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Introduction. If one considers the theories of Hurewicz, 
- Serre - or other fibrations in the categories of topological or 
pointed topological spaces, one can see that many of the funda
mental theorems can be formulated and proven in the general 
case of categories for which certain functors and natural trans
formations are given. And, since fibrations may be defined 
either by a cylinder or a path space construction, we shall give 
in an analogous way two different definitions of fibrations in the 
general case. One we call a (Z, e)-fibration, where ZijC-**^ 
is a functor, e:l -*• Z a natural transformation; the other is 
called a (P, s)-fibration, where P:£-+£ and s:P -* 1 . It will 
be shown in section 1 that, if Z is adjoint to P and e adjoint 
to s , these definitions coincide. In § 2 we will then prove the 
fundamental structure theorems on induced fibrations, path lifting 
property, liftings, cross sections, factoring through the fiber, 
irreducibility and strong deformation retractions. To prove all 
these theorems we need only the following: two functors Z , 
P:J?-+«C with Z adjoint to P and three natural transformations 
e , ë:l -* Z , r:Z -* 1 such that r e = 1 = r ë . Our concepts of 
fibration and homotopy are modelled upon these concepts in top
ology in the same way as done by Kan [3]. 

We wish to make the remark here that we do not state our 
theorems on fibrations relative to a full subcategory, which is 
nevertheless necessary e .g . in case of Serre fibrations. But 
the reader will see himself that the theorems hold as well in the 
relative case when modified in the usual way. In addition, we shall 
assume that our category has a null object ( like the category of 

The author holds an NRC fellowship 

Canad. Math. Bull. vol. 10, no. 1, 1967 

5 

https://doi.org/10.4153/CMB-1967-002-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-002-8


pointed topological spaces). If this is not the case, one has to 
put instead of null object a point object, i . e . an object for which 
horn (X, pt) contains exactly one element for each object X , 
and to modify the theorems again in an obvious way. We exclude 
in our statements both cases since we want to state the theorems 
and proofs in a. short and suggestive way. 

Section I . Preliminary r emarks on categories . In the 
following we will assume that our category £: has a null object 
and that products and car tes ian squares always exist . We will 
use the following notations: a indicates that the morphism a is 

monic, a that a is epic and a that a is an equivalence. The 

morphisms which factor through a null object are denoted by 0 . 
A product of two objects G » C^ is denoted bv C Tî C , the 

1 Z 1 Z 

associated projections by ir.:C n C ^ C. (i=l, 2) . Consider 

now a diagram 
c, 
I 1 

(1.1) * ? 
C T* C 

2 * 

Then the associated car tes ian square 

i -*• C, 

( 1 . 2 ) ç»' 1 J ç 

2 41 

is denoted by (<pl , ^ f ) = 1(^,40 . By the universal proper t ies a s 
sociated with the notions of product and car tes ian square it is 
clear that they a re determined up to canonical equivalences. If 
<p. : C -*• C , <p : C -** C are any two morphisms , we will de
note by {(p. , çu} :C -+ C îî C the uniquely determined mor -

1 ù f 

phism commuting with the projections and, in case of ç> :C -*• C , 
t 1 1 1 

q>2 :C -*• C we define <p^ U <p2 ~ {?i ^ i » ^Z^z) ' 

Let us also reca l l the definition of adjoint functors and state 
a fundamental theorem. Let S:£-*-gl and T: <Cf-*- <C be functors. 
Then S is called adjoint to T and T coadjoint to S if there 
exists a natural equivalence <f> :hom (SC, C1) -* horn ^ ( C , TCf) , 
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Now the fundamental lemma: 

PROPOSITION 1.3. Let S ,S : J C ^ P and T T : JT1 -+J? 

be functors and assume that S. is adjoint to T. by 

•.: horn ( 5 . C , C ) * horn ( C T . C ) , (i = l,2).. Then, if s:S * 50 
1 1 1 1 I 

i s a n a t u r a l t r a n s f o r m a t i o n , t h e r e ex i s t s a unique n a t u r a l t r a n s 
f o r m a t i o n t :T -* T such that the s q u a r e 

horn (S 2C, Cf) ^2 horn (C, T 2 C f ) 

i i« (1 .4) s * | ^ 

horn (S C, C) *1 horn (C, T C1) 
1 -*• 1 

a lways c o m m u t e s . And c o n v e r s e l y , if t :T -*• T i s a n a t u r a l 

t r a n s f o r m a t i o n t h e r e e x i s t s a unique n a t u r a l t r a n s f o r m a t i o n 
s : S j -»• S r e n d e r i n g (1 .4 ) c o m m u t a t i v e . 

