lemma and the Fubini Theorem,
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2n A . _ , . .
£ / IEE) P 21G ™) + ”—2||F(e“’)n”“|<F<e'”>, G(e“))* d6

4z 0
2 rin 10 ix v, 00 i0
<hm1(§1f4 / / IF (") + re™G(e)| = |F ()| dx db
r— r
2r p2m 10 i0
—11m161f42 2/ / IF () + re™G(e®)| = |F()|” d6 dx

2n
Y . ix P _ D
_h%lf—zrzn /0 IF +re™ G| - |F| dx

. . 1 2n .
— liminf —— / 127, + re™ 2"e,|1? = || 2", |I> dx
0

r=0 2r'm
2\p/2 _
— liminf LF7 =D 2
r—0 r 2

But ||F|, = lz"¢,ll, = 1 = |l z"¢,l, = G, . By Fact 1, we have |F(e’)| =

1G(e”)|| a.e. and (F(e'), G(e"®)) =0 ae.
Now, we assume 2 < p < oo, and we need the following lemma.

LEMMA 2. Let m # n, and let e be any nonzero element in K. If F =
T(z™e) and G = T(z"e), then |F ()| = |G(e"®)|| a.e., and

(F (), GE™) = |FE®)] - 1GE™)] ae.

PrROOF. By (*), there exists 4 > 0 such that for any two nonzero vectors
e, and e, in K,

1 2= ix r pd 2 p-2 2
37 J, lle; +re”e,|l” — lle)||” dx < Arjle, | “lle,||
whenever |le, || > 2r|le,| . On the other hand, if |le, || < 2r|le,||, then
1 " ix  .p » p 7 P
7/, lle, +re”e,|I” —lle,|I” dx < (3" + 1)r |le,|”.
So
1

2n i9 10 :e
— I|F(e") +re G || - |F(e™" )| dx
2nrc Jo

< max(4, 3 + D(|FE)IP 216G’ + 1GE™)I”)
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for all 0 < r < 1. By the dominated convergence theorem,

2n
6\ p—2 i6\ p—4 i6 TN
:4,,/0 IF )P IGE"))” +—||F( NP K(F€”), G ) do
N S i i iX oy 06y 9\,
=11_I,r(’,4r / / NF(e”) +re”"Gee™)|I” — |Fe")|° dxd8
2r p2n 10 ix i0.,p .
= lim / T IEE) + re G - 1 (€)1 do dx
—timt [T IF re Gl - I
oV 2rmJo
1 2n ;
=“‘%—2 = [ 12+ re el — 2"l dx
—=orn
2n p2n
= Him ——— / / Il+retx+t(n m)0 | —1d0dx
r—0 4rin
2r pr2n L 2
= lim / / 11+ re™ ™8 _ 1dxde =2
r—=04r°n° Jo Jo 4
This implies
L[> i0yp=2 i0y2 P =2 i6y,p—4 if i\ 2
p=z | WEEOITIGEDI" +==IFEI IF ™), G )N db.

By Holder inequality, we have ||F(e)| = ||G(e®)| a.e. and
(G(e"”), F(e®) = |FE®))’ a.e.

PROOF OF PROPOSITION | WHEN 2 < p < oco. By Lemma 2, for any
e € K, T(z"e)(e”®) and T(z"e)(e") are linearly dependent for almost
all 6 € [0, 2n]. Since {z":n > 0} spans H”, for any e € K and any
f,geH?, T(f e)(eie) and T(ge)(eio) are linear dependent for almost all
6 € [0, 2x]. Hence, for each e € K\{0}, T|g,», induces an isometry from
H? into L?. By the proof of [7, Theorem 1], there is a function h, such
that .

(1) k(™) =1 ae,

(2) foreach ne N, T(z"e) =h,T(1,e).
Clearly, if h, = h,/ , then h, = hae+ﬂe' forall a, peC.

