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Lip « APPROXIMATION ON CLOSED SETS
WITH lip « EXTENSION

A.BONILLA AND J. C. FARINA

ABSTRACT. Let F be a relatively closed subset of a domain G in the complex plane.
Let f be a function that is the limit, in the Lip o norm on F, of functions which are
holomorphic or meromorphic on G (0 < a < 1). We prove that, under the same
conditions that give Lip c-approximation (0 < a < 1) on relatively closed subsets of
G, it is possible to choose the approximating function m in such a way that f — m can

be extended to a function belonging to lip(a, F).

1. Introduction. If G is an arbitrary open subset of C, H(G) (respectively M(G))
will represent the class of all holomorphic (respectively meromorphic) functions in G.
If F is a relatively closed subset of G, then H(F) will denote the set of holomorphic
functions on a neighborhood of F; A(F) is the algebra of continuous functions on F and
holomorphic in the interior F° of F; and Mr(G) will be the set of all functions in M(G)
without poles on F.

Alice Roth in [5] proved thatif f is a uniform limit on F of functions belonging to H(G)
or M(G), then it is possible to select the approximating function m in such a way that the
difference function m — f can be extended continuously into the closure of F, including
the points of d F M d G for which f itself has no continuous extension. In this work this
result is improved in the following direction. Suppose f is a Lip o limit of functions
belonging to H(G) or M(G)(0 < a < 1). Then we will prove that it is possible to choose
the approximating function m in such a way that m — f can be extended to a function
belonging to lip(, F). In this case we will say that f is LE-approximable by meromorphic
or holomorphic functions. So, in Sections 2 and 3 we characterize the LE-approximation
by means of the same conditions that characterize the Lip a-approximation (0 < a < 1)
on relatively closed subsets of G [1].

In the final section, the LE-approximation by holomorphic functions is also used to
obtain some results which we can consider as theorems of decomposition of approximable
functions. These results give a description of [H(G)], . the class of all functions which
are lip a limits on F of sequences with elements from H(G). Thus some results of A.
Stray [6] are generalized for the Lip a-norm.

2. Preliminaries. Let F be arelatively closed subset of a domain G in the complex
plane C and f be a bounded complex function on F. Define the modulus of continuity wy
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by setting

we(r) = sup{|f(z) — f(w)| : z,w € Flz—w| <r}
For 0 < a < 1, denote

Wl =sup{ 22 > 0},

Lip(o, F) = {f: F — C : ||f||a.r < 00}

and
lip(er, F) = {f € Lip(a, F) : r “wy(r) — 0, asr — 0"}

If f is defined on F, we will say that f belongs to lip,.(a, F) if f € lip(«, K), for every
compact subset K of F. The Lip a norm is defined by

11, = IIf

where ||f]|o,r is the supremum norm. With this norm Lip(, F) is a Banach algebra.
We define

o + Iflloo,r

Ao(F) = {f € lipy(, F) : f € HEF)}
and
Aau(F) = {f € Aa(F) : Jg € lip(a, F) and gy = f}.

If A is a class of complex functions on F we will denote [A]}, ;- the set of all functions
which are limits in Lip @ norm on F of functions belonging to A.

For any subset S of the complex plane C, the interior, the closure, and the boundary
of S will be represented by S?, S and 9.5, respectively. Also, G* = GU {x} will denote
the one-point compactification of G.

Let h(r) be a nonnegative increasing function defined on [0, 00). For any E C C, the
Hausdorff content M, (E) is the infimum of all sums

> h(diam D)
DeS
where S runs over all countable coverings of E by closed (or open) balls. In case A(r) = 1,
0 < B < 1, we write M), = M?, and we will say that M,,(E) is the 3-dimensional Hausdorff
content of E.
The lower 3-dimensional Hausdorff content M° (E) is defined by the sup M,,(E), where
h runs over all the functions that satisfy
i) h:[0,00) — [0, 00),
i) A increasing,
iii) h(r) <8, Vr>0,
iv) h(r) = o(r?), r — 0*.

