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PRODUCTS OF REFLECTIONS IN THE GROUP
SO*(2n)

DRAGOMIR Z. DJOKOVIC AND JERRY MALZAN

Introduction. Let SO*(2n) be the group of quaternionic n X n matrices
A satisfying A*J4 = J, where J is a fixed skew-hermitian invertible
matrix. An element R € SO*(2n) is called a reflection if R>=1,andR —
1, has rank one. We assume that n = 2, in which case $*(2n) is generated
by reflections. The length of 4 € SO*(2n) is the smallest integer k(=0)
such that 4 can be written as 4 = R|R,... R, where R|,..., R, are
reflections. In this paper, for each A € SO*(2n), we compute its length
I(A). Set r(4) = rank (4 — I,). Already in Section 3 we are able to show
that the difference 8 = /(4) — r(A) can take only three values 0, 1, or 2.
The remainder of the paper deals with the problem of separating these
three possibilities. The main results are stated in Section 4 and proved in
Section 6. The intermediate Section 5 consists of a sequence of lemmas
which are needed for the proof. Clearly /(4) depends only on the
conjugacy class of 4 and the main results in Section 4 are stated in terms
of conjugacy classes. For the description of conjugacy classes in SO*(2n)
we refer the reader to [1]. The present paper relies heavily on our previous
paper [5] where the analogous problem was solved for the groups U(p, q).
It is worth remarking that only the various lemmas from that paper were
used but not the main theorem.

So far we have solved the above problem for the following groups: U(n)
in [3], Sp(n) in [4], U(p, q) in [5], and O(p, q) in [6] (see also [2] ). The
groups U(p, ¢) contain two conjugacy classes of reflections and the
problem is solved for a single conjugacy class of reflections as well as for
the set of all reflections. In the case of O(p, ¢) in both [6] and [2] only one
conjugacy class of reflections is used. If one makes use of all reflections
then a more general result is known [7].

Finally let us mention that the same problem for the groups Sp(p, q)
seems to be much harder and is still open.

By 1, i, j, k we denote the standard basis of the real quaternions H.
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1. Reflections and the basic equation. We denote by SO*(2n) the group
of automorphisms of the n-dimensional right quaternionic vector space V'
= H" which preserve a fixed nondegenerate skew-hermitian form f: V' X V
— H. We remark that the choice of f is not important because any such
two forms are equivalent. If a basis of ¥ is chosen then [ is represented by
a matrix J which is skew-hermitian and invertible. An n X n quaternionic
matrix A belongs to SO*(2n) if and only if 4*J4 = J.

An element r € SO*(2n) is called a reflection if r fixes pointwise a
nondegenerate hyperplane W and r(a) = —a for a € W+. If a €
W+\{0} is fixed then we have

r(x) = x — 2af(a, a)” 'f(a, x)
for all x. Note that f(a, a) # 0 because W is nondegenerate. Since r is
determined by a, we shall write r = r,. Since f(a, a) is a nonzero pure
quaternion, we can normalize a so that f(a, a) = i.

Reflections form a single conjugacy class of SO*(2n) and they generate
SO*(2n) if n = 2. We shall denote by /(u) the length of u € SO*(2n) with
respect to this generating set. Explicitly, /(u) is the smallest integer k such
that u can be expressed as a product ryr; . . . r, of reflections. (For u = 1
we have /(u) = 0.) As the title suggests, the purpose of this paper is to
compute /(u) for all elements u € SO*(2n).

If u(x) = x A for some nonzero vector x and A € H then we say that A is
an eigenvalue of u. More precisely, A should be replaced by the conjugacy
class {p)\;f‘:,u € H*} but it will be convenient to restrict A to be a
complex number. If A € C then the intersection of this conjugacy class
with C is {A, A} and for that reason we shall view A and A as the same
eigenvalue of u. The multiplicity of the eigenvalue A is equal to

dim Ker (u—A)" if A € R
and to
dim Ker (1> — (A + Nu + A" if X # A

The sum of multiplicities of all eigenvalues of u is equal to n. If 1 is the
unique eigenvalue of u then u is unipotent, i.e., (u — 1)" = 0.
For u € SO*(n) we shall write

E(u) = Ker (u — 1) and

r(u) = n — dim E(u) = dim Im (1 — u).
We conclude this section with two elementary but important lemmas.

