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1. In t roduc t ion . The W e i e r s t r a s s - r e s p e c t i v e l y 
Weier s t r a s s - S t i e l t j e s t r a n s f o r m of a function F(t) or JJL(t) i s 
defined by 

oo 2 

(1 .1 ) f(x) = ^ ~ / e ^ f - F( t )d t 
J4TT 

and 

oo _ , .2 
(1 .2 ) f(x) = = = - f e ^ f - d ^ t ) 

V - 00 

for a l l x for which t h e s e i n t e g r a l s c o n v e r g e . In what fol lows 
we shal l a lways a s s u m e that F( t ) i s L e b e s g u e i n t e g r a b l e in 
e v e r y finite i n t e r v a l and that jji(t) i s a function of bounded 
v a r i a t i o n . 

It i s e a s i l y s e e n that 

00 - t 

( 1 . 3 ) e " X f ( - 2 x ) = = = / e " X t [ e / 4 F ( t ) ] d t 
^ - 00 

2 
and hence \/4TT e f(-2x) i s the two-s ided L a p l a c e t r a n s f o r m 

* This pape r was w r i t t e n while the author was a fellow a t the 1966 
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z 
of e F(t). It follows that the region of convergence is an 

interval. Replacing the real variable x by s = x + iy, then 
the region of convergence of (1.1) is a vertical strip [5; p. 238] 
Moreover, every Weierstrass transform which converges for 
a < x < b is also holomorphic in a < Res < b. 

Cooper [Z] has obtained representation theories for the 
Laplace transform in connection with the integral transform: 

oo . 
F ( \ , t ) = r 1 f k ( y , \ ) f ( c + i y ) e t ( C + l y )dy 

where k(y, X) is a summation kernel of the type usual in the 
theory of the Fourier integrals. Because of the relationship 
between the Laplace- and Weierstrass-transform one may 
expect to obtain a similar theory for the latter transform. 
This we shall establish here. To this end, we shall study the 
integral transforms 

oo 2/ 
(1.4) F ( t , x ) = j^= f k (y , \ ) e ( X " t + l y ) / 4 f (x + iy)dy 

where a< x< b and k(y,X) is a Fourier summation kernel 
satisfying the following conditions: 

The Fourier-transform of k(y, X) denoted by K(t, X) 
exists, k(y, X) is regular 

(1.5) k(y,X) = J~ f e l y tK(t, X)dt 
- oo 

and 

(1-6) J |K(t ,X)|dt< M, 
- 00 

where M is independent of X. 

The following result can be found in [Z, p. 225]. 
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LEMMA 1. If (1.6) holds, then the set of transformations 

T defined by 
X 

00 

(T g) (x) = / K( 2 ' X^^ây 2 
- 00 

forms a bounded set of transformations from L (-00, 00) 

(1 < p < 00) to itself. 

As in [3] we define the class of functions A(a, b) to be 
those functions f(x) defined on (a, b) such that f(x) can be 
extended analytically into the complex plane satisfying: 
f(x + iy) is holomorphic in the strip a < x < b and 

2 
1 

(1.7) f (x + iy) = 0(e ) | y | -»• oo, uniformly in every closed 

subinterval of a< x< b. 

If f(x) satisfies the above conditions with "0" in (1.7) 

replaced by "o" we say f(x) e B(a, b). 

It is convenient to denote the Weierstrass- and 
and Weierstrass Stieltjes transform (1.1) and (1.2) by 
f(x) = W(F,x) and f(x) = WS(^,x). Throughout | | . | | , 

p/ P 

p > 1 denotes the E -norm and p! = ̂  p-1, 

P 

2. Necessary conditions for Weierstrass transforms 

-(t-x)2 

THEOREM 1. If f(x)*= W(F;x) with F(t) e 4 £ L 
P 

(-oo, oo) 1 < p < 2, a < x < b , and if f o r e a c h X > 0, k ( y , X) e L 
P 

(-oo, oo) t h e n f(x) e B ( a , b ) and 

( 2 . 1 ) | | e " ( t _ x ) / 4 F ( t , x ) | | < M ( K p < 2 ) 
X p ~~ — 

w h e r e M i s i n d e p e n d e n t of X and x e (a , b ) . 
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Proof. As in the proof of [3, Theorem 2] f(x) = W(F;x) 

exists and f(x) eB(a, b). To show that (2.1) is satisfied, we 

note that by Parseva ls theorem ([4, Theorem 76]) 