DEFINITION 2.1. The function f: F — C* is said to be LE-approximable on F by
functions from M(G)(H(G)) if, given ¢ > 0, there are functions m and e with the
following properties:
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i) m € M(G)(H(G)), e € H(F*) Nlip(a, F),
i) f(z2) —m(z) =e(z) z € F),

i) [le||* z <e.
Finally, we introduce the notation

“f”Lipl,E = sup{%}'yx)—l 1z, wEE).

3. LE-approximation by meromorphic functions In this section we shall prove
that the necessary and sufficient conditions obtained by J. C. Farifia [1] to hold for the
Lip a-approximation of a function f on F by functions from Mg(G) are sufficient for the
LE-approximation by meromorphic functions.

THEOREM 3.1. Let K be a compact subset of C*, and let g be any function meromorphic
in a neighbourhood of K. Then, given any € > 0, there exists a rational function r such
that

Ir—gllox <e
and

lr—glluipix <e.
Moreover, if we fix u € K, we can choose r such that r(u) = g(u).

PROOF. Since that the Lip a contains the uniform norm, this results follows from ([5],
Lemma A) and Lip a-Runge theorem ([1], §3) where it was shown that any functions
meromorphic in a neighbourhood of K can be approximated by rational functions in the
Lip a-norm. Observe that if the function d(g; z1, z2) in [5] verifies that |d(r—g; 21, 22)| < €
with z;,z> € K then ||r—g||Lip1,x < €. Moreover, r can be chosen such that(r— g)(u) = 0,
for u a fixed point in K, replacing r by r + g(u) — r(u).

THEOREM 3.2. Suppose K|, K, and K are compact sets in the extended complex plane
C* such that Ky N Ky = 0. If ry and ry are rational functions with ||ry — 2|5 x < ¢, then
there exists a constant M, depending only on K| and K, and a rational function r such

that,
(3.1) Ir = rillgxuk, <Me (i=1,2)
and
(3.2) lr —rilluipix, <Me, (i=1,2).

Moreover, if u € K, is a fixed point, we can choose r such that

(3.3) (r—ry)(u) =0.
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PROOF. Since the Lip o norm contains the uniform norm, by following the proof of
Lip a-Fusion Lemma ([ 1], Theorem 3) we may obtain the estimations (4’) and (8') of [5]
for the function g used in [1]. Note that this function is the same in the two papers, as well
as the function f that is denoted by F in [1]. Hence we must just to apply Theorem 3.1
to get a rational function satisfying (3.1) and (3.2). Moreover to obtain (3.3), we use the
next estimations that were obtained in [1] and [5] respectively

”F_ ril,Z.KUK, < CE? i = 1727
F = rillupix, < Ce i=1,2,

where F € M(K; U K> UK) and C depends only on K| and K5. So, if we make F| =
F—(F—r)u),then F; € M(K, UK, UK),

HFI - rl'“Z,KUK,» S 2C£7 i= 1727
I1F1 = rillupik, <2Cey i=1,2,

and by means of Theorem 3.1, there exists a rational function r such that

1F1 = rllexrok, <&

|Fi — rlluip1.xuk,uk, <€

and r(u) = Fi(u) = r(u). Hence this function r satisfies (3.1), (3.2) and (3.3) with
M =2C + 1 and Theorem 3.2 is proved.

The main result of this section is the next theorem where it is proved that Lip -
approximation by meromorphic functions is equivalent to LE-approximation by mero-
morphic functions.

THEOREM 3.3. Let F be a relatively closed subset of a domain G in C. Then the
following statements are equivalent:
(a) f can be approximated in Lip a-norm on F by functions in Mg(G).
(b) If K is a compact subset of F then fix € [R(K)];, k-
(c) f is LE -approximable on F by functions in Mp(G).

PROOF. (a) = (b) if f can be approximated on F' by functions g € Mr(G) in Lip a-
norm, and if K is a compact subset of F, then each such g is analytic on K and, by
Lip a-Runge theorem, f can be approximated on K in Lip a-norm by rational functions.

(c) = (a) is trivial.

