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Lip a APPROXIMATION ON CLOSED SETS 
WITH lip a EXTENSION 

A. BONILLA AND J. C. FARINA 

ABSTRACT. Let F be a relatively closed subset of a domain G in the complex plane. 
Let / be a function that is the limit, in the Lip a norm on F, of functions which are 
holomorphic or meromorphic on G (0 < a < 1). We prove that, under the same 
conditions that give Lip «-approximation (0 < a < 1 ) on relatively closed subsets of 
G, it is possible to choose the approximating function m in such a way that/ — m can 
be extended to a function belonging to lip(a, F). 

1. Introduction. If G is an arbitrary open subset of C, H(G) (respectively M(G)) 
will represent the class of all holomorphic (respectively meromorphic) functions in G. 
If F is a relatively closed subset of G, then H(F) will denote the set of holomorphic 
functions on a neighborhood of F\ A(F) is the algebra of continuous functions on F and 
holomorphic in the interior F° of F\ and Mf(G) will be the set of all functions in M(G) 
without poles on F. 

Alice Roth in [5] proved that iff is a uniform limit on F of functions belonging to H(G) 
or M(G), then it is possible to select the approximating function m in such a way that the 
difference function m—f can be extended continuously into the closure of F, including 
the points of dFH d G for which/ itself has no continuous extension. In this work this 
result is improved in the following direction. Suppose / is a Lip a limit of functions 
belonging to H(G) or M(G)(0 < a < 1). Then we will prove that it is possible to choose 
the approximating function m in such a way that m—f can be extended to a function 
belonging to lip(a, F). In this case we will say that/ is LE-approximable by meromorphic 
or holomorphic functions. So, in Sections 2 and 3 we characterize the LE-approximation 
by means of the same conditions that characterize the Lip a-approximation (0 < a < 1) 
on relatively closed subsets of G [1]. 

In the final section, the LE-approximation by holomorphic functions is also used to 
obtain some results which we can consider as theorems of decomposition of approximable 
functions. These results give a description of [H(G)]*a F, the class of all functions which 
are lip a limits on F of sequences with elements from H(G). Thus some results of A. 
Stray [6] are generalized for the Lip a-norm. 

2. Preliminaries. Let F be a relatively closed subset of a domain G in the complex 
plane C and/ be a bounded complex function on F. Define the modulus of continuity Wf 
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24 A. BONILLA AND J. C. FARINA 

by setting 
wf(r) = sup{[/Xz) -f(w)\ : z, w G F\z - w\ < r) 

For 0 < a < 1, denote 

,. M f Wf(r) 1 

|l/||a,F = supj^:r>0J, 
Lip(a, F) = {/: F — C : |[/| |a,F < oo} 

and 
lip(a, F) = {/ G Lip(a, F) : r~awf(r) -* 0, as r -> 0+}. 

If/ is defined on F, we will say that/ belongs to liploc(a, F) if/ G lip(a, AT), for every 
compact subset K of F. The Lip a norm is defined by 

\\f\\:,F=\\f\\a,F+\\f\\oo,F 

where |[/Ï|OO,F is the supremum norm. With this norm Lip(a, F) is a Banach algebra. 
We define 

Aa(F) = {fe lip l oc(a,F):fe H(F°)} 

and 
AUF) = {/ G Aa(F) : 3g G lip(a,F) andg,F = / } . 

If A is a class of complex functions on F we will denote [A]* F the set of all functions 
which are limits in Lip a norm on F of functions belonging to A. 

For any subset S of the complex plane C, the interior, the closure, and the boundary 
of S will be represented by S0, S and dS, respectively. Also, G* = G U {*} will denote 
the one-point compactification of G. 

Let h(r) be a nonnegative increasing function defined on [0, oo). For any F C C, the 
Hausdorff content Mh(E) is the infimum of all sums 

X>(diamD) 
Des 

where S runs over all countable coverings of F by closed (or open) balls. In case h(r) = îft, 
0 < (3 < 1, we write Mh = M&, and we will say that Mh(E) is the /3-dimensional Hausdorff 
content of F. 

The lower/3-dimensional Hausdorff content M*(F) is defined by the sup Mh(E), where 
h runs over all the functions that satisfy 

i) h: [0, oo) -+ [0, oo), 
ii) h increasing, 

iii) h(r) < r?, Mr > 0, 
iv) h(r) = o(rP\ r ^ 0 + . 