-(t-x) /4t . 1 ? T_,t-u . r -(u-x) / 4 _ , x , -
F x ( t ,x ) = — ~ f K ( T ,X) [e F(u)]du. 

(2. 1) follows now from Lemma 1. 

The next theorem deals with the Weier s trass-Stiel t jes 

t ransform. 

THEOREM 2. If f(x) = WS(|i, X) with 

oo 2 / 
( 2 . 2 ) J e " ( t _ X ) / 4 | d ^ ( t ) [ < oo ( a < x < b ) 

- 0 0 

and if k(y, \ ) £ L (-00,00) for each \ > 0, then f(x) e A(a, b) 

and 

(2.3) | | e - ( t - x ) 2 / 4 F ( t , x ) | | < M 
X 1 ~ 

Proof. By (2.2) f(x) = WS(JJL, x) exists for all a < x < b 
and as before f(x) e A(a,b). Also 

00 2 / 

F (t,x) = -fa J k ( y > X ) e ( x - t + ^ ) / 4 f ( x + i y ) d y 

2/ 
( x - t ) / 4 00 00 00 . . . , , , 2 / 

f W ^U C M^-V/Z -(U-X) 4 
J k (y , \ )dy J e e ' < 4TT 

- 0 0 

e ( x - t ) 2 / 4 ? *-u , - ( u - x ) 2 / 4 , , 

- 00 

where the interchange of the order of integration is justified by 
Fubini 's theorem. Hence by (1.6) 
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- ( x - t ) / 4 , i M M c - ( u - x ) A . , . .1 
i " F x ( t , x ) | | 1 ^ — = • / e ; / | d j i ( u ) | 

3 . S u f f i c i e n t c o n d i t i o n s , 

T H E O R E M 3 . If f ( x ) e B ( a , b ) , ( 2 . 1 ) and k ( y , X ) e " y / 4 f ( x + i y ) 
e L (-oo, oo) w h e r e k(y,X) *"*" 1(X -*• oo) u n i f o r m l y i n y f o r e v e r y 

f i n i t e i n t e r v a l , t h e n t h e r e e x i s t s a f u n c t i o n F s u c h t h a t 
f(x) = W ( F ; x ) , w h e r e 

e - ( x - t ) / 4
F ( t ) e L ( . ^ ^ 1 < p <: 2 , x e (a , b ) . 

P r o o f . C h o o s e x e ( a , b ) ; t h e n b y ( 2 . 1 ) t h e f a m i l y of 
o 

f u n c t i o n s 

{ F ( t . x ) e - ( x o - t ) 2 / 4 } 
X o 

i s b o u n d e d i n L» (- oo, oo). B y [5 , C h a p t e r I, T h e o r e m 1 7 a ] 
ir 

t h e r e e x i s t s a s u b s e q u e n c e {\ } °° t w i t h l i m X, = oo and a 
k k = : 1 k -*0 k 

f u n c t i o n F ( t , x ) w i t h 
o 

-(xo-t)2A 
e F ( t , x ) £ L (-oo, oo) 

o p 

s u c h t h a t 

oo - ( x - t ) 2 A 
( 3 . 1 ) l i m -j= f e ° F (t, x ) Q> ( t )d t 
X , V/47T J X . O 