LEMMA (1.1). Let u € SO*(2n), a € V, f(a, a) = i, and v = ruu.
Then
(i) Retrv = Retru + 2 Re (i.f (a, u(a))),
(i) E()* = Im (1 — u),
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(iii) a &€ E(u)" = E(v) = E(u) N a* and r(v) = r(u) + 1,
(ivya € E(u):- = E(v) D E(u) and r(v) = r(u) or r(u) — 1.

Proof. (i) follows from v(x) = u(x) + 2aif (a, u(x) ). The proofs of the
other three parts are easy modifications of the proof of [5, Lemma
4.2)].

LEMMA (1.2). Let u € SO*(2n), x € V, and a = (1 — u)x. Then the
following are equivalent:
(1) fCx, (1 = u)x) = i/2,
(ii) f(a, a) = i and r(rpu) = r(u) — 1.

Moreover if (i) holds then E(ru) = E(u) @ xH.
Proof. This is an easy modification of the proof of [5, Theorem (4.3) ].

We shall refer to equation (i) of Lemma (1.2) as the basic equation of u.
As an immediate consequence of Lemma (1.1), we have

(1.3) l(u) = r(u), vV u € SO*(2n).

2. SO*-types and conjugacy classes. We consider triples (V, f, u) where
V is a finite-dimensional right H-vector space, f:V X V — H a
nondegenerate skew-hermitian form and u:¥V — V an H-linear automor-
phism of V such that

fu(x), u(y)) = f(x,y) forallx,y € V.

Two such triples (V, f, u) and (V’, f’, u’) are said to be equivalent, and we
write

WV fiwy= ", [ ),

if there exists an H-linear isomorphism v:¥V — V’ such thatvou = v’ o v
and

f'v(x), v(y)) = f(x,y) foralx,y € V.

Clearly = is an equivalence relation and the corresponding equivalence
classes are called types. More precisely, these types will be called
SO*-types. Besides these types we shall also need types introduced in our
previous paper [5] where we studied the length problem for complex
unitary groups U(p, g). We shall refer to those types as U-types.

As in [5]'we can transfer various properties of triples (V, f, u) to their
types A. Thus if (V, f, u) € A then dim A = dim V, [(A) = [(u), r(d) =
r(u), an eigenvalue of A is simply an eigenvalue of u, A is unipotent if u is
unipotent, A is trivial if u = 1, and A = 0 if dim V' = 0. Given two types
A’ and A” one defines their sum A = A’ + A” in the obvious way. In that
case we say that A contains A’ and write A D A’ or A’ C A. A type A is
indecomposable if A # 0 and A = A’ + A” implies that A’ = 0 or A” = 0.
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Every type is uniquely expressible as a sum of indecomposable types, see
[1]. Thus if A D A’ there is a unique A” such that A = A" + A” and we
write A” = A — A,

We shall now describe all indecomposable SO*-types. They are denoted
as follows:

QD A NMNN LT A#E 0 A~ 1

2.2)  ALAXN, A =1,ImA # 0,e = *+;

(2.3) AL 1), AL(—1, —1), e = =, m odd;

2.4 A1, 1), A, (=1, —1), m even;

where A € C and m(=0) is an integer. When we write A\, (A, A) it should

be understood thate = =, A € C, |]A\| = 1, and if A = ==1 that m is odd.
By definition we have

Afno" X) = A:,,(X, >‘)

Similar remarks apply to the types (2.1).

Given a SO*-type A we choose (V, f, u) € A and a basis of V. Let 4
(resp. J) be the matrix of u (resp. f), with respect to the chosen basis. Then
J* = —J, A*JA = J, and we say that the matrix pair (4, J) represents the
triple (V, £, u) (and the type A).