DEFINITION2.1. The function/:F —• C* is said to be LE-approximable on F by 
functions from M(G)(H(G)} if, given e > 0, there are functions m and e with the 
following properties: 
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i) m G M(G)(H(G)), e <E H(F°) H lip(ct,F), 

ii)f(z)-m(z) = e(z)(zen 

Finally, we introduce the notation 

„,„ ( Viz) -f(w)\ 
{ \z —• w\ 

3. LE-approximation by meromorphic functions In this section we shall prove 

that the necessary and sufficient conditions obtained by J. C. Farina [1] to hold for the 

Lip a-approximation of a function/ on F by functions from MF(G) are sufficient for the 

LE-approximation by meromorphic functions. 

THEOREM 3.1. Let Kbea compact subset ofC*, and let g be any function meromorphic 

in a neighbourhood of K. Then, given any e > 0, there exists a rational function r such 

that 

lk-Sl la ,K<£ 

and 

\\r- g\\uv\,K <£ 

Moreover, if we fix u G K, we can choose r such that r{u) = g(u). 

PROOF. Since that the Lip a contains the uniform norm, this results follows from ([5 ], 

Lemma A) and Lipa-Runge theorem ([1], §3) where it was shown that any functions 

meromorphic in a neighbourhood of K can be approximated by rational functions in the 

Lip a-norm. Observe that if the function d(g\ z\, zi) in [5] verifies that \d(r—g\ zi, Z2)| < £ 

withzi,Z2 € AT then \\r—g\\up\,K < £• Moreover, r can be chosen such that(r—g)(u) = 0, 

for u a fixed point in K, replacing r by r + g(u) — r(u). 

THEOREM 3.2. Suppose K\, A^ and Rare compact sets in the extended complex plane 

C* such that K\ D A^ = 0. If r\ and r^ are rational functions with \\r\ — r^\*a K < £, then 

there exists a constant M, depending only on K\ and K2, and a rational function r such 

that, 

(3-D \\r-ri\\*a<KUKl <Ms ( i = l , 2 ) 

and 

(3.2) lk-r, | |L i p l ,K,. < M e , (i = 1,2). 

Moreover, ifuEK2 is a fixed point, we can choose r such that 

(3.3) {r-r2)(u) = 0. 
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PROOF. Since the Lip a norm contains the uniform norm, by following the proof of 
Lip a-Fusion Lemma ([1], Theorem 3) we may obtain the estimations (47) and (8') of [5] 
for the function g used in [1 ]. Note that this function is the same in the two papers, as well 
as the function/ that is denoted by F in [1]. Hence we must just to apply Theorem 3.1 
to get a rational function satisfying (3.1) and (3.2). Moreover to obtain (3.3), we use the 
next estimations that were obtained in [1] and [5] respectively 

\\F~ nWl^uK, <Ce, i= 1,2, 

WF-nWupi^K, <Ce i- 1,2, 

where F G M(K\ U K2 U K) and C depends only on K\ and K2. So, if we make Fi = 
F-(F- r2)(u), then F\ G M{K\ \JK2U K\ 

\\F\ -nWl^uK, <2Ce, /= 1,2, 

||^i -nWupiA < 2Ce, /= 1,2, 

and by means of Theorem 3.1, there exists a rational function r such that 

\F\ ~ r\\a,KUK{UK2 <£, 

\\F\ — r\\up\,KL)KiUK2 ^ £ 

and r(u) = F\(u) = riiu). Hence this function r satisfies (3.1), (3.2) and (3.3) with 
M - 2C + 1 and Theorem 3.2 is proved. 

The main result of this section is the next theorem where it is proved that Lip a-
approximation by meromorphic functions is equivalent to LE-approximation by mero-
morphic functions. 

THEOREM 3.3. Let F be a relatively closed subset of a domain G in C. Then the 
following statements are equivalent: 

(a) f can be approximated in Lip a-norm on F by functions in Mp(G). 
(b) IfK is a compact subset of F thenf\K G [R(K)]*aK. 
(c) f is LE -approximable on F by functions in Mf(G). 

PROOF, (a) => (b) iff can be approximated on F by functions g G MF(G) in Lip a-
norm, and if K is a compact subset of F, then each such g is analytic on K and, by 
Lip a-Runge theorem,/ can be approximated on K in Lip a-norm by rational functions. 