(b) = (c) We may suppose that F' is bounded because in the general case, let K be a
compact subset of F and consider the transformation w = 7(z) = % withz, € G\ F.If

we define the function f(w) = f(z) in T(F) one has that

(3.4) ]CITU() € [R<T(K))]a,r(l()

since given € > 0 and suppose that (b) is satisfied, then there exists a rational function r
such that

(3.5) If = rllax <e.
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By defining A(z) = f(z) — r(z) and h(w) = f(w) — #(w) in the same way as f(w) we have

lh(w) — h(wy)| _ |h(z1) — h(z2)]

IW[ - Wzla |W1 — Wzla

|h(z1) — h(z2)|
lz1 — z2]®

|Z1 - Zo|a|22 - Zo!a < A%(a“h”a,l(

where Ag = sup{|z — 20|, z € K} and w; = L, for i = 1,2. Since Ak only depends on
K, (3.4) is proved and from the localization theorem for Lip o norms ([1], Theorem 4)
we may deduce that

(3.6) f € M1 (T©)], 0

Moreover if we have LE-approximation to f in T(F) we also have LE-approximation to
finF.

Let {G,}2, be some exhausting sequence of G by bounded domains G, such that
G, C Guits UG, = Gand dist(0 G,,d FNAG) = ,—11, where d FMd G is a compact set. For
eachn=1,2,... we can apply Theorem 3.2 to

K, =G, K2=C*\G,,+1, and F, =Fﬁ(—;n+1.

And thus, there exist constants A, that correspond to the constant M in Theorem 3.2. We
may assume that the A, are increasing and that A, > 1.

Let € > 0. By hypothesis f| r, € [R(Fp)la,r,, hence we can find a rational functions g,
without poles on F, such that

3

3.7 If — anllsr, < A+ 1)

forn=1,2,....Since F,, C Fpy1,n=1,2,..., we have:

13

n+l a S A1)
lgn+1 qn”a.,Fn 2"A,(n+ 1)

By Theorem 3.2 for each n there exists a rational function r,, which satisfies

" 3
(38) “rn - qu“OI.F,.U[ﬂ < 2y,(n + 1)7
" >
(39) ”rn — qn+l ”a,F,,UKz < 2"(}1 + 1)’
(3.10) s = Galliip 1k, < 5
. n qn Lip I,K, 2”(n+ 1)7
3
3.11) l7n = GnerllLipr i, < 2i(n+ 1)’
and

(rn — qu+1)() =0 for u € 9 FN G fixed,
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Moreover (3.9) implies Lip a convergence, on C* \ G of

n—1

(@) = 2 (@) — que1 2)
k=1
as n — 00. On d FN d G, since lip(a, d FM J G) is a closed subalgebra, g, converges to
a function ¢ € lip(a,d FN 3 G). On the other hand if z € F, \ F,— andr € dFNJG,
since F,, \ F,—1 C C*\ G, one has

”gn”LipLC‘\Gn < ; (z/+ 1)

and hence
(3.12) |8n(0) — 82(2)] < |1 — 2]e.
Now we define
n—1 00
m(z) = D (re — Gs) + Gn + D _(re — qi)-
k=1 k=n
From the proof of Localization Theorem for Lip o norm ([1], Theorem 4) m(z) € Mr(G),

and
(3.13) =l < e.

Finally we will show that if the function e(z) is defined by

f(x)—m(z) ifzeF

€@ =140) ifze F\F

then e € lip(a, F). For this observe that trivially e € Lip(a, F) N lip,,.(at, F N G), so if
K is a compact subset of G, ¢ € lip(a, K N F). Now, let ; > 0 be an arbitrary constant.
There exists my € N such that, if M = |9F N dG]| is the diameter of d FN dG and
C = max{M*%, 1} then
a) m <%
b) W < 2 )

On the one hand e € lip(a, F N Gyy+2) and e € lip(a,d F M 0 G). Thus there are two
constants §,8, such that if z,u € FN G4 with |z — u| < §; then

le(z) — e(u)l

el "

The same holds if z,u € dFNIG and |z — u| < 6.
On the other hand, we can choose § such that

5= min{dist(a Gops1,9 Gmys2), Klﬁ (2_15) ﬁ,él,éz}

and we must show that
le(z) — e(u)l

e °
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whenever |z — u| < § with z,u € F.

