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INVARIANT THEORY
FOR LINEAR DIFFERENTIAL SYSTEMS MODELED
AFTER THE GRASSMANNIAN Gr(n,2n)

TAKESHI SASAKI aAnD MASAAKI YOSHIDA

Abstract. We find invariants for the differential systems of rank 2n in n? vari-
ables with n unknowns under the linear changes of the unknowns with variable
coefficients. We look for a set of coefficients that determines the other coeffi-
cients, and give transformation rules under the linear changes above and coor-
dinate changes. These can be considered as a generalization of the Schwarzian
derivative, which is the invariant for second order ordinary differential equations
under the change of the unknown by multiplying a non-zero function. Special
treatment is done when n = 2: the conformal structure obtained through the
Pliicker embedding is studied, and a relation with line congruences is discussed.

§1. Introduction

In order to help understand our result, we recall the prototype. Let us
consider linear ordinary differential equations

u+au +Bu=0

(v = du/dz) together with changes of unknown u — ku (k # 0). Two
such equations are said to be equivalent if one of such changes of unknown
takes one into the other, that is, the ratio of any two linearly independent
solutions of one equation relates projectively to that of the other. For a
given equation u” + au’ 4+ Su = 0, we can find a suitable nonzero function
k so that the equation changes into an equation of the form

v + Bu = 0;

the new coefficient 3 is a rational function of o, 3, and their derivatives:
actually we have 3 = 3 — o//2 — % /4. For any equation equivalent to this
equation, the Schwarzian derivative {r;z} = %(r”/r)Q — 20" /v’ of the ratio
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r of any two linearly independent solutions is equal to 8. The Schwarzian
derivative satisfies the following chain rule for coordinate change x < y:

{z;2}(dr)® = {y; 2}(dx)® + {2 y}(dy)*.

This prototype treats linear equations in 1 variable of rank (= dimen-
sion of local solutions around a nonsingular point) 2 with 1 unknown. Our
hope is to generalize the above theory of Schwarzian derivatives to sys-
tems of linear equations in m variables of rank r with n unknowns. The
corresponding Schwarz map is defined as

r=(z',...,2™) — [uay, - um) € Gr(n,r),
where u;) are linearly independent n-column solutions and Gr(n,r) is
the (n,r)-Grassmannian manifold; for example, Gr(1,r) is the (r — 1)-
dimensional projective space P"~!. We are not so optimistic to believe the
existence of a sufficiently nice theory of Schwarzian derivatives for general
(m,r,n).

When (m > 2, r = m+ 1, n = 1), it is the well-known theory of
projective connections (see e.g. [5]). We treated in [3] the case (m > 2,
r =m+2,n = 1), and studied the conformal connections when the image of
the Schwarz map is a quadratic hypersurface in P™*!. Several differential-
geometric studies were made when (m =1, r = 2n, n > 2) in [2] and [4].
In the paper [1] we encountered a system with (m =4, r =6, n = 1) as the
uniformizing equation of a 4-parameter family of K3 surfaces; the geometry
appeared there strongly suggests that the target of the Schwarz map should
be Gr(2,4) rather than a quadratic hypersurface in P, that is, the system
should be tranformed into a system with (m = 4, r = 4, n = 2). In this
way, we are led to the study of systems in 4 variables of rank 4 with 2
unknowns. Meanwhile we realized that the study of systems with (m = n?
r = 2n, n > 2) is not more difficult (or rather more transparent) than that
of the restricted system with n = 2.

So, in this paper, we treat systems of linear differential equations in n?
variables 2%/ (1 < 4,7 < n) of rank (= dimension of local solutions around
a nonsingular point) 2n with n unknowns u* (1 < k < n). We consider the
transformation K of unknowns

(W) — (S i), denti) 20,

l
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two systems related under such changes are said to be equivalent. Our
Schwarz map is defined on the n?-dimensional affine space with the coordi-
nates z = (z%) and the target is the Grassmannian manifold Gr(n, 2n); two
equivalent systems define the same Schwarz map. We assume that n > 2
and the Schwarz map is nondegenerate.

To explain the result of this paper, we write down our system as

ko kol kol
Wiy = Dy of wqy + Y B,

(E) = En(a7 b: «, ﬁ)
Ukzg =2 afjl uly + Y bfﬂ ul,

1<k, l,i,j <n, where f.;; stands for df/0x | and
a]fu = 5fa blfu =0.