(1) Let e, €' be any two unit elements in K. We claim that h,=h,.
Since

h,T(1pe) +h,T(1pe') = T(ze +ze') = h,, , T(1p(e +¢€)),
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and

h,T(1,e) +ih, T(1,€') = T(ze + ize') = h,, ., T(1(e + ie))),

e+ie

for almost all € [0, 2x] we have

IT(1pe) ™) + 1T(15e") ()
+ k(e )h, ()T (1pe)(™), T(1,€")(e™))
+ () ("N T (156N (™), T(1,e)(e™))
= [IT(1pe) ) + I T(1pe ) () + (T(1,e)(e™), T(15¢") (™))
+(T(1p¢)(e"), T(1pe)(e™))
and
IT(1pe) ) + 1T e ) )
— i, ()R, (e} (T(1,e)(e”), T(1,€")(e"))
+ ik, ()R, (e )T (1,€')(€”), T(1,e)(™))
= IT(1,e)(e”)I" + IT(1pe )€ = KT(15e)(e™), T(15€ ) ("))
+i(T(1,¢')(e"), T(1,e)(e”)).
So
(T(1e)(€”), T(1,€')(e”)) = h,(e”)h, () (T(1pe)€”), T(1pe)(e")).
Replacing ¢’ by e’ + re for some r € R if necessary, we may assume that
(T(1,e)€”), T(1,e')(€®)) £0 ae.

Therefore, h, = h, a.e., and if F € H?(K), then T(z"F) = h,T(F).

(2) Since T is an onto mapping, there is F € H?(K) such that T(F) =
1pe. S0 T(zF)=h,l e and h,e H®.

(3) By (2) there exist two inner functions 4 and A’ such that for any g
H™ and F € H?(K), T(gF) = goh-T(F) and T '(gF) = goh’-T™'(F).
From TT '(F)=F = T™'T(F), we find

gohoh - F=g-F=gohoh'-F.

So hoh'=I=hoh and h is a conformal map of the unit disk onto itself.
(4) Since A is an onto conformal mapping, for any f € H™ there is
g € H® suchthat f = goh. Hence, if e, ¢ are any two unit vectors in K ,
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and g is any function in H>, then we have
L[
2r 0
= |IfT(1e)ll, = | T(ge)ll,
=T (gell; = I/ T(1peN)l

2n . .
=55 [, I ITLE N do.

SEPITApe) )| do

Since {|g|: g € H™} spans real L™, ||T(1De)(ei0)|| = ||T(1De')(ei0)|| a.e.
(5) Now, suppose that (e, e’) = 0. Then there exists a measure zero
subset A of [0, 2] such thatif 8 ¢ 4 and a € Q, then

[ cosaT (1 e)(e”) +sinaT(1,e') ()| = | T(1,e)E™)l.
By continuity,
| cosaT(1,e)(e”) +sinaT(1,e") () = | T(1,e) (™)l

whenever  €R and 6 ¢ 4. So we have (T(lDe)(e'o) T(1pe ")) =0.
a
REMARK 1. Let T: H?(K) — H”(K) be an onto isometry. If ¢, and

e, are linearly independent, then T'( fel)(ew) and T( fez)(eio) are linearly
independent for almost for 6.

3. Proof of Theorem
Before proving the Main Theorem, we need another lemma.

LEMMA 3. For any unit vector e in K, there exists a unit vector e’ such
that T(H?e) = H?e'.

ProoF. Let {e;: j € J} be an orthonormal basis of K. For any unit

vector e € K, there exist Fj e T(H? ej) , such that 1,e =3} el Fj . Clearly,
Fj = 0 except for countably many ;. Hence, we may assume that J is

countable and F. (eie) ’s are orthogonal. So for any 6 € [0, 2n], we have
(i) Tjesl ,(e."’>, e)=1p
(i) Tjes IF I =1.
(1) For each j € J, (Fj(e'o), e) is an analytic function and for any
6 €][0, 2xn]
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1=

>Z| e))| > 1.

jeJ

Y sen((F;(e”), e)

JjeJ

So (F(e %, e) is a non-negative constant function for each je J.
(2) If (F(¢"), ) =0, then

2_F
# L,
The second inequality holds if and only if F, # 0. So we must have F, =0
if (F(e'’),e)=0.