k-*- o o - o o k 

2 / 
oo - ( x - t ) / 4 

= 7^ f e ° F ( t , x ) i ( t )d t 
V/4TT ^ o 
v - oo 

f o r a l l cb e L , . In p a r t i c u l a r fo r a l l <b £ L , 0 L , w h o s e 
p ' p ' 1 
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F o u r i e r t r a n s f o r m s cp a r e i n L . T h u s 
P 

v -oo k 

00 00 2/A . . w ^ 

= ^ / ?(t)dt / k(y)Xk)e-y/4e ly{V t ) /2f(xû + i y ) d y 

- oo - oo 

4 ^ / e - y 2 / 4 e i y X " / 2 k ( y ; X k ) f ( x 0 + i y ) d y / 4 ( t ) e i y t / 2 d t 

, °o _ 2 / 4 . 
^ = / ^ ( f ) e " y e 1 7 ^ 7 k ( y A k ) f ( x c + i y ) d y 

^ - 00 

. 0 0 2 . 

7 = / ^ ( y ) e " Y e i y ^ k ( Z y , X k ) f ( x o + Z i y ) d y 

w h e r e t h e i n t e r c h a n g e of i n t e g r a t i o n i s j u s t i f i e d b y F u b i n i ' s 
t h e o r e m . 

N o w t h e f u n c t i o n s 

Z . 
( 3 . Z ) e ' Y e l y X ° K ( Z y , \ k ) f ( x 0 + Z i y ) 

- ( x - t ) 2 / 4 
a r e t h e F o u r i e r t r a n s f o r m s of e o F (t, x ) and t h i s 

xk ° 
f a m i l y of f u n c t i o n s i s b o u n d e d i n L. . T h e r e f o r e , b y 

P 
[4 , T h e o r e m 7 4 ] t h e f a m i l y ( 3 . Z ) i s b o u n d e d i n L , . B y 

pi 
t h e w e a k c o m p a c t n e s s of t h e L - s p a c e , t h e r e e x i s t s a 

s u b s e q u e n c e ( \ , ) w i t h l i m X, s u c h t h a t f o r a n y g £ L 
k - • A i->oo k - = 0 ° P 
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oo 2 . 

lim f e'Y elyXok(2yA, )f(x +2iy)g(y)dy 
J->00 -oo 1 

oo 2 . 

/ e"y e lyX°f(x +2iy)g(y)dy J o 
- 00 

2 . 
- y iyx0 

where e e f(x +2iy) is the limiting point of 
2 . 

e"y eiyX°k(2y,\1 ) - f(x +2iy). Now the functions cb e L ,OL 
k o p1 1 

1 _ 
are dense in L so that in particular for g(y) = n?- cp(y) 

P Jz^ 

oo 2/ 

lim / e" (X°" t ) F (t,x0)^(t)dt 
J ^ o o - o o k 

J 

oo 2 . 

j= J £(y)e"y eiyX°f(x0+2iy)dy. 

By [1, Theorem 4] and the fact that the functions (3.2) are 

- (x , - t ) 2 / 4 F 
the Fourier transforms of e c \ (t, xQ) we obtain 

k 

V T e " y eiyXof(x +2iy) = -±r f e l y t e _ ( x o _ t ) F(t, x )dt, 
o J ZTT

 J o 
V - 00 

that is 

(3.3) f ( X o + i y ) = j±r J e - ^ x o - i y ) 4F(t, xQ)dt 

v _oo 

It remains to show that F(t, x ) is independent of the 

choice of x e(a,b). 
o 

(s-t)2 /4 
Since f(x) e B(a,b), f(S)e is holomorphic for 
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a < Res < b then for a < x < Res < x < b Cauchy's integral 
o — — 1 

theorem yields 

X f ( x ) e (s-t)74 

ds = 0, 

where the contour C is determined by the vertices x 1 iT, 
o 

x, + iT with a < x < x < b. Therefore, 
1 o 1 

x +iT x +iT x - iT x -iT 
o l i o 

0 =< / + / + / + / 
x - iT x +iT x + iT x - iT , 
o 1 1 1 ) 

f(s)e ds 

= I l + I 2 + I 3 + I 4 

where as in the proof of [3, Theorem 2] |I |-*oo and | I | -> oo 

as T-* oo. It follows that 

(x +iy-t)2/4 (x +iy-t)2 /4 
(3.4) (P) f [f(x +iy)e ° -f(x+iy)e ]dy = 0 

J o 1 
- 00 

Now, by the regularity of k(y,\), hypotheses and (3.4) 