We prove that two systems F,(a,b, «, 3) and E,(a,b, &

b, &, 3) are equivalent if
and only if there is an invertible n x n matrix K = (KF) such that

A=KAK™,

where

Ky k ko ij
A=(aq), of =) afyda?.
i,

That is, {afﬂ} form the essential part of the coefficients. Though there is
no natural representative in an equivalence class, and so no counterpart of
the Schwarzian derivative either, the matrix 1-form A will play for it; we
call A the essential coefficients of the system. We also give transformation
formulas for A under coordinate changes.

The annoying fact, which we always encounter when treating systems in
several variables, is that there are no canonical way to write such systems.
In this paper, we also treat such systems expressed in the following form

k kol kol
Usgereee = D1 Q7 Wiy + 22 8w

E
) uk =S akul, + 5708l 1< gk <
27 = 2 %51 %0 12451 >%),RSN.

When we discuss the associated conformal structure in the case n = 2, this
form will be convenient.

When n = 2, as we mentioned above, the Pliicker image of Gr(2,4) is a
quadratic hypersurface, which naturally carries a conformal structure. We
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express the pull-back of the conformal structure in terms of the essential
coefficients. In order to get a converse expression, we define two differ-
ential 1-forms associated with the system, and compute the covariance of
these forms relative to linear change of unknowns and relative to coordi-
nate change. In view of the covariance, we give a procedure of deriving the
essential coefficients from the conformal structure.

When n = 2, the system (F) has a nice geometric interpretation. Since
each component of the unknowns is a vector in P2, the pair of fundamental
solutions defines a line that depends on the four variables z. Thus the
system can be seen as defining a 2-parameter family of line congruences;
here a line congruence is a 2-parameter family of lines in P3. With this
geometrical interpretation, we introduce a normal form of the system (F).
Relying on this normalization, we give a non-trivial example of 2-parameter
families of line congruences such that both associated focal surfaces are
quadratic surfaces.

§2. Non-degeneracy

Let us consider a system (F) = E,(a,b,,3). Since we can easily see
that every derivative of u* can be expressed in terms of u! and u!;;, and
so that any system of this form is of rank at most 2n. We assume that
our system is of rank 2n. In other words, the corresponding matrix system
dU = QU with respect to the unknown 2n-vector

U =" uly, ... ut,ut . u™)
admits 2n linearly independent solutions. Let
ugy = (Ui uly), G=1.,2n
be a basis of the solutions. We assume also that the Schwarz map
S:(zY) — [U(1ys - - u@n)] € Gr(n,2n)
from the x-space to the (n,2n)-Grassmannian manifold

Gr(n,2n) = GL(n) \ {n x 2n matrices of rank n}

is nondegenerate. Let us paraphrase this assumption.
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PROPOSITION 1. The Schwarz map of the system (E) is nondegenerate
if and only if the n® x n?-determinant

W = det(a1)(5.3), (k1)
does not vanish identically.
A straightforward computation leads to
LeEMMA 1. The transformation

uP —>ZKZkul, det K[ #0
l

changes the coefficients a as

k k p —1\q
afy — Y Ky a, (K],

in other words,
A= () — KAK™, of = Y abyda¥,
and o« as
A= (af) — (2K + KAK ™.
The identity

det(K¥a?. (K~1)f

pijq = (det K)" det(agq)(i,j),(p,q)(det K—hHr

)(ivj)V(kvl)

implies that W is invariant under the transformation K. Now take K the
n X n matrix consisting of n linearly independent solutions of the system.
Then the new system admits the n solutions

ey ="(1,0,...,0),...,e() ="(0,...,0,1);

this implies bfjl = 0. Let

V(1) = t(v(ll), UM ) V) = t(’u(ln), V()
be n solutions which together with ey, ..., e(,) form a basis of the solutions.
We have N
v
o _ k
W—Zaijpvz):n, 1Sk,l§n
p
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so that the jacobian of the Schwarz map is given by

det <avé€l) > = W(detv?, ., )"
17 - :11/
0%/ (i.3),(k.1) &

Since a fundamental solution of the corresponding matrix system dU = QU
can be given by

(6(1):11 €)1l V(a1 e U(n):n) _ (0 U:n)

eu v em) vy ot Um) L v )’

where v = (v(y),...,9(,)), we conclude that detv.1; # 0. Thus the jacobian
vanishes if and only if W does; this completes the proof of Proposition 1.