1 2 

The proof i s s t r a i g h t f o r w a r d and can be found in [4]. We 

wi l l only no t i ce h e r e that given s :S . "*• S , t is defined by 

t C ! = <|>4 (4)"1 1_ C» o sT_C») : T_C« - T C » and given t :T - T , 
1 Z 1 Z Z 1 . Z 1 

- 1 
s i s d ef ined by s C = <b (tS C Q cj> 1 ) : S C ~* S C . If the 

1 Z Z o C> 1 2 

d i a g r a m (1 .4) c o m m u t e s , we wi l l ca l l t coadjoint to s and s 
adjoint to t with r e s p e c t to 4>.>4> . 

Sect ion 2 . Z - and P - F i b r a t i o n s . We wil l now define -
ana logous ly to the cy l inder and pa th space c o n s t r u c t i o n s - two 
types of f i b ra t ions which we wi l l ca l l Z- and P - f i b r a t i o n s . 

DEFINITION 2 . 1 . Le t Z: <£"-* ^ be a functor and e :1 -*> Z 
a n a t u r a l t r a n s f o r m a t i o n f r o m the ident i ty functor to Z . Then 
we ca l l a m o r p h i s m <p:C -+ C a (Z, e ) - f ib ra t ion if to e v e r y 

ob jec t X and each c o m m u t a t i v e s q u a r e of the f o r m 
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a 

,-r 
1 

(2.2) 

zx ~* c 
p 

there exists a morphism w *.ZX -*• C as indicated such that 
to o e X = a , <pu> = P . 

DEFINITION 2 . 3 . Let P i T - ^ b e a functor and s:P - 1 
a natural t ransformation. Then we call a morphism #>:C -*• C 

a (P, s)- fibration if to each object X and each commutative 
square of the form 

(2.4) 

X 

PC -
sC 

1 

there exists a morphism w t X * PC Such that Pip o w = fl and 

s C . Q 0) = # . 
1 

F r o m now on we shall use the following abbreviations: 
Instead of eX:X -* ZX , sX:PX -* X we will write e , s respectively 
and instead of (Z, e)- and (P, s)- fibrations we will speak of 
Z- and P-f ibra t ions . 

Observe further that, if <p is a P-fibration, we can derive 
from (2.4) a commutative diagram of the form 

( 2 . 5 ) 

Now we are interested in "natural" relat ions between Z 
and P , e and s such that the notions of Z- and P-f ibrat ions 
coincide. For this purpose we prove the following theorem: 
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THEOREM 2 . 6 . If Z i s adjoint to P by 
<j>: horn (ZX, Y)->hom (X, PY) and if e i s adjoint to s such that 

h o m ( Z X , Y) 1 hom(X, PY) 

(2.6) e * j js* 

hom(X,Y) -* hom(X, Y) 
1 

c o m m u t e s , then Z- and P - f i b r a t i o n s co inc ide . 

The proof i s s t r a igh t fo rward s ince the commuta t iv i ty of 
(2 .6) y ie lds that for each (3:ZX -* Y we have (3e = sc|>p . Hence 
if <p i s a Z - f i b r a t i o n and if a commuta t i ve s q u a r e l ike (2 .4) i s 

- 1 
given then <pa = cj) (3e which gives us an w such that w e = o-

- 1 
and c/?oo = cj> (3 . Now it i s obvious that for the m o r p h i s m 
4>co *.X -+ P C the equat ions scj>o> = a and P<p<j>a> = p hold, the 

l a t t e r by the n a t u r a l i t y of cj) . It i s p la in that the c o n v e r s e holds 
too , 