(c) => (a) is trivial. 
(b) ^> (c) We may suppose that F is bounded because in the general case, let K be a 

compact subset of F and consider the transformation w = T(z) - —r with z() G G \ F. If 
we define the function/(w) =f(z) in T(F) one has that 

(3.4) ~fm) G [R(T(K))}am) 

since given e > 0 and suppose that (b) is satisfied, then there exists a rational function r 
such that 
(3.5) \\f-r\\a,K<e. 
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By defining h(z) = /(z) — r(z) and h(w) =f(w) — f(w) in the same way as/(w) we have 

\hm)-hyv2)\ = \h(zi)-h(Z2)\ 
\w\ — W2\a \w\ — W2\a 

• ,a. _ la\Kzi) - h(z2)\ ^ A2g|,L„ 
= Zi — Zo | Z 2 — Z 0 | j TZ— S&K \\n\\a,K 

\Z\ —Z2\ 

where AK = sup{|z — z0|, z £ K} and w; = ^ - , for / = 1,2. Since A/r only depends on 
K, (3.4) is proved and from the localization theorem for Lip a norms ([1], Theorem 4) 
we may deduce that 
(3.6) fe[MT(F){T(G))}aT(F). 

Moreover if we have LE-approximation t o / in T{F) we also have LE-approximation to 
fmF. 

Let {Gn}™={ be some exhausting sequence of G by bounded domains Gn such that 
Gn C Gn+u \JGn - Ganddist(dG„,dFPldG) = £, where SFD d G is a compact set. For 
each n = 1,27... we can apply Theorem 3.2 to 

#! = G„, K2 = C*\Gn+u <mdFn = FnGn+l. 

And thus, there exist constants An that correspond to the constant M in Theorem 3.2. We 
may assume that the An are increasing and that An > 1. 

Let e > 0. By hypothesis fiFn G [^(F^)]^^, hence we can find a rational functions qn 

without poles on Fn such that 

(3.7) r -^n^< 2 n + I A ; ( w + 1 ) 

for rc = 1,2, Since Fn C T^+i, n = 1,2,..., we have: 

lk+ 1 -4X,F„< 2 M n ( n + 1)-

By Theorem 3.2 for each n there exists a rational function rn which satisfies 

(3-8) Hr" ~ «̂lla,F„UA'I < 2 «(n+l ) ' 

(3-9) Ikn - ^+i||«,FnuA:2 < 2«(n + i ) ' 

(3-10) Ik/» - ^/illLipi,^ < 2n(Az + 1 )? 

( 3 - n ) lkw-gwi||Lipi,*2 < 2*(n + \y 

and 
(/„ — qn+\ )(«) = 0 f o r w G d F n d G fixed, 
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28 A. BONILLA AND J. C. FARINA 

Moreover (3.9) implies Lip a convergence, on C* \ G of 

n-\ 
8n(z) = J2(rk(z) - qk+\(z)) 

k=l 

as n —-» oo. On d F D d G, since lip(a, d F D d G) is a closed subalgebra, gn converges to 
a function </> G lip(a,d F Pi d G). On the other hand if z G Fn \ F„-\ and ^ G dFHdG, 
since F„ \ F„_i C C* \ Gn one has 

l l^ | | L ip i ,c*\^<Ç 2 , ( z / + 1 ) <^ 

and hence 

(3.12) k«(0-^n(z) | < | f - z | e . 

Now we define 
n—\ oo 

£=1 *=w 

From the proof of Localization Theorem for Lip a norm ([ 1 ], Theorem 4) m(z) G Mp(G), 
and 

(3.13) \\m-f\\*a,F<£-

Finally we will show that if the function e(z) is defined by 

e(z) = 
\f(z)-m(z) i f z G F 

<Kt) if zeF\F 

then e G lip(a, F). For this observe that trivially e G Lip(a, F) D liploc(a, F Pi G), so if 
^ is a compact subset of G, e G lip(a, AT Pi F). Now, let £i > 0 be an arbitrary constant. 
There exists mo G N such that, if M = | d F P dG| is the diameter of dFD 3G and 
C=max{Ma, l jthen 

a) < ^L 

On the one hand e G lip(a, F Pi Gmo+2) and e G lip(a, dF P dG). Thus there are two 
constants ^1,^2 such that if z, u G F P Gmo+2 with \z — u\ <6\ then 

\e(z)-e(u)\ ^ 
— i i < C i . 