§3. The model equation

Let us consider a system of linear homogeneous differential equations

in n? independent variables % with n unknowns u”*

k _ kol k.1
Uilohoels = 2y QG Uy + 22 B0
k _ kol kool -
wgy = D0 Gy U+ 20 biw, 1< gk <

3.1. (F) versus (F)
Here we compare the coefficients of the two expressions (F) and (E).
The equations

ko _ kol ko kol 1 n
Uik = Zakkl Uq1, U1 = Zﬁnl uy mod (u,...,u")
! !

lead to

PROPOSITION 2. (afﬂ) and (gfﬂ) as well as (ai-“jl,bi-“jl) and (ai-“jl,bfjl)

are birationally related. (gf, ﬁf) can be expressed as rational functions of
(a,b,c, B) and their derivatives, and vice versa. The denominators are
det(a’,jkl)k,l and det(g’fu)m, respectively.

3.2. The model equation
The system with a fundamental set of solutions

ul 1 0 il xin
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can be written as

Wigek:poh = 0,
ug; = 0jul,  1<d, g,k <n.

This system is the model equation of the system (E) above, which means
that every system of the form (E) satisfying

det(aly) i j), (k) 7 0

is equivalent to the model system through a transformation K and a coor-
dinate change. In fact, if we take K the n xn matrix consisting of n linearly
independent solutions, and transform the system, then the new system has
linearly independent solutions e(y), ..., e(,) and, say, v(1),...,v). Now we
have only to change the coordinates as =% — vfj).

84. The transformation formula under changes of unknowns

4.1. A set of essential coefficients

We assumed that the rank of the system FE is 2n; this implies that the
coefficients of the system must satisfy the so-called integrability condition.
We analyze this condition and see that the coefficients afj almost determine
the remaining ones. Thanks to Lemma 1, we may assume A = (af) = 0.
Note that we still have a freedom of transformations K satisfying K.;1 = 0.

Define 1-forms as

al; = Z afjp dz' blg = Z bfjp daz¥ .
2 2
Then we have
duk = Zalguﬁl —f—Zb];up,
dufy, = Z a];:n uty + Z al; RTINS Z b];:n uf + Z bl; uly
= Z(a'§:11 + bl;)“?n + Z(af ﬁfo + b];;n)up'
Thus the matrix 1-form €2 defined by dU = QU can be expressed as

Q- <a];:11: by Y ap B+ b];:11> .

k
ap by
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The integrability condition is given by
dQ = QAN Q;

let us check its entries: left-bottom, left-top and right-bottom.
The left-bottom reads

=D g Ny + D ag Ab+ ) by Aaj,
which implies
Zalg /\bg—l—Zb];/\ag =cb (=daf - Zalg/\agzu).

To show the above, we need the following lemma which will be proved later.

LEMMA 2. Let
ZAUpdx” kE,p=1,...,n)

be 1-forms in variables % (i,j = 1,...,n) satisfying det(AUp)(” ) (kp) 7 0,
and

Czlf (k,p=1,...,n)
2-forms satisfying > C,’j = 0. Then equations
k . Ak k _ k _
Byt AjANBI+BjANAL=Cp, kp=1,...,n
for the unknown 1-forms Bj in x determine
k k
By (k#4q) and By — B}.
That is, they can be expressed in terms of A and C.
The left-top reads

da';:n + dbl; = Z(afin + bl;) (a a1y +bp) + Z aj 5l + bq 1) A ak;

in particular, their coefficients of dz¥ A dz'! imply

k ! k
—0ijp11:11 — z]pll E azﬂﬁ +szp11 E By a Z]p
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When k # p, since b'; are already expressed in terms of a (and their deriva-
tives), these identities can be regarded as equations for ﬁ;f. A scalar version
of the lemma above says that

BY (k#p) and B —pP

can be expressed in terms of a.
When k = p, since

Zafﬂﬁzl?_z ZJP Zaulﬁl Zﬁk @ijp>

14k atk

(so ﬁ’,j do not appear,) the identities above give expressions of 26’,2:11 in
terms of a.
The right-bottom reads

dby = " af A(alB, +b5,,) + > b AbL
When k # p, since

D bEALL =D bEADL+bEA (BB - b),

qF#k,p

the equality determines 35, if alg/\ag # 0 for some k. Note that, since 8f — 35
are expressed in terms of a, this condition is equivalent to AA A # 0, where
A = (af) is the matrix of essential coefficients.
When k = p, since the right hand-side is already determined, this gives an
expression of dbg.

In this way, the coefficients

bk (k #p), bf — b8, B (I #p), bfay, BE, dbf

are determined, that is, expressed in terms of a, in this order. Thus we get

PROPOSITION 3. Under the assumptions det(a zgp)(w (kp) 7 0 and AN
k dz' | the coefficients a determine the

A £ 0, where A = (af), af = >4y

other coefficients b and 3 up to adding an exact 1-form dk(x), where k(x)
is independent of z', to bﬁ (k=1,...,n). This ambiguity is caused by the
scalar transformation K = k(x)I,.