The type (2.1) is represented by

B O (O I
(2.5) A=(0 B*_') and Jzz(l 0)’

where B is a Jordan block of size m + 1 with eigenvalue A.
For the types A, (A, A) we have

AL X) = ALK M)

and so we may (and we do) assume that Im A = 0. Since |A| = 1, we can
choose { € iR such that A = exp {. Then the types (2.2)-(2.4) are
represented by the pair (4, J) where A = exp X and X and J are matrices
of size m + 1 given by

$o :
(26) X = li'-f JJ =i

In the case (2.4) one can choose ¢ = == arbitrarily.
Assume that (V, f, u) € A5 (\, X) and that we want to compute € from
the triple (V, f, u). This can be done by using the following lemma. Set
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LAY S A S
v = u+1

(= DmFEDZNN = u)™, A==l

LEMMA (2.7) The form g defined by g(x, y) = ef(x, v(y) ) is hermitian
positive semi-definite and nonzero.

Proof. We may assume that Im A = 0. Then (V, f, u) is represented by
the pair (4, J) given above. A simple computation shows that the matrix
of A\ + X — u — u~ ! (resp. A\ — u) has the form

0 0

p O

pO

* .‘0
w0

where p = i(A — ) (resp. u = — i\). It follows that the matrix B of v has
all entries zero except the entry » in the bottom left hand corner which is
equal to p”(A — 1) (A + )7 'if A # +1, and to i if A\ = 1. The matrix
eJB of g is diagonal with all diagonal entries zero except the first which is
equal to —ir. Since Im A = 0, we have —iv > 0 which completes the
proof.

Now let (V, f, u) € A where A is a U-type. Thus V is a finite-
dimensional complex vector space, f:V X ¥V — C is a nondegenerate
hermitian form and u:V — V is a C-linear automorphism such that

fu(x), u(y)) = f(x,y) forallx,y € V.

Let V' be the right H-vector space V' = V @¢ H. There is a
skew-hermitian form f’:7” X ¥V’ — H which is characterized by

SNy ®@p = —Aif (x, y)p
where x, y € Vand A, p € H. It is easy to check that it is nondegenerate.
Let «’: V" — V’ be the H-linear automorphism such that

W(xQ@N = u(x) @A

Then u’' preserves the form f” and the triple (V’, f’, «’) determines an
SO*-type A’. The type A’ depends only on A and we say that A’ is the
quaternionization of A. If A is indecomposable it turns out that A’ is also
indecomposable. Moreover every indecomposable SO*-type is the quater-
nionization of an indecomposable U-type, but the latter is not unique in
general. We now recall the notation for indecomposable U-types:

AnM XD, A # 0, A # 1

and
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AN, N =1e=+;

where m(= 0) is an integer and A € C. Whenever we write A,,(A\, X~ it
will be understood that A € C, A # 0, and |A\| # 1. Similarly, when we
write A5, (A) it should be understood that e = =, A € C, and A| = 1.
Furthermore, we have

Am(}" }—\71) = Am(xil’ }‘)
For the explicit description of these types we refer to our paper [5].

LEMMA (2.8). If A is an indecomposable U-type then its quaternionization
A’ is the SO*-type given in the last column of Table 1.

TABLE 1
A Restrictions A
AN, X7 N#0, Al #1 AN N AL XD
AL (N A =1,ImA>0 AN
AL AN =1ImA<0 A" 00X
AN A = =*1, modd Ay (A, N)
AL (N A = =£1, m even AN, N)

Proof. The assertion is obvious for the first and last row of the table. Let
A be the U-type represented by the matrix pair (4, iJ) where 4 = exp X
and X and J are as in (2.6). We set A = exp {. An easy computation shows
that the matrix

e(—iN™J(A — A"

has all entries zero except the one in the upper left hand corner which is
equal to 1. Hence by [5, Section 1] we have A = Af,(A). The quaternioni-
zation A’ of A is represented by the matrix pair (4, J). Hence if Im A = 0
then, by definition, we have A’ = Ai,,()\, M. If Im A < 0 then the matrix
eJB from the proof of Lemma (2.7) has the nonzero entry