The same holds if z, u G dFPldG and \z — u\ < £2. 
On the other hand, we can choose 6 such that 

1 
ra0 

and we must show that 
\e(z.) — e(u)\ 

1 1 

6 = min(dist(dGm()+i,dGmo+2), - , ( -^ ) '~" ,8\,62 

I mn + 3 V6e/ 

\e(z) - e(u)\ 
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whenever \z — u\ <6 with z, u G F. 
Firstly consider the case z, u EF(1(C\ Gmo+2), and \z — u\ < S. We can also suppose 

that z G Gm* \ Gm*-\ and u G Gm* \ Gm*_i with ra* > raj > rao + 2 and we distinguish 
three cases: 

i) ra* > raj + 1 

™;-2 m*-2 oo 

e(z)= Y,{rk-qk+x)+ ]T (rk ~ <lk+\) + (<7m*-i - / ) + X) (rk ~ 4k) 
k=l k=m* — \ k=m* — \ 

so, by (3.11), (3.9), (3.7) and (3.8) respectively 

l ^ ) - ^ ) l < e u _ l < | . - « + £L + £L + f l < e i . 
|z — u\a 6 6 6 

Analogous estimations hold for the other cases by writing e{z) as follows 
ii) ra* = raj 

K~2 oo 
e(z) = E (^ - ?*+i) + (rm;-i - 4mj) + (<7m; - / ) + X (r* - qù 

k= 1 &=m* 

iii) ra* = raj + 1 

wJ-2 oo 

Kz) = Î2(rk- qk+\) + Omj-i - qm*0) + (#m* - / ) + X) (r* "~ ?*)• 
&= 1 &=m* 

Note that if z G C \ Gm()+2 and w G Gmo+2 with |z — u\ < 8 then w G Gmo+2 \ G^+i 
necessarily, and we can proceed as in ii). 

Finally, if r G d F Pi d G, zGFPiG and \z — t\ <S then there exists raj > rao + 2 such 
that z G Fm* \ Fm*_i and we have 

\m(z)-m-<Kt)\ < ISm^iz) - (t>(t)\ | km;fe)-/fe)| t °° [r,(z)-^(z)l 

Z f Z — l\ \Z l\ k=m* \<- l\ 
I I I I I I K-mQ i i 

|gm;fe) - gm;(0j |gmg(0 - <K0l |gm;(z) - / ( z ) | 

| z - f | a |z-f |" | z - ' l " 

+ E h(f~q,ka
(z)l <(/) + (//) + (///) + (/v) 

From (3.12), (3.7) and (3.9) and by considering that dïsl(d Gn, d F C\ d G) = ± 

( / ) < £ | f - z | | - " < ^ 1 ^ < ^ L , 
6 

( / / / ) < 2^(^Tl) < ? ' 
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To estimate (II), recall that gm(uo) and hence </>(wo) vanishes for UQ belonging to d FHd G, 

so if we denote gm — <j> by hm, then 

M = r Z ^ ^ \\h<\\^(l^f ) ^ \\hK\\^c{\dFndG\a(n^+ir) 

where 

" " •• » ii - " a , d G 

and 

where C is independent of rc, hence 

\e(z)-e(t)\ \m{z)-f{z)-(j>{t)\ 

z(*J|a,dG - ||gm(*
 — </>||a,dG ~ 

00 | 

E( r ^-^+i ) 
k=m* 

00 e 1 1 e 

< E ——— < / E — 
*=mj 2 & + 1 raj + 1 =̂m* 2 

C 
( / / ) < K + i ) 1 -

<£\ 

This completes the proof. 

Since the Lip a-approximation of Aa(F) by MF(G) can be characterized by means of 

Hausdorff content ([1], Theorem 4), we have the next corollary 

COROLLARY 3.4. All functions of Aa(F) can be LE-approximated by functions in 

Mf{G) if and only if there exists a constant C > 0 such that, 

Ml+a(A \F°)< CMl+a(A \ F) 

for every disc À C G. 

4. LE-approximation by holomorphic functions. Our goal is now to approximate 

/ G Aa(F) by functions g G H(G). The holomorphic approximation in Lip a-norm is 

characterized by the following theorem. 

THEOREM 4.1 (ARAKELYAN'S THEOREM IN Lip a-NORM ([1], THEOREM 13)). Let F 

be a relatively closed subset of G. All functions f belonging toAa{F) can be approximated 

in Lip a-norm on F by holomorphic functions in G if and only if 

i) G* \F is connected and locally connected at {*}. 

ii) There exists a constant C > 0 such that, 

Ml+a(A \ F°) < CM{+a(A \ F) 

for every disc A C G. 

https://doi.org/10.4153/CMB-1995-004-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1995-004-3


LIPSCHITZ APPROXIMATION AND EXTENSION 31 

Here, just like in the previous section, we will prove that the same conditions i) and 
ii) characterize the LE-approximation by holomorphic functions. For this observe that ii) 
is sufficient for the LE-approximation by meromorphic functions. Hence it is enough to 
move the poles of these functions to the boundary of G, by preserving the approximation 
itself. These facts are collected in the next lemma. 