Hence we have the following main theorem.
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THEOREM 1. Two systems Ey,(a,b,a, 3) and E,(a,b,a, 3) are equiv-
alent if only if there is an invertible n X n matrix K such that

A=K 'AK

provided that det(a Up)(”) (kp) 7 0 and ANA # 0. Here A and A are
the matrices of the essential coefficients of the systems Ey(a,b,a, 3) and
E,(a,b,a,3), respectively.

4.2. Sketch of the proof of Lemma 2

Note that
/\Ak det( ij)(”) (kp) Az, dr = /\ dz".
For each unknown 1-form B := Bk, we derive from the equations E]’,f in
Lemma 2

X ( A A{;) A B = X,; dr,
(p,q)#(4,5)
for every i, j, where Xj;; is a function expressible in terms of A and C'. These
will determine B.

Let us work on the unknown 1-form B{; (k # p). The equations E’kf,
E}, EF, and EJ, read

Ey: ) (Af AB}— AL ABE)+ Al A BE — A} A By =Cf,
a7k.p

EP: > (AL ABI— AYABP) + AU A BE — AN A BY =CP,
a7p.k

Ey: ) (A ABI— ALABY) + (Af — Ab) A Bf + AF A (BE — Bf) = Cy.
a#k.p

We multiply some 1-forms A} to each equation to kill terms containing B}
except the multiple of the B;f, and we get the equation of the form

F: ( /\ AI) A B;f = a form expressed in terms of A and C.

The coefficients of B}; in the three equations thus obtained, call them F k’f ,
FYP, and ij, have the unique factor A’; in common. To get such an equation
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that the coefficients of B]'j does not have AI; as a factor, we make use of the
equation

EY: > (ADAB] — AL ABE) + (Ab — A7) ABY + A} A (Bf — BP) = CE,
q7#p,k

which does not contain the term B}',f. To eliminate the last terms in the left
hand-sides of E]'j and E}, we form AiE;f - A’;Ei :

k k k
APN S (AEABL— ALABE) — AR A Y (AP A B — AL A BP)
q7#k,p q7#k,p
+ AP A (A} — ADY A BY — AR A (AP — Af) A BY
k k
=Ap NCy — Ay NCY.

To eliminate the last term of the left hand-side of this equation, we add
(AD — AF) A Ep and get

(AD—AF)A D (AP ABS — ALABE)+ AP A Y (AF A B — AY A BY)
q#k,p q#k,p
— AN A (ADABY— AL ABE) + AY A (A} — AD) A By
q7#k.p
= (AD — AP) NCP + A} A Cj — Ay ACE.

We multiply some 1-forms A} to this equation to kill terms containing B}
except the multiple of the B;f and we get the equation of the form F. The
coefficient of B;f in this equation and those of F] ,f, FP, and sz‘ have no factor
in common. Thus by multiplying some 1-forms A} to these four equations,
we can get a system of the form X.

§5. Coordinate changes

Let us consider a coordinate transformation from z = (%) to y = (y%).
Put @ (y) = u*(z(y)), and

k k g.ij =k ~k g ij
a :Zaijldx]v a :Zaijldyj-

Then the equations of the first order of (F) can be written as

kol gk _ kol
E ayu;yy = du —E ap .-
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Substituting

i da'd
iy =3l 9xt I D 1 n
U1 = u:zg 8y11 - azgpull ayll mod (u yeeey U )
1, 1,5,p

into the above identity, we have

ij
kol _ k p 02
Z apt:ay = Z Zapaijl Gyt 1L
1 I

pl 4]

Thus we get the following theorem giving the transformation formula.

THEOREM 2. Let A be the matriz of the essential coefficients of a sys-
tem (E) in z-coordinates. If A denotes the matriz in y-coordinates, then
they are related as

_ oxY
A=AL, where L= af.li .
il gyl
@] p,l
§6. Conformal structures through the Pléker embeddings
From now on up to the end of this paper, assume n = 2.

6.1. Pliicker embedding

When n = 2, the target space of the Schwarz map S is the Grassman-
nian Gr(2,4), which can be embedded (the so-called Pliicker embedding)
into the 5-dimensional projective space as a quadratic hypersurface. The
pull-back of the natural conformal structure on the quadratic hypersurface
defines a conformal structure on the source space, the & = (z%)-space. In
this section, we see how this conformal structure on the z-space can be
expressed in terms of the coefficients a of the system.