(3) Let ¢’ be a nonzero element in K and k be a fixed element in J.
We claim that if there exists an f € H? such that m{8: ||T( fek)(ew) -
€]l < 1/n} > 0 for every n € N, then 1,¢' € T(H’e,). With loss of
generality, we may assume |l¢'|| = 1. Since there exist F, e T(H’e ;) such
that > erFi=1 De by Proposition 1, there exists a measurable set 4 such
that

(iii) m(4) =0, . '

(iv) if 8 ¢ A, then {F,(e”): j € J} (respectively {T(fe,)(e”)}U
{F;(e"):

J #k}) is orthogonal.
Hence, if 8 ¢ A, then there exist 1 >a >0, beC and z, y € K which
satlsfy

v) (z,€) = (y e'), , ,

(v1) F (e 9) ae' +z,% ik j(e'e) =(1-a)e’ -z, and T(fek)(e'e) =
be' +y.
So we have

1<

<5

JeJ

P

b(l—a)—(z,y) = <2Fe ), Fp(e' )>

J#k
a(1-a) - ||z|* = (T(fe,)(€”), fi(e?)) = 0.
If |[be' +y —¢€'|| < 1/n, then |b|>1—1/n, |Jy|| < 1/n,

V4
%ﬁzuayn=wu—anz(1——)u—a>
Izl 2(n—-1)(1-a), a(l-a)= ||z|| >(n-1°(1-a)

So we have a > (n — 1)2/n2. But (F,,e') is a constant function, so

(Fk,e')sl. By (1) and (2), FjEO forall j#i,and F, =1.
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Suppose that there exist e; R e; €K and f|, f,€ H? such that
m{0: | T(f,e)(e”) e}l < 1/n} >0

(respectively, m{@: ||T(f2e)(e'0) - e;” < 1/n} > 0) for all n € N. By (3),
1 De; and 1 De; are in T(H?e). But T ! isa surjective isometry from
H”(K) onto H”(K). By Remark 1, e, and e, are linearly dependent. And
we have proved the lemma.

PROOF OF THEOREM. Let e be any unit vector in X . By Lemma 3, there
exists a unit vector ¢ such that T(fe) = (T(fe), ¢')e’. We define the
operator (it may not be linear) U by U(ce) = ce’ forall ce C.

By Lemma 3, the restriction of T to H” e, is a surjective isometry from
H? e, into HPU (e,). Hence, there exist a conformal map ¢, of the disc
onto itself, and a unimodular complex number b, such that T(fe,) = b, -
(d¢l/dz)1/” -fo¢, -Ule). (Replacing U(e,) by b U(e,), we may assume
that b, = 1.) If e, is any other vector in K, then there exist a conformal
map ¢, of the disc onto itself, and a unimodular complex number b, such
that T(fe,) = b, - (d¢,/dz)""” - fop,- Ule,). We claim that ¢, = ¢,.
Clearly, this is true if e, and e, are linearly dependent. So we may assume
that e, and e, are linearly independent. By Lemma 3,

(d¢,/dz2)'? - fod,-Ule,) +b, (de,/dz)""" - fop, Ule,)
- - e te ote
T(/(e,+ ) <T(f @ +e). U <ne1 T ezn)> v (nq T ezn) :

Since U(e,) and Uf(e,) are linearly independent (by Remark 1), we have
(d¢1/dz)1/”fo¢l and (d¢>2/dz)1/”foq>2 are linearly dependent. Let f=1.

Then we have (d¢,/dz) =d,(d¢,/dz) or ¢,=d ¢,+d, forsome d,,d, €
C. But ¢, and ¢, are conformal maps from the unit disc onto itself. This
implies |d,|=1 and d,=0. Let f=2z+1. We have (afqﬁl/dz)l/”(qbl +1)
and d,(d$,/dz)""(d,¢, + 1) are linearly dependent. But ¢, # 1. So 4,
must be 1.

Replace U(ce,) by b, -c-U(e,). Then we have T(fe) = (d¢1/dz)l/p-
fo¢, -Ule) forany f€ H” and || = 1. Hence, forany a,beC

(d¢,/dz)"? .a-Ule,) + (d¢,/dz)'""" - b Ule,)

= T(ae, + be,) = (d¢1/dz)1/p (llae, + be,|l) - U ( ae, + be, )

||ael + be2||
= (d¢,/dz)'"? - U(ae, + be,).

This implies that U is a linear isometry. Since T is an onto mapping, U
must be an onto mapping. So U is a unitary operator.
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