/
o 

k(y, X)e 
\ - > 0 0 - 0 0 

(x +iy-t)2/4 

f(x +iy)dy 
o 

2/ 
oo (x + iy-t) ^ 

= l im J k(y,X)e 
\ - > 00 - 00 

f(x +iy)dy. 

From the uniqueness of weak limit 

F(t, x ) = F(t, x.) = F(t). 
o 1 

so that, by (3.4) 
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oo . 2 /A 

f(x+iy) = * ; e-(t-x-iy) ^ ^ ^ ^ 

-oo 

which proves the theorem. 

For the case p = 1 we have the following result. 

THEOREM 4. If f(x)eA(a,b), (2.3) is satisfied and 
2/4 

My, X)e f(x+iy) e L (-00, 00) where k(y,\)->l as \-*oo, 

uniformly in y for any finite interval, then there exists a 
function JJL with 

*? / 
r ~(x-t) | d|d(t) | < 00, for each x e (a, b) 

such that f(x) = WS(|JL,X). 

Proof. By hypotheses F (t, x) is well defined for all 
X 

x £ (a, b). Let 

t 

fa (t, x) = J F (u, x)du, 
X 

o 

then for an arbitrary finite interval [a, p] and fixed x £ (a, b) 
o 

2 2 

jf|d|jL ( t , x ) | < j f | F ( t , x ) |d t< m a x e / J e ° / |F (u ,x )|du 

a a Q '£ t£P a 

uniformly in X. Thus (u. (t, x )} is of uniformly bounded 
X o 

variation in [a, p] and 

a ( x Q - t ) /A a - ( X Q - U ) /A 

ILI (ovx )|< [IF ( u , x ) | d u < m a x . e fe I F ( U , X ) | d u 
X o ' —^ ' X o — J X o 

o o<t<a o 

<oo. Hence by [5, Theorem 16. 3] there exists an increasing 
unbounded subsequence {X } and a fu 

bounded variation in cKt<_ (3 such that 

unbounded subsequence (X, ) and a function u(t, x ) of 
k o 
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(3.5) lim u (t, x ) = |i(t, x ). 

k-* oo k 

Moreover, by [5, Theorem 16.4 and Corollary] for any 

continuous function h(t) in [a, (3], 

(3 (3 
lim f h(t) du (t, x ) = f h(t) <ki(t, x ). 

, J X, o J o 
k-> oo a k a 

-,v„2'4 
Hence in par t icular for h(t) = e 

(3 - ( * o - t ) 2 / 4 P - ( V t ) 2 / 4 

j e ° | d | i ( t ,x o ) | < Um j e ° | d|a^ (t, XQ) | 
a k-> co or k 

2/ 
oo _(x -t) 74 

lim /- o i „ , x I n 

< / e F (t, x ) dt < oo. 
— k-> oo ^ X o 

- 00 

so that 

oo -(x - t ) 2 / 4 

/
o i i 

e I dp,(t, x ) I < oo. 
- 0 0 

Now, by (3.5) 

t 

(3.6) u(t, x ) = lim [F (u, x )du 
o J \ o 

k-> oo o k 

2 A 
t oo (x + iy-u) 4 

J- p r O 
lim -==. / du / k(y,\, )e f(x +iy)dy 

7 4TT J J k o 
k-* oo » o - oo 

2 / 
t (x +iy-u) 4 

l im' -==. f k (y , \ )f(x +iy)dy f e du 
V/4TT ^ k o ^ k-* o o - o o o 

where the interchange of order of integration is justified by 
Fubini 's theorem. 
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Now we show that ja(t, x ) is independent of the choice of 