We work on the system (E), and change notation as follows: The un-
knowns u' and u? are denoted by u and v, and the variables are

We in this section omit colons in differentiation. Thus we write the system
as
w11 = Auy + Bvg + Cu + Ev,

() up = apul +bpvg +cru+epv, k=1,...,4
T vk =prur +qrua +rgu+spo, k=1,..0,4

v44 = Pui + Qug + Ru + Sv,
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where
a1:1, 51:0, 01:0, 61:0, p4:0, Q4:1, 7"4:0, 84:0.

The determinant W is now equal to the determinant of the matrix

a @ p1 b
ax q2 p2 b
a3 q3 p3 bz

as Qs ps by

Given a fundamental set of solutions
wbou? owd Wt
ol 0?2 W3 t)

1234]

define two vectors u = [u',u®,u’,u 3 v

and v = [v!,v2 v3, 0] and put

f=unv

which takes values in P°. Derivatives of f can be written as linear combi-
nations of six vectors u A v, uy Av, u Avg, uAuq, v4 Av, and uy Avy. The
coefficients are listed below:

UNV U ANV uNvy uNUur v ANV up Ay

f 1 0 0 0 0 0
bil S1 1 a1 D1 0 0
fo cat+s2 a q2 D2 b2 0
f3 e3+s3 a3 q3 P3 b3 0
fa c4 a4 1 0 by 0
fiu o1 o2 o3 o4 o5 o6,

where

o1 =Us +p1Us+ @15 + s1c4 + s14,
o9 = U1 + s1a4,

o3 =p1U2 + q1Q + qica + qua + s1,
o4 = p1a+prca +p1Ur + @1 P,

o5 = Uz — q1ds + $1b4,

o6 = 1 — p1bs + qra4;
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As usual, the subindex denotes the differentiation relative to z: f; =
Of |0zt s14 = 0s1/0x*, and so on. The list above implies that the vectors
fs f1, f2, f3, fa, and f14 can be a basis if and only if

(1 — p1bs + qrag)W # 0.

Under this condition, the second derivatives f;; can be expressed as linear
combinations of fi and f:

(CE): fij = Cijfia + Z P fu + Pyf.
K

Then, the matrix C = (C;;) represents the conformal tensor induced by
the embedding f [3]. We know that the associated metric . C;; dz'da’
is conformally flat because the image of the Plicker embedding f is in a
quadratic hypersurface.

A computation shows the following expression of the matrix C =

2q1 g2—p1ba+qraz g3—pibs+qras 1-pibatqias
g2—pi1ba+qiaz 2(a2q2—b2p2) a2q3+azq2—bap3—bsp2 az—p2bs+qzaa
g3—p1b3+qias az2q3+azq2—baps—bsp2 2(a3q3—b3p3) az—p3batqgzaq
1-p1ba+qirag a2 —p2ba+qzaq az—p3batqzaq 2a4

Note that (ij) component is equal to a;q; + a;q; — b;pj — bjp; where a; =1,
qgs=1,ps =0, and by = 0. We can see that detC = W2,

Remark 1. For the model system we have

0 0 0 1
0 0 -1 0
€= 0 -1 0 0
1 0 0 O

6.2. Invariant differential forms
Using the convention

0,1:1, b1:07 01:07 d1:07 p4:07 Q4:17 T4:07 54:07
as before, we define 1-forms as

a=aydz' + asdz® + ag dz® + a4 dx4,

s = sy dat + sodr® + sgda® + sa da*.
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We occasionally use the matrices w and 6 defined as

=G =C)

With this notation, the equations of the first order of (F) can be written
as

du = auq + bvg + cu + ew,
dv = puy + qug + ru + sv.

When v and v denote fundamental vectors of solutions, we have

duNdv=(a-q—b-plur ANvg+(a-r—c-plui Au
+(@a-s—q-c)ut ANv+(b-r—p-e)vg Au
+(b-s—qg-euahNv+(c-s—e-T)uAv,
where the dot product - means the symmetric product of 1-forms. By
definition, the conformal structure is equal to a - ¢ — b - p.
We will check the covariance of the forms above relative to linear change

of unknowns and to coordinate change. First, consider a transformation K
of the unknown (u,v) to (U, V) by

U=Fku+kw, V =ksu-+ kyv.
Since

Ur = (ko1 + k1n)u + (kast + ko1)v + (ky + kap1)ur + kaqivg,
Vy= (k364 + k34)u + (k3d4 + k44)21 + k3a4u1 + (k3b4 + /{34)7)4,

we have the formula of change of the frames as ‘(U,V,Uy,Vy) = k Y(u, v,

U1, 04);
k1 ko 0 0
b — ks k4 0 0 . (K o)
kor1 + ki1 kast 4+ ka1 k1 + kapr kaq1 “\M L)’

kscy + k3q  kadg + kaa ksay k3by + ky

where K, L, and M are 2 X 2 matrices. From this expression, the two
conditions

det K #0 and §:=detL = (k‘l + kgpl)(k4 + k3b4) — koksaqq1 # 0
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are necessary for the new system relative to (U, V') to be written in the same
form as for (u,v), which we assume in the following. Now, introducing the
notation 2 and © for U and V in place of w and 6, we have