Firstly consider the case z,u € FN(C \ Gpy+2), and |z — u| < §. We can also suppose
that z € Gpr \ Gpe—y and u € G \ Gy —1 With m* > mi > mo + 2 and we distinguish
three cases:

i) m*>my+1

my—2 mt—2 00
e@)= Y (e—que)+ 2, (rk — Get) + (Gme—1 —f) + ) > l("k —qx)
k=1 k=m3 1 = —
so, by (3.11), (3.9), (3.7) and (3.8) respectively
le(z) — e(u)|

|z — ul

l-a , €1 €1 €1
<e€lz—u +—+—+—=—<e€.
I ! 6 6 6

Analogous estimations hold for the other cases by writing e(z) as follows
i) m* =mj
my—2 00
e@= Y (= qrs) + (e —1 = @) + (@ — )+ 3 (e — q)
k=1 k=mg

iii) m* =mj+ 1

my—2 0
e@) = 3 (= qrs) + Fme—1 = @) + (Gmy — )+ 2 (e — qu).
k=1 k=m}

0

Note that if z € C\ Gpys2 and u € Gpyiz With |z — u] < 6 then u € Gpyez \ Gy
necessarily, and we can proceed as in ii).

Finally, ift € a0 FNJG, z € FNG and |z — t| < § then there exists mg > mg + 2 such
that z € Fy; \F"'S—l and we have

m(@) —f@) = ¢ _ lgm: (@) = dO|  lgm @ —f@D] 2 |r(z) — qul2)|

e — 1l I At o=t S le—1*
< lgma(z) - gma(t)l |gmg(t) - d)(t)l |qm8(z) _f(z)|
|z — 1] z—1]* z— 1"

+ i @) — a@)| < (D + D +UID + (IV)

k= |Z - tla

From (3.12), (3.7) and (3.9) and by considering that dist(d G,,d FNdG) = ﬁ
il
6 b

iy < i<_1_)"“ <8
omg m3+1 6’

(IV)<Ze(m3+1)a<< 1 )l—a§£<(;>l—ae<i'

S 2k k+1 mg + 1 Pt 2k m + 1

(D<elt—z'*<es' <
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To estimate (II), recall that g,,(1) and hence ¢(u) vanishes for uy belonging to éF NoG,
so if we denote g,, — ¢ by h,,, then

ihm*(t)l |l‘— u0|°‘ .
an = Efﬁ; < ”hm:,”a.ac(m) < Mg llasc (10 F N3Gl + 1))
where
00
hmgllaoc = llgm — Sllaac = H >~ ‘Ik+l)‘
k=m6 a,0G
X e 1 1 €
< k§$?k+l < m+ 1 G 2F
and c
€l
1 - -
U< v a® <6

where C is independent of n, hence

le@) —e(®)] _ |m(2) — () — ¢(1)| <

o= o=

g,

This completes the proof.
Since the Lip a-approximation of A,(F) by Mp(G) can be characterized by means of
Hausdortf content ([1], Theorem 4), we have the next corollary

COROLLARY 3.4. All functions of Aq(F) can be LE-approximated by functions in
Mg(G) if and only if there exists a constant C > 0 such that,

MIFAN\ FY) < CM™ (A \ F)

foreverydisc A C G.

4. LE-approximation by holomorphic functions. Our goal is now to approximate
f € Ax(F) by functions g € H(G). The holomorphic approximation in Lip o-norm is
characterized by the following theorem.

THEOREM 4.1 (ARAKELYAN’S THEOREM IN Lip a-NORM ([ 1], THEOREM 13)). Let F
be a relatively closed subset of G. All functions f belonging to A 4(F) can be approximated
in Lip a-norm on F by holomorphic functions in G if, and only if,

i) G*\ F is connected and locally connected at {*}.

ii) There exists a constant C > 0 such that,

Ml+a(A\F)) S CMHD[(A\F)

for everydisc A C G.
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Here, just like in the previous section, we will prove that the same conditions i) and
ii) characterize the LE-approximation by holomorphic functions. For this observe that ii)
is sufficient for the LE-approximation by meromorphic functions. Hence it is enough to
move the poles of these functions to the boundary of G, by preserving the approximation
itself. These facts are collected in the next lemma.