LEMMA 4.2. If i) is satisfied and if m is a function in Mf(G), the restriction m\F is 
LE-approximable on F by functions in H(G). 

PROOF. By i), G can be exhausted by domains G\, G2,. . . such that every component 
of G \ (F U Gn) extends to the boundary of G. So if m\ G Mf(G) has a pole at z\ and 
zi belongs to the same component of G \ (F U Gn) as z\, then there exists a function 
n\2 G Mf(G) which has a pole in zi instead of z\ and the other poles of m^, different 
from z\, are just the remaining poles of m\. Moreover m\ — mi is rational with exactly 
two poles, z\ and zi ([1], Lemma 9). 

Now, by taking into account ([1], Theorem 11), let £ > 0 be given and start with 
mo = m and Go = 0. Determine successively functions m\, ra2,... from Mf(G) such that 
the poles of mn £ FUGn,mn — mn-\ is rational, 

(4.14) I K - ^ - I I I ^ R J G , , - , < 2?> 

and mn — mn-\ belongs to lip(a, F). 
Thus if we define 

00 

g = lim mn=mN + J2(mn ~ mn-i) 
n^°° n=N 

one has easily that g is holomorphic in G. Furthermore, since lip(a, F) is a closed 
subalgebra of Lip(a, F), by (4.14) the difference 

00 

e = g - m = Y,(mn ~ mn-\) 
n=\ 

belongs to lip(a, F). Finally we also have from (3.1) that 

00 F 

lkL,F<£^<£. 
n=\ Z 

THEOREM 4.3. If i) and ii) of Theorem 4.1 hold, then all functions of Aa(F) can be 
LE- approximated on F by functions ofH(G). 

PROOF. The condition ii) is sufficient for Corollary 3.4 to hold. So iff G Aa(F) then 
/ is LE-approximable by meromorphic functions and by (i) we can apply Lemma 4.2 
and the theorem is proved. 

An easy consequence of this theorem gives us the first result of decomposition for the 
class [H(G)TaF. 
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COROLLARY 4.4. Let F be a relatively closed subset ofG, verifying i) and ii). Then if 
s > 0 and g G Aa(F), there exist g\ G Aau(F) and g2 G H(G) such that \\g\ ||* F < e and 
g = g]+g2on F, i.e. [//(G)]*F = Aau(F) + //(G). 

The following question arises immediately. Is the above decomposition true when 
some condition fails? We don't know if the answer is in general affirmative but if we 
remove the fact that G* \ F is connected the decomposition is still possible. 

Denote F = F U { all relatively compact connected component of G* \ F}. 

THEOREM 4.5. Let F be a relatively closed subset of G such that G* \ F locally 
connected at {*} and suppose that there exists a constant C > 0 such that, 

(4.15) Mi+a(A \ (Ff) < CMUa(A \ (F)) 

for every disc À C G. Then 

[H(G)Ta,F=Aau(F) + H(G). 

PROOF. Let Hi be a relatively compact connected component of G \ F, and consider 
/ G [H(G)\*aF\ then given a sequence en > 0 with en —> 0 as n —> 00 there exists a 
holomorphic function/n in G, such that 

11/ —/n|la,F ^ £«* 

Therefore 

| [ / — /n||oo,d//, < £n 

and fn converges to a function/ on Ht with the supremum norm. Note also that/ agrees 
/ in dH(. Moreover,/ —fn G A(///) where /// is bounded. Now by taking into account the 
estimations in [2], 

\V -fn\\a,Ht < \\f -fnWaJHt < ^ 

Thus, one has 
II/-/n||a,FUH, < 2^n 

and 
\\f-fn\\a,P<3en. 

Hence 
lif-/«ll^<4£„ 

and we can affirm that if/ G [//(G)]* -,,/ has an extension/ to F such that 

/ e [H(G)TaF. 

Finally note that F satisfies (4.15) and G* \ F is connected and locally connected, thus 
from Corollary 4 . 4 / = g\ + #2 on F with gi G Aaw(F) and g2 G H(G), and hence 
/ = £i +<?2onF. 

https://doi.org/10.4153/CMB-1995-004-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1995-004-3


LIPSCHITZ APPROXIMATION AND EXTENSION 33 

It is important to observe that the condition ii) in Corollary 4.4 is only used to 
guarantee that/ may be approximated by meromorphic functions, in this case we know 
already that/ G [//(G)]* ~, hence (4.15) is not necessary to prove 

[H(G)TafCAau(F) + H(G). 

On the other hand Aau(F) C [//(G)]* F because F satisfies the hypothesis of Theo­

rem 4.1 and Aau(F) C Aa(F). This completes the proof. 
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