O=dK-K'+K@-wL 'M)K™', Q=KwL™

From this identity, by writing the equations of the first order relative to
(U, V) as

U, =AUy + B;V, + C;U + D;V,
Vj = Ple + Q]V4 + RjU + Sjv,

we have the following formulas:

A =1,

Ay = (kiksag + k1ks(agby — agba) + kaks(p2bs — qoas) + kakapa)/0,
Az = (k1kgaz + k1k3(agby — ashs) + kaoks(p3bs — q3as) + kakaps)/d,
A4 = a4(/<:1k:4 - kgk‘g)/(s,

By =0,

By = (k{bs + kika (g2 + bap1 — asq1) + k3 (q2p1 — q1p2)) /9,

Bj = (k{bs + kika(qs + bsp1 — asq1) + k3 (gsp1 — q1p3)) /9,

By = (kiby + kika(1 — asqr + bapr) + k3p1)/0,

Py = (k3bs + kska(1 — asqq + bapy) + kip1) /6,

Py = (k3 (agbs — asbs) + kska(az + p2bs — qzas) + kips)/,

Py = (k3 (asbs — asbs) + kska(as + psbs — qzas) + kips)/d,

Py =0,

Q1 = q1(k1ky — ka2k3) /0,

Q2 = (k1ksba + kaoks(bap1 — a2q1) + kaka(gap1 — qip2) + k1kage) /0,
Q3 = (k1ksbs + kaks(bspr — asq1) + koka(gsp1 — qip3) + k1kags) /o,
Q4= 1.

Second, the formulas similar to those in Section 6 relative to a coordinate
transformation from z = (z',22, 23, 2%) to y = (y*,y?, y>,9*) is given as

follows. Denote by (y¥) = (9y*/0x ) the Jacobian matrix and put @(y) =

https://doi.org/10.1017/50027763000025551 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025551

INVARIANT THEORY FOR LINEAR DIFFERENTIAL SYSTEMS 179

u(z(y)) and v(y) = v(z(y)). By a simple calculation, we have

ou c N e n a N b
—=—u+—v+ —u —
oyl dyt dy! dy?! 1 dy! 4
ov T N s n P L4

— = —u+ —0

oyt dy* dy? dy* “ d 17

where we use the notation

T Oxt Ox? ox3 ox?
d_yi 8Z+028Z+03az+64ai,

for 1-form 7 = ¢; dat + ¢o dz?® + c3 da® + ¢4 dz*. Then, the change of frame
is written as '(u,v,u1,04) = g *(u, v, u1,vy4), where

1 0 0 0
o 1 0o o | (I 0
9= c/dy' e/dy' a/dy' b/dy _(B A>'
r/dy* s/dy* p/dy*  q/dy*

Letting © and © denote the matrix 1-forms w and 6 for the coordinate
system (y*, 42,93, y*), we have

©O=0—wA'B, Q=wA"l

6.3. How to get a, b, p, and ¢ from C;;
Recall the transformation formulas

By = (kibs + kika(1 — asqy + bap1) + k3p1)/,
Py = (k3by + kska(1 — asq + bap1) + kip1)/6

of the coefficients under K in the previous subsection. We see that if § =
det L # 0 and

disc := (1 — agqy + bap1)? — 4p1bs # 0,

then, by solving the quadratic equation in k1, ..., ks, we have K such that
det K # 0 and B4 = P; = 0. Note that we still have a transformation K of
diagonal form.

Assuming p; = by = 0, our problem is to solve the following system:

2¢1 =Ci1, @+ qaz=Ca,  2(azq2 — bapa) = Cag,
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g3+ qraz3 = Cs31,  azqs + azqz — baps — bspa = Cs2,
2(azqs — bap3) =C33, 1+ qag =Ca1, a2+ qeag = Cya,
az + qsas = Cy3,  2a4 = Cyy.
Let us normalize the conformal tensor C;; so that C41 = 14 C11C44/4 holds;

we multiply the tensor by « satisfying the quadratic equation: aC4q =
1 + a?C11Cy44/4. Then we have

@1 =C11/2, ag=Cy/2.