Now p r o p o s i t i o n 1.3 shows us that given Z and P with Z 
adjoint to P and given e : l -* Z (or s :P -*- 1) , t h e r e ex i s t s a 
n a t u r a l t r a n s f o r m a t i o n s : P - * 1 (e : l -** Z) such that Z- and 
P - f i b r a t i o n s co inc ide . This and our notion of homotopy, which 
wi l l be in t roduced l a t e r , l e ads us to the following a s s u m p t i o n s 
which we s h a l l m a k e f r o m now on: we a s s u m e that we a r e given func to r s 
Z, P:£T->J? wi th Z adjoint to P by <j>:hom (ZX, Y) -* horn (X, PY) 
and, f u r t h e r , tha t we have n a t u r a l t r a n s f o r m a t i o n s e, ê :1 —- Z 
and r : Z -*• 1 such that r e = 1 = r ê . Then t h e r e a r e unique 
n a t u r a l t r a n s f o r m a t i o n s s, s : P -*- 1 , f : l -* P coad jo in t to e, ë , r 
wi th r e s p e c t to cj) and 1 , w h e r e 1 s tands for the t r i v i a l ad-
j o i n t n e s s of the ident i ty functor to i tself . Given a l l th i s , we know 
tha t Z- and P - f i b r a t i o n s co inc ide ; hence we wil l speak sho r t l y 
of f i b r a t i o n s . A (Z) or (P) a t the end of the s t a t e m e n t of a 
t h e o r e m wi l l ind ica te that the proof wil l be given e n t i r e l y by 
us ing only the defini t ion of Z- , or P - f i b r a t i o n r e s p e c t i v e l y . 

Sect ion 3 . S t r u c t u r e t h e o r e m s for f i b r a t i o n s . F r o m 
the def ini t ion i t i s p la in that compos i t i ons of f ib ra t ions yield 
f i b r a t i o n s . The f i r s t i m p o r t a n t t h e o r e m is tha t on induced 
f i b r a t i o n s : 

THEOREM 3 . 1 . Le t <p:C -* C be a f ib ra t ion , dr.CL -* C 
1 c 

any m o r p h i s m . Then <p! in the c a r t e s i a n s q u a r e (ç?1 , vjj') = I (</>, \\lj 

9 

https://doi.org/10.4153/CMB-1967-002-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-002-8


is a fibration. (Z) 

e 

Proof, Consider any commutative square of the form 

Of 

X -* I 

r i »• • 
z x ~+ c 

P 2 

Since (1 .2) c o m m u t e s and 9? is a f i b r a t i on t h e r e e x i s t s an 
uj :ZX -** C with û> e = i|>? o- and <p£ = ^P • The l a t t e r equa t ion 

g ives us a uniquely d e t e r m i n e d Q :ZX -*• I with \\jl& = c3 and 
'̂<jj = p . Since the s q u a r e 

\bla 
X T - C, 1 

c0 «• c 
2 v|i 

a l so c o m m u t e s t h e r e e x i s t s a uniquely d e t e r m i n e d v: X -* I with 
4ilv - \\J] a = 00 e and <p]v = ç?,o/ = pe . Th i s g ives us by u n i q u e n e s s 
v = a = w e . Hence ^f is a f i b r a t i on , 

F o r c o m p l e t e n e s s we m e n t i o n h e r e that if <p i s a r e t r a c t i o n 
then <pl i s a l s o a r e t r a c t i o n . But this i s so in g e n e r a l and does 
not depend on the fact that ç i s a f i b r a t i o n . The s a m e is t r u e 
of the s t a t e m e n t that \\i can be f ac to r ed th rough cp if and only if 
<pl i s a r e t r a c t i o n (often such t h e o r e m s a r e r e l a t e d to f i b r a t i ons 
in the l i t e r a t u r e ; c o m p a r e [ l ] , [2]). 