A—1
A+ 1

—iyv = —i

(X — N

Thus (— 1)~ !(—i») > 0 and consequently
A = AT N,

In closing this section we mention the connection between types and
conjugacy classes. Let u, ' € SO*(2n) and let f be the form on V(=H")
which defines SO*(2n). Then u and « are conjugate in SO*(2n) if
and only if (V, f, u) = (V, f, «). Thus there is a bijection between
the conjugacy classes of SO*(2n) and the SO*-types A satisfying
dim A = n.
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3. Pseudo-loxodromic types. Let A be an SO*-type, (V. f,u) € A,ae V
a non-isotropic vector and v = r,u. Then (V, f,v) € A’ for some SO*-type
A’. In this situation we shall write ¥ — v and A — A’. By Lemma (1.1) we
have

r@) = )| =1
and so we can refine the concept A — A’ by writing:
A j-; A" if r(A) = r(d) — 1,
A ~Q> A if r(A’) = r(Q), and
A= Aif r(d) = r(d) + 1.

Similar notations will be used for u — v.
We say that A is loxodromic if it has an eigenvalue A with [A\| # 1. We

say that A is pseudo-loxodromic if there exists a sequence
A= A(O’—tA“)—t...:A(k) = A

with k = 0 and A’ loxodromic. We say that A is effective if A 7 Ay (1, 1),
or equivalently if E(u) is totally isotropic. Any type A contains a unique
effective type A, such that

A=A, + mAy (1, 1) for some m(Z 0).
We say that A, is the effective part of A.

LeEMMA (3.1). For an SO*-type A we have
(1) I(A) = r(Q) if A is pseudo-loxodromic,
(i) I(A) = r(A) + 2 if dim A = 2.

Proof. (i) We have r(A) = 2. If r(A) = 2 then
A, = A\, X, A", A7) for some A

and A, is represented by the pair (4, J) where

A0 0 i
A=(0 X*‘)’ J:(i 0)'

We have 4 = R|R, where

() e ()
R,—(_j 0 and R, = ~A 0

are reflections in SO*(4), and so /(A) = r(A) = 2. Now let r(A) > 2; we
proceed by induction on r(A). If A is loxodromic then it follows from [5,
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_{._
Lemmas (8.1) and (8.5) ], via quaternionization, that A — A’ with A’ lox-

+
odromic. Otherwise we have A — A’ with A’ pseudo-loxodromic, by
definition of these types. Hence in both cases, the induction hypothesis
gives [(A") = r(A’), and so

I(A) = I(A) + 1 = r(b).

In view of (1.3) this proves (i).
(ii) Since dim A = 2, it follows from [5, Lemma (4.6) (i) ] that A — A’
with A’ loxodromic. Hence

A =1 A+ 1 =r)+1=r@A) + 2
In view of (1.3) and Lemma (3.1) (ii) we have
I(A) — r(A) =0, 1,0or2 ifdimA = 2.

The rest of this paper is devoted to the computation of this difference. The
first part of Lemma (3.1) gives the answer when A is pseudo-loxodromic.
This raises the question of recognizing which types A are pseudo-
loxodromic. It is clear that if A D A’ and A’ is pseudo-loxodromic then A
itself is pseudo-loxodromic. In the next lemma we supply an extensive list
of pseudo-loxodromic types.

LEMMA (3.2). The following types are pseudo-loxodromic:
a) A, A, N, AL X
b) AL\, N, A # =1, m = 2
€) Ay i(1, 1), m Z 25 Bgy(1, 1), m = 25 285(1, 1);
d) AS, (=1, = 1), m = 2; Ay (—1, = 1), m = 1;
e) Ay(1, 1) + Ag(—1, —1); Ax(1, 1) + A\, A);
Ay(1, 1) + AS\ ), A # 1

f) AY\, X) + AP(w, B) with restrictions \ = p = —1 = ¢, = —¢; and
A=1lorp=1)= A # pand e = ¢);

2) Acll(A’ A + Af)z(,u, W), A # 1, with restriction
RC(A - [1.)§ Oééz = €1,

h) AT\, X) + Ag(—1, —1), A # =1;

