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ISOMETRIES OF Hp{Un) 

R. B. S C H N E I D E R 

1. Forelli in [1] has described the isometries of HP(U) into HP(U) for 
p9é2f0<p<co. We shall extend his methods to characterize the isometries 
of Hp(Un) onto Hp{Un). 

The notation we shall use can be found in Rudin [3]. 

2. Let II represent a permutation that induces a map on functions of n 
complex variables by 

n • f(zU . . . ,Zn) = / O ù , . • • , Zin). 

Clearly II is an isometry of Hp(Un) onto Hp(Un). 

THEOREM. Suppose p ^ 2, 0 < p <oo and T is a linear isometry of Hp(Un) 
onto Hp(Un). Then there is a permutation II such that 

(i) n • TU ) = b(^) 1/P(Zl) ...(^)'"(O/kiCO, *>*(*i), • • •. «.CO) 

where the <pi are conformai maps of the unit disc onto itself and b is a unimodular 
complex number. Conversely, (1) defines a linear isometry of Hp(Un) onto 
Hp(Un). 

Proof. The converse is trivial. For the first part, let F = J \ l ) € Hp. Let v 
be the measure dv = \F\pdmn where mn is Lebesque measure on the n-dimen-
sional torus with 

J dmn = 1. 
Tn 

Since F ^ 0 and is in Hp
y the linear transformation S(f) = T(f )/F is well 

defined taking Hp(Un) into Lp(v) isometrically with 5(1) = 1, and v and mn 

are mutually absolutely continuous. 
Let $m(z) = zm where z = (zlt . . . , zm). Then j\S(\[/m

l)\pdv = 1 for all 
powers / as 5 is an isometry. From [1, Proposition 1] we see that since S is an 
isometry 

f\S(4>J)\2dv = 1 
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and since p 7e 2, |S(^m ' ) | = 1. In particular 5 takes the algebra generated 
by all the^TO into L°°(»). 

By [1, Proposition 2] we see that S is multiplicative on this algebra. 
We claim 5(^m) is the boundary value of an analytic function in Un. First 

note that 

(r(^))' = F>(sy,M)y, 
T&J) = FS&J) = F(S(*m))1 

a.e. on the distinguished boundary T". Therefore 

(T(+m))l/Fl= T(+J)/F 

a.e. on the distinguished boundary Tn or 

F(T(+m)y = FlT(+m
l) a.e. 

but since both sides are in N{Un) they are equal as analytic functions in Un. 
Now for / ^ 2 this implies 

(2) Cr ( \UV = F^TtyJ) in U\ 

We wish to show that T(\f/m)/F is analytic in Un. Since S(\f/m) is the boundary 
value function of T(\pm)/F we will then have proved our assertion. 

Suppose there is a point p £ Un where T(\f/m)/F is not analytic. We look at 
(2) in the local ring at the point p which is a unique factorization domain [2]. 
If Q is an irreducible factor of F then by (2) Q must be a factor of (T(\//m))1 

and by unique factorization a factor of T(ypm). Therefore there must exist a 
positive t and 5 and some irreducible factor Q with Q* and Qs being the highest 
powers of Q in the factorization of T{yf/m) and F respectively with t ^ s — 1. 
Pick / large enough so that It < (I — l)s. Then from (2) <2(*""1)s must be a 
factor of T{\l/m))1 but in its unique factorization. Qlt is the highest power of Q 
which gives a contradiction that shows T(\//m)/F is analytic, and our original 
claim is proven. We shall show now that S(\f/m) is inner. Except for œ in a set 
of measure zero, for all / Fu(S(\l/m))„ is in HV(U), Fu is in HV(U), and S(ipm)œ is 
of modulus one a.e. on T. Now by the reasoning found in [1, p. 725], (S(yf/m))a 

is inner for co a.e. ; but then for all r < 1 

|(S(*m))r(«)| = |(SGM)..(r)|. 

Therefore \S(\f/m))r(o))\ ^ 1 for co a.e. and by continuity for all co. Hence 
S(\f/m) is in H°° and is inner. 

Call Stym) = <pm. S is multiplicative on the algebra generated by \f/m. Since 
polynomials are dense in Hp, p < co , and T is bounded, T is given by 

TU ) = F
 -/(^IOSI* • • • » *n)» • • • , *>n(sii - . - , *» ) ) 

for a l l / Ç Hp(Un). Since T - 1 is an isometry there are 0i, . . . , 6n inner functions 
so that T-^U) = G-/(0i, . . . ,0„) a l l /G iP(C/w). 
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Now TT'^f ) = T~lT(f ) = f. L e t / = 1 and we see that 

F-G(ipi,...,<pn) = G-F(filt...,On) = 1. 

> 0»Gpl, • • • > <Pn)) = / 

Therefore 

(3) f(<Pi(Ou . . . ,0n), . . . ,<pn(filt . . . ,0H)) 

= f(0i(<Pi, • • - » P»), 

for a l l / 6 fl*. Let 

9 = (0i,...,0n): Un->U\ 

Therefore (3) implies $ • 9 = 9 • $ = the identity and since $ is then an 
automorphism of Un the Corollary of [3, p. 167] gives 

$ 0 ) = (<Pl(Zti), • • • , <Pn(Zin), 

where the <pt are conformai maps of U onto U. 
There is then a permutation II such that 

n. TU) = #-/fe(*i),...,^fe)) 
where H G Hp and the «p* are conformai maps of U onto U that are permuta
tions of the original <p. We shall abuse notation and denote these permutation 
as (pi also. For a l l / G -fiP\ 

(4) £ IHI'I / . # 1 ' ^ = Jï / I'd». = Ji n ^ co i i /- *î «« 
Let <£? be any open set on Tn. Let gm be the function equal to 1 on Û and 
1/m off ^ . By [3, Theorem 3.53], gm = |/*m*| for some hm Ç Hœ(Un). But 
hm = f - * for some/ G IIe0(Un). Using (4) we see that 

| *m|^Wn 

and letting m go to infinity we obtain 

çw= f|ri^(J 
for all open sets Û. By standard measure theoretic arguments this shows 

w 
n «* 

a.e. 

Now # • / . $ = 1 for some/ 6 Hv(Un). Since/ • $ is in iïp(E/n) we see that 
1/H is in Hp(Un). This shows that H is outer. (d<Pi/dz)l,v is also outer. By 
[3, Lemma 4.4.4], almost every slice function i7w and 

n N1 / P 
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is outer, and almost everywhere for almost all co 

w - I n te). I-
Thus for almost all co, 

* - *n (T?).* 
where the &w are unimodular complex numbers. But H(0) = 6wII(6V*/d2)1/2,(0) 
for almost all co implies that bu = b and i? = bTl(d<Pi/dz)1/p(Zi). 
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