In the c a s e tha t ty i s a r e t r a c t i o n the c o n v e r s e of t h e o r e m 
3 . 1 h o l d s : 

T H E O R E M 3 , 2 . If, in addi t ion to the a s s u m p t i o n s of 3 . 1 
\\t i s a r e t r a c t i o n then <px i s a f i b ra t ion if and only if <p i s a 
f i b r a t i o n . (Z) 

P roof . A s s u m e tha t <p% i s a f i b r a t i on and let cr : C ™* C 
~ 2 

be a m o r p h i s m with \\t cr ~ 1 . Cons ide r any c o m m u t a t i v e s q u a r e 
l ike (2. 2) . Since ^ °~ P e = <P & t h e r e e x i s t s X : X -*- I with 
4̂ fX = a and <px X = er pe . Hence the s q u a r e 
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CO / 

ZX - C 

c o m m u t e s and s ince cp% i s a f ib ra t ion t he r e ex i s t s an £3 as in
dica ted r e n d e r i n g both t r i a n g l e s c o m m u t a t i v e . Setting co = ^'03 
y i e lds the t h e o r e m . 

Another i m p o r t a n t t h e o r e m s t a t e s that the pa th lifting 
p r o p e r t y is equiva lent to the f ib ra t ion p r o p e r t y . This i s e x p r e s s e d 
as fo l lows: 

THEOREM 3 . 3 . Le t <p : C -* C be any m o r p h i s m and le t 

(<p* , s f) = l((p , sC) . Denote by p : P C -+- I the uniquely d e t e r 

mined m o r p h i s m sat isfying s fp = sC and <p}p = Pep . Then <p i s 

a f i b r a t i on if and only if p i s a r e t r a c t i o n , (P) 

P roof : N e c e s s i t y . In (2 .4) le t X = I , a = s1 , p = <px . 
This g ives us an OJ : I -*• P C r e n d e r i n g the co r r e spond ing d i a g r a m 
(2 .5) c o m m u t a t i v e . Now the un iqueness of the u n i v e r s a l p r o p e r t y 
of a c a r t e s i a n s q u a r e shows pu = 1 . 

Sufficiency. Le t T : I -+• P C be a m o r p h i s m with pT = 1 

Since q>% = <pfpT = Pc- T and s1 = s ' p r = S T the d i a g r a m 

I 

c o m m u t e s and in the g e n e r a l c a s e of a c o m m u t a t i v e s q u a r e l ike 
(2 .4) t h e r e e x i s t s c e r t a i n l y an £5 :X -** I with a- s'eô and 
(3 = <p*& . Define u> = TG3 and the t h e o r e m is p r o v e n . 

PROPOSITION 3 . 4 . Let q>. : C. -** C. (i = 1,2) be 
i i i 

f i b r a t i o n s . Then <p . n <z> i s a f i b ra t ion . (Z) 
1 2 
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This is plain since if [cp Tl cp )a=(3e and TT.(3 factors 
1 Là 1 

through ç. by a) . with respect to Tr.a then p factors through 

<p n^> by { C J Û . , C O 9 } wi th r e s p e c t to a . 

Looking for types of m o r p h i s m s which a r e a lways f i b r a t i o n s 
we wil l p r o v e : 

PROPOSITION 3 . 5 , E q u i v a l e n c e s , p r o j e c t i o n s and 
0:C-*• 0 a r e f i b r a t i ons . (Z) 

P roof . If the s q u a r e 

X 2* C n C 

e l s 1 TT. 
* , ' * i 

Z X ? C . 
(3 1 

c o m m u t e s , choose w a s {p , IT ax) . Th i s p r o v e s the t h e o r e m 

for projections and by choosing C = 0 it follows for equivalences, 

by C = 0 for the nul l m o r p h i s m to a nul l ob jec t . 

To p r o c e e d in the t h e o r y of f i b r a t i o n s let us i n t r o d u c e a 
concept of homotopy : g iven two m o r p h i s m s a , a : X -* Y , we say 
tha t â i s nomotop ic to a if t h e r e e x i s t s a m o r p h i s m co :ZX -* Y 
such tha t a) e = cr and w ê = â . oo is then ca l led a homotopy f r o m 
a) e to w ê . Turn ing to P , s, s we can c l e a r l y e x p r e s s homotopy 
as â i s nomotop ic to a iff t h e r e e x i s t s an oo : X -+ PY such tha t 
SOJ = a and sco = 5 . Th i s not ion of homotopy i s not n e c e s s a r i l y 
an equ iva l ence r e l a t i o n . But i t ha s the following two p r o p e r t i e s , 
(i) If â i s nomotop ic to a , and (3 is any m o r p h i s m such tha t 
Per i s defined, then p â i s nomotop ic to p a , and (ii) if â i s 
nomotop ic to a , p a m o r p h i s m such tha t ap is defined then #p 
i s nomotop ic to afi . In add i t ion our homotopy r e l a t i o n is r e f l ex ive 
s ince r : Z =-*• 1 i s a r e t r a c t i o n for e and ë and to have s y m m e t r y 
i t i s n e c e s s a r y and suff ic ient to have m o r p h i s m s v.: ZX -*• ZX for 
e v e r y ob jec t X sa t i s fy ing ^e = ë and v.e = e . 