The linear equations in a9, asz, g2, ¢s3:

qra2 +q2 = Ca1,
q1as +q3 = Cai,

as + a4qo = Cy2,
as +asq3 = Cu3

are solved as

aj = (asCj1 — Cuj)/(qras — 1), q; = (1Cs5 — Cj1)/(qras — 1), j=2,3.

Now it remains to solve the quadratic system

bapa =z :=asq2 — C22/2,

bsps =y = asqs —C33/2,

bops + bspe = z 1= azq3 + azq2 — C32.
We have
p2 =x/bs, p3=y/bs,
and the ratio § := be/bs is determined by the quadratic equation
yB — 2+ =0,

of which discriminant can be checked to be a constant times of det(C;;).
Recall that the transformation k = diag(k1, k4) takes b3 to bsks/k1; it means
that we can normalize by = 1.

PROPOSITION 4. Assume 6 # 0 and disc # 0. Then the coefficients a,
b, p, and q can be derived from C;; by solving two quadratic equations.

Remark 2. The uniformizing equation of a 4-dimensional orbifold is
obtained in [1]. This equation is given in the form (CE). Thus Proposition 4
gives a method to rewrite it into a system in the form (E)
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§7. Families of line congruences defined by (F)

We discuss the relation between our system (E) and a differential geo-
metric object known by the name of line congruences.

7.1. A geometric interpretation and a normalization of the
system

We give a geometric interpretation to the system written in terms of
(u,v,u1,vyq) as follows. Let u and v be vectors defined by a fundamental set
of solutions as in 6.1; then the pair v and v determines a line that combines
these points and, by fixing 2? and 3, we have a 2-parameter family of
lines parameterized by x' and x*, which is usually called a line congruence.
Thus, the system we are considering is geometrically a 2-parameter family
of line congruences £C = LC(x?,23) depending on 22 and x®. Each line
congruence is described by the subsystem

u11 = Auq + Bug + Cu + Do,
Ug = aquq + bavyg + cau + dyv,
v1 = p1u1 + q1vg + riu + 10,
va4 = Pug + Qug + Ru + Sv;

the remaining equations describe the dependence of the family on x? and
3.

Generally, a line congruence is better understood as a congruence of
lines connecting two focal surfaces, which we now explain. Consider a curve
T :t— (2!(t),7*(t)) in the parameter space and the corresponding ruled
surface LC|z, the restriction of the congruence onto this curve. This ruled
surface LC|z is developable only when u A v A (du/dt) A (dv/dt) = 0 by

definition. This condition is equivalent to

dz! dz? a4<dx4>2 .

dxly2
il 1 ) S @b
(h(dt) (4 asq = bapy) - dt

Hence, by assuming
(1+ asqr — bap1)® — dasqy # 0,

which coincides with the condition disc # 0 in 6.3, we have two directions
at each point on the parameter space called the asymptotic directions, and
so the two integral curves passing through the point. Let us consider one
of the two integral curves and call it Z, and map this curve by u (we may
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take v instead, of course) then the ruled surface £C|z is developable along
the image curve u o Z. By the way, since any developable ruled surface is
generally obtained as a family of tangent lines of a certain curve, which is
called the directrix curve, we can associate to each line the point where the
line is tangent to the directrix curve. Thus, since there are two asymptotic
directions at each point, we get two points on each line of the congruence.
These two points generate two surfaces, called the focal surfaces. The con-
dition above on coefficients, which we assume in the following, is necessary
for the system to define the focal surfaces.

Now choose the coordinates ' and z* so that the coordinate lines are
the integral curves above and let v and v be so chosen, by a linear change
of the unknowns if necessary, that they generate the focal surfaces. Then,
we must have the expressions

Uy = C4U + d4’U, V1 = T1U + $10;

Namely, ay = by = p1 = q1 = 0. Further, by multiplying some factors to u
and v separately, we can normalize the system so that ¢4 = 0 and s; = 0.

7.2. An example
We have seen that we can generally normalize the system so that

ug = dgv, VI =TiU.

Assuming that dy = 1 and r; = 1, we give an example in this subsection.
We start with a seemingly simple system

Uy =0, Ul =U, U] =7UVq, Vgq = UJ.
The focal surface u is described by the induced system
U1l = U4d, U4 = U,
which admits a fundamental system of solutions defined by
{X =exp(z! +2'), Y =exp(—2! — 2%),
Z = cos(—z' 4 21), U = sin(—z' + 21)}.