DAT(L D) + AT(L 1) + AJAL N + AR, B

) AT(], D+ A (1, 1) + Ay(—1, —1) + Ag(A, X);

K) AL 1) + AT(, 1) + 28— 1, —1);

DAY, 1) + Ag ‘A, X) + AQ(n, ) with restriction
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ReA—p=0=¢ = —¢
m) Af(1, 1) + Ag ‘A, X) + Ag(—1, —1);

n) Ag\, A) + Ag (i, @) + AG(»,7), Re A = Rep = Re v, Re A > Re v,
and with further restriction

Rep =Revr=¢ = —¢
0) Ag A X) + Ag (B + Ag(—1, —1);
p) 200 (A, ) + 24, (A, N).

Proof. The types a) are in fact loxodromic. Using various lemmas from
[S] and Table 1 we can show that each of the types b)-p) is
pseudo-loxodromic. We indicate in each case which lemmas of [5] should
be used: b) Lemmas (9.1) and (9.4); ¢) Lemmas (9.7), (9.8), and (9.10); d)
Lemmas (9.1) and (9.4); e) Lemmas (9.9) and (9.11); f) Lemmas (9.12) and
(9.15); g) and h) Lemma (9.14); i) Lemmas (9.13) and (9.17); j) Lemma
(9.13); k) Lemma (11.17); 1) and m) Lemma (9.16); n) and o) Lemma
(9.18); and p) Lemma (9.19).

We give a complete proof only in case 1). We may assume (and we do)
that Im A > 0 and Im p > 0. Define the U-type A as follows: if Re (A—p)
= 0 then

A = AY(D) + AN + Ag (w),
and if Re (A\ — p) > 0 then

+ + Ay(m)ifeg = e = +,
Al (1) + AO 0\) + Aa(,u) if € = —€= —
A =
_ + Ag(m)if e = —e = +,
B F8® 0 A it = e = -
By [5, Lemma (9.16) ] A is pseudo-loxodromic. Since ¢ = —e¢ if Re (A —

) = 0, it follows from Table 1 that the type 1) is the quaternionization of
A in all cases. Since A is pseudo-loxodromic, this implies that 1) is also
pseudo-loxodromic.

If a type A is not pseudo-loxodromic then it cannot contain any of the
types a)-p) from Lemma (3.2). The next lemma describes such types.

LEMMA (3.3). 4 type A does not contain any of the types a)-p) if and only if
its effective part A, has one of the forms

n
(34) A, = mAY(1, 1) + kE AN Ae)
=1
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A B, p# =1L, Re(\, — p) Z 0V £,
+ AS((H” w, Re (}\k —w = 0Vk,
PAT(—1, = 1) + gAy(—1, = 1),

or
O’
o _ Bo(l, ),
(5) 8 = mAy (LD + b (LD 1y
A(—1, —1).

Proof. If A, is given by (3.4) or (3.5) then, by inspection, we see that A
does not contain any of the types a)-p).

Conversely let A be a type not containing any of the types a)-p). We
shall show that A, has the form (3.4) or (3.5) by examining a number of
cases. When proceeding from one case to the next we shall assume that all
the previous cases are ruled out.

Case 1. A D Ay(1, 1). By considering the types e) we infer that
A P Ao(—1, —1); AGA, X); AYA, X), A # 1.
Since A does not contain any of the types a)-d), we have
A, = mAT(1, 1) + nA[ (1, 1) + Ay, 1).
Case 2. A D A (—1, —1). We have
AP AT N, A # £ AN(—1, —1); A (1, 1) by 6),
and A 2 Ay (A, X) by g). Consequently

A, = mAY(1, 1) + 2 AjAw A) + pAT (=1, — 1)
k=1

+ gAo(—1, —1).
Case 3. A D A} “(u, ), p #* 1. By f) we have
A= AT B P A 1) AT N, A # =1
By g) we have
A 2 ASA N, Re (A — ) < 0; Ag (A, N).

Consequently we have
A, = mAY(L, D) + 2 Ai ) + A