x e(a, b). Since feA(a,b), 
o 

f(s) / e ( s - u ) 2 / 4 d u 

is holomorphic in the strip a < Res < b then in exactly the same 
way as in the proof of [3, Theorem l] we find that 

oo t (x +iy)2/4 t (x +iy-u)2/4 

(P) / {f(xo+iy) [ / e ° du]-f(Xl+iy)[/e * du]} dy = 0 
- 0 0 O O 

where a < x < x < b. By the regularity of k(y,\) and the fact 
o 1 

- y ^ 
that k(y\)f(x+iy) e s L (-00,00) it follows from (3.6) that 

| d ( t , X Q ) = |JL(t, X ) = |JL(t) . 

Now let G(t) be a continuous function in [-T, T] and zero 
outside the interval. If g denotes the Fourier transform of G 
then 

00 ( n 2 ^ 4 °° ( n 2 / 4 
[Git)e" ( X } F (t,x)dt = (G(t)e" iX } d^ (t, x) 

- 0 0 k - 00 

1 ? , , -(x-t)2/4 ? . . (x+iy-t)2/4 . t , 
— J G(t)e l ' dt J k(y,\ )e y f(x+iy) dy ~ J-ÇÙ J ^ u ' c uu J ^ y ' \ 

* - 00 - 00 

0 0 /~ 2 / ^ 00 

= -=±r Jk(yAk)e lyX/2f(x+iy)e"y dy / G(t) 

- 7g(f)k(y ;Xk)e i yx /2f(x+iy)e-y2 /4dy 
V - 0 0 

7 2 1 

https://doi.org/10.4153/CMB-1967-073-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-073-1


a n d 

N / 2 k(Zy, \ k ) e 1 X y e " y f (x+2iy) 

- ( x - t ) 2 / 4 
is the F o u r i e r t r a n s f o r m of e F (t, x ) . Tha t i s 

\ 

2
 A °° u ^ 2 / 

îxy - y _ _J_ r - ( t - x ) 
4 

kCZyA, )e 1 X y f (x+Ziy)e" Y - 7= f e'Kl'^ d , (t, x 
v - 0 0 

Let k -** 00, then a change of v a r i a b l e y i e ld s 

U » .. . ,z/z f ( x + i y ) 1 ; e - ( t — i y ) ^ ( t ) > 

• 00 
'v/47 

which i s the r e s u l t . 

REFERENCES 

1. J . L . B . Cooper , U m k e h r f o r m e l n fur F o u r i e r T r a n s f o r -
m a t i o n e n , A p p r o x i m a t i o n s - und I n t e r p o l a t i o n s t h e o r y 
S o n d e r d r u c k , I . S . N . M . v o l . 5 (1964) B i r k h a u s e r 
V e r l a g , S t u t t g a r t . 

2. J. L . B . Cooper , The R e p r e s e n t a t i o n of F u n c t i o n s as 
Lap l ace t r a n s f o r m s . Math . Anna len 159 223-233 (1965). 

3 . R . J . N e s s e l , Uber die D a r s t e l l u n g h o l o m o r p h e r Funk t ionen 
d u r c h W e i e r s t r a s s - und Weier s t r a s s - S t i e l t j e s I n t é g r a l e ; 
J . F . r e i n e u . angew. Ma th . 218, (1965) (31 - 50) . 

4 . E . C. T i t c h m a r s h , In t roduc t ion to the T h e o r y of F o u r i e r 
I n t e g r a l s ; Oxford (1937). 

5. D . V . Widder , The L a p l a c e T r a n s f o r m ; P r i n c e t o n (1946). 

M c M a s t e r U n i v e r s i t y , Hami l ton , On ta r io 
U n i v e r s i t y of A l b e r t a , Edmonton , A l b e r t a 

722 

https://doi.org/10.4153/CMB-1967-073-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-073-1