These solutions define a quadratic surface XY = Z2 4+ U? in the projective
space with homogeneous coordinates (X,Y, Z,U). The surface for v is seen
to be also a quadratic surface defined by —XY = Z2 4+ U2. The induced
conformal structure is (dz')? + (dz*)? for both surfaces. See Figure 1 and
Figure 2.
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Figure 1 Figure 2

The upper surface in each figure represents the surface XY = Z?2 4 U?
and the lower surface represents the surface —XY = Z2 4 U2. The curves
drawn on the surfaces are x!'-curves and z?-curves. The bold linesegments
denote linesegments joining two points where the lines belonging to the
line congruence are tangent to the focal surfaces. Those in Figure 1 are
tangent to z?-curves of the upper surface and those in Figure 2 are tangent
to z!'-curves of the lower surface.

We next try to deform the system above by considering the system

Uy = v, v = u,
U1l = vg + ku, Vg = uy — kv,
Uu; = ajul + ij4 + cju + djv, j =23

Djul + qjua + iU+ sv,  §=2,3.

&
I

The integrability condition of this system has fortunately a fairly simple
form, though we do not reproduce it here. Assuming that k is a constant
not depending on any of the coordinates, we can see that the following set
of coefficients solves the integrability condition.

az = (aS + bC)Eh,
by = —(—2aSf3 — 2bC f3 — 2abSh + a*Ch — b*Ch)E/2,
co = —(a*S — 2abC + b>S)Eh /2
+ (bS — aC — a®S — 3a*bC + 3ab>S + b°C + kaS + kbC) E f3 + g2,
dy = —(—2abS + a’C — V*C)Ef;
+ (@3S + 3a*bC — 3ab*S — b3C — 2bS + 2aC)hE/2,

CL3:0,
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bs = (aS + bC)E fo,
c3 = (aC — bS)E fa + g3,
ds = —(a*C — 2abS — b’ C)Ef,,
= (2aS f3 + 2bC f3 — 2abSh + a*Ch — b*Ch)E /2,
q2 = —(=bS 4 aC)hE,
ry = —(a*S + 2aCb — SV*)E f3
— (—3a*bS 4 a*C — 3ab*C + b*S — 2aS — 2bC)hE /2,

= (bS — aC)Ef3 + go + (—a%S — 2abC + b*S)hE/2,
p3 = (aS + bC)E fo,
q3 =0,

—(2abC + a8 — 2S)E fy,
s3 = (aC — bS + 3a*bC + S — 3ab*S — b3C — k(bC + aS))Efs + g3,
where h = h(2?), f = f(2%,23) and g = g(2?,23) are arbitrary functions
satisfying fao = f33; E, C, and S denote the functions exp(az! — bz?),

cos(bz! 4 ax?), and sin(bz' + ax?), respectively; a, b, and k are constant
related as b= —1/a and k = a® — 1/a®. The system is nondegenerate.

When
k=0, a=1, f=(=z%2?+*?)/2, g=2%3 h=1,
we see that any solution (u,v) has the form

w=PX+QY +RZ+TU, v=PX-QY+TZ— RU,

where X, Y, Z, and U are given above, the coefficients are defined by

(4()0( 2)2 3 + bl(acQ + 2$2$3) + b2$2 + bg)(p,

P
Q = boy

R=(2 s +b1)
T = (bo(4x 22%) + by)ep,

and by, by, by, and by are constants; ¢ denotes exp(x?z3). Hence, the
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following is a set of four independent solutions:
ug = (4(x*)?2*X + Y + 2027 + (42223 — 222)U)ep,
U222 X — Y — 222U + (da’z® — 22°) 2)op,
(2% + 222X + Z)p, vy = (2% 4 22223 X — U)y,
upy = (22X + U)o, o= (22X + Z)e,
uz = pX, vz = pX.

7}0:(
’U,1:(

The surface defined by u = [ug,u1,uz,us] for each fixed 22 and 23 is a
projective transformation of the quadratic surface XY = Z2 + U?:

uo 1 222 42223 — 222 4(2?)%23 Y

w| [0 1 0 2023 + 2% | | Z

up | ~ 710 o0 1 2’ U

us3 0 0 0 1 X

The surface defined by v = [vg,v1, v2,v3] is a projective transformation of
the quadratic surface —XY = Z2 + U?:

Vo —1 4z?2% - 222 222 4(2?)%23 Y
v | 0 0 -1 22?23+ | | Z
w| =% o 1 0 a? U
V3 0 0 0 1 X

Note that the initial line congruence when 2 = 23 = 0 is deformed so that
the two focal surfaces are transformed by two different projective transfor-
mations.

Figure 3 and Figure 4 describe the congruence when 22 = 6 and 23 = 1.
Figure 4 is the rotation of Figure 3 by 90 degrees.
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