We can now s t a t e a t h e o r e m on l i f t ings : 

T H E O R E M 3 . 6 . L e t <p:C -* C be a f i b ra t ion , and le t 
1 

4/.: C -*- C be nomotop ic to 0 . Then \\i can be f a c t o r e d t h r o u g h <p 
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by a m o r p h i s m which i s i t se l f homotopic to 0 . 

P roo f . Le t oo : ZC -*• C be a homotopy with co e = 0 , 

c3 ê = \\i . Hence the s q u a r e 

ZC -* C 
2 s 

commutes , which gives us co as ind ica ted . Now co ê lifts \\J and 
CJ e = 0 shows co ê" homotopic to 0 . 

COROLLARY 3.7 . If <p : C -* C i s a f ib ra t ion and 

1 : C -*• C i s homotopic to 0 then <p i s a r e t r a c t i o n . 

We in t roduce now the not ion of f iber by defining f iber cp 
= k e r <p . Then we have the following 

THEOREM 3 . 8 . Le t w : C -* C be a f ib ra t ion , or: C 0 -* C 
1 2 1 

any m o r p h i s m . Then t h e r e ex i s t s â : C -*• C homotopic to a 
such tha t â f a c t o r s th rough the f iber if and only if 0 is h o m o -
topic to <pa . (Z) 

P roof . (i) Le t 0 be homotop ic to <p a by 03 : ZC -* C . 

Since the s q u a r e 

C S C 
2 . * 1 

i . . - - - ' I * 
ZC ^ C 

2 oj 

c o m m u t e s we can find OJ as i nd ica t ed . ' Hence co ê i s homotopic 
to a and <pco ê = cô ë = 0 shows that co ê f a c t o r s th rough the f i b e r . 

(ii) If t h e r e e x i s t s a homotop ic to a and fac tor ing th rough 
the f i be r , then <p â = 0 i s homotop ic to <p a . 

Next we wi l l i n t roduce the not ion of i r r e d u c i b i l i t y : an epic 
m o r p h i s m a i s cal led i r r e d u c i b l e if each m o r p h i s m homotopic 
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to a i s aga in e p i c . I r r e d u c i b l e m o r p h i s m s a r e of i n t e r e s t b e 
c a u s e if a : C - » C i s i r r e d u c i b l e and C i s not a nul l object , 

then 0 i s not nomotopic to a . F o r the proof we need only to 
o b s e r v e tha t if 0 : C -* CL i s epic then 0 = 1 : CL -*• C , hence 

1 2 ^ 2 2 

PROPOSITION 3 . 9 . Le t <p i C - > C be an ep ic f i b r a t i o n . 

If a : C -*> C i s i r r e d u c i b l e then <p c* i s i r r e d u c i b l e , (Z) 

Then 

C 3 * ^ C 1 

zc, - c 

c o m m u t e s for a c e r t a i n o> . Now û ê = <pco ê wi th co ê epic 
s ince a i s i r r e d u c i b l e . Thus 05 ê i s e p i c . 

COROLLARY 3 . 10. If w i s an epic f i b r a t i o n and 1 : C -* CÂ 

1 1 
i s i r r e d u c i b l e then cp and 1 : C -*• C a r e i r r e d u c i b l e , (Z) 

P roo f . ç i s c l e a r l y i r r e d u c i b l e s i n c e cp = <p 1 . If 
03 : ZC -• C is any m o r p h i s m with cô e = 1 we get a c o m m u t a t i v e 
d i a g r a m of the f o r m 

C - C 
1 ^ -1 

z c ' à z c S c 
1 

Now û> ë cp - & Z cp ë = <pco ë which i s e p i c , Hence 05 ê i s epic 
which p r o v e s 1 i r r e d u c i b l e . 