LEMMA 4.2. If i) is satisfied and if m is a function in Mr(G), the restriction mg is
LE-approximable on F by functions in H(G).

PROOF. By i), G can be exhausted by domains G, G, . .. such that every component
of G\ (FU G,) extends to the boundary of G. So if m; € Mg(G) has a pole at z; and
2> belongs to the same component of G \ (FUG,) as z;, then there exists a function
my € Mp(G) which has a pole in z; instead of z; and the other poles of m;, different
from z;, are just the remaining poles of m;. Moreover m; — m, is rational with exactly
two poles, z; and z; ([1], Lemma 9).

Now, by taking into account ([1], Theorem 11), let ¢ > 0 be given and start with
mg = m and Gy = ). Determine successively functions m, m;, . .. from Mr(G) such that
the poles of m, ¢ FUG,, m, — m,_, is rational,

3
(4.14) = i 15 f0, < 5o

and m, — m,_, belongs to lip(a, F).
Thus if we define

o
g=lim m,=my+> (m, —m,_y)
n—o0 n=N

one has easily that g is holomorphic in G. Furthermore, since lip(a, F) is a closed
subalgebra of Lip(a, F), by (4.14) the difference

00
e:g_m:Z(mn_mn~l)
n=1

belongs to lip(a, F). Finally we also have from (3.1) that
X €
lellaz < 3 57 <=

THEOREM 4.3. If i) and ii) of Theorem 4.1 hold, then all functions of Ay(F) can be
LE-approximated on F by functions of H(G).

PROOF. The condition ii) is sufficient for Corollary 3.4 to hold. So if f € A,(F) then
f is LE-approximable by meromorphic functions and by (i) we can apply Lemma 4.2
and the theorem is proved.

An easy consequence of this theorem gives us the first result of decomposition for the
class [H(G)]} r.
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COROLLARY 4.4. Let F be a relatively closed subset of G, verifying i) and ii). Then if
€ > 0and g € A(F), there exist g1 € Aqu(F) and g» € H(G) such that ||gi||}, » < € and
g=gi+g onF, ie. [HO, ;= Aqu(F) + H(G).

The following question arises immediately. Is the above decomposition true when
some condition fails? We don’t know if the answer is in general affirmative but if we
remove the fact that G* \ F is connected the decomposition is still possible.

Denote ' = F U { all relatively compact connected component of G* \ F}.

THEOREM 4.5. Let F be a relatively closed subset of G such that G* \ F locally
connected at {*} and suppose that there exists a constant C > 0 such that,
(4.15) M (AN (F)) < cM™(A\ ()
for every disc A C G. Then

[HG) = A(F) + H(G).

PROOF. Let H; be a relatively compact connected component of G \ F, and consider
f € [H(G)]}, r; then given a sequence €, > 0 with ¢, — 0 as n — oo there exists a
holomorphic function f, in G, such that

If = faller < en-
Therefore
If = fallcosn; < €n

and f, converges to a function f on H; with the supremum norm. Note also that f agrees
f in 8 H;. Moreover, f — f, € A(H;) where H; is bounded. Now by taking into account the
estimations in [2],

IF = Fullarr, < I = fallwan, < en-

Thus, one has
W — full aspim, < 2en

and
If = full o < 3en-

Hence
I =l < 4

and we can affirm that if f € [H(G)]Z F’f has an extensionf to F such that
f € HG ;-

Finally note that F satisfies (4.15) and G* \ F is connected and locally connected, thus
from Corollary 4.4 f = g; + g, on F with g, € A (F) and g € H(G), and hence
f=g1+gonkF.
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It is important to observe that the condition ii) in Corollary 4.4 is only used to
guarantee that f may be approximated by meromorphic functions, in this case we know
already that f € [H(G)]’; I hence (4.15) is not necessary to prove

[HG)] f C Aau(F) +H(G).

On the other hand A, (F) C [H(G)], r because F satisfies the hypothesis of Theo-
rem 4.1 and Ao, (F) C Ao(F). This completes the proof.
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