As a s p e c i a l c a s e we get f r o m 3 .10 tha t if <p i s an epic 
:ion and C is not a nul l ob jec t and 

0 is n e i t h e r nomotop ic to <p no r to 1 

f i b r a t i o n and C is not a nul l ob jec t and 1 i s i r r e d u c i b l e then 
C l 
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Let us now turn to the notion of regular fibrations. For 
that purpose we give the definition of a stationary covering homo-
topy. We s tar t from the following situation: let 

ZX 

be a commutative tr iangle. Then OD is called stationary with £> 
sue if for any subobject \i : X >* X such that 

ZX. 

X. 

ZX 

1-
commutes for a certain r there exists a morphism r :X -* C 

1 1 
such that 

ZX 

X. 

Zn ZX 

1" 
commutes too. A (Z-) fibration <p is then called regular if in 
any commutative square (2.2) u> can be chosen stationary with 
(3 . It is left to the reader to transfer the definition of stationarity 
to P , f „ Fur ther it may be verified by the reader which propo
sitions hold with regulari ty for the fibration cp presumed and 
how one has to modify theorems in this special case (e .g . pro
jections are regular fibrations). Our purpose for introducing 
regulari ty is a theorem on strong deformation coretract ions. To 
formulate this theorem we define K : C! -* C to be a deformation 
coretract ion if there exists an co : ZC -*• C such that GL> e = 1 and 
<JL> ë = xp with p : C =*• Cf and p x = 1 If one can further 

choose CJ in such a way that 

(3.11) 

ZC» 

* I 
c« 

Z_K 

-* 

ZC 

I» 
c 
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commutes, K is called a strong deformation coretraction. It is 
obvious that if < is a deformation coretraction then K is monic. 

T H E O R E M 3 . 12. Le t cp : C -* C be a r e g u l a r f i b r a t i o n 
1 

and K : C -*- C a s t rong d e f o r m a t i o n c o r e t r a c t i o n . Then K! in 

the c a r t e s i a n s q u a r e (<pl , K1) = 1 (<p , K) i s a s t rong d e f o r m a t i o n 

c o r e t r a c t i o n . (Z) 

P roo f . Le t û> : ZC -* C be c h o s e n such tha t û e = l , 
K p w h e r e p : C -»• C , 

(3 .11) c o m m u t e s . Cons ide r 

u) ê = Kp w h e r e p : C-*• C -, p fc = 1 and the c o r r e s p o n d i n g s q u a r e 

, c . 

zc «-* zc-£c 

with G5 Z<pe = a) e <p = <p showing the s q u a r e c o m m u t a t i v e . I n s e r t 
oa s t a t i o n a r y with û Z <p a s ind ica ted r e n d e r i n g in addi t ion the 
two t r i a n g l e s c o m m u t a t i v e . Since cpu> ê = 03 Z <p ë = OJ ê <p = Kp <p ? 

t h e r e e x i s t s a unique p ! : C -*- I with <p*p * = p <p and K'p * = GO ë 

w h e r e 

(3 .13) '•1 f ' 

shows the c a r t e s i a n s q u a r e (<p! , K !) = I (<p , K) 
d i a g r a m 

(3 .14) I * Z I - ^ Z C ^ 

Turn ing to the 

ZC - , 

I — > C 
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the ca lcu la t ion w Z <p ZK 1 = Û> Z(<p JC!) = 03 Z (K<?!) = 03 ZxZ<p! = KrZ^ 1 

= K^ !r shows the lower p a r t c o m m u t a t i v e . Hence t h e r e e x i s t s a 
r e n d e r i n g the upper p a r t c o m m u t a t i v e . But then a - w Z* ! e = 
ix> eW = K! and a - co Z K!ê = K!p fK! . Hence <pf p !Kf = <p* and 
K^'K* = K! which gives by the un iqueness of the u n i v e r s a l 
p r o p e r t y of the c a r t e s i a n s q u a r e (3.13) V'K 1 = 1 . In addi t ion 
(3 .14) shows that K1 i s a s t rong de fo rmat ion c o r e t r a c t i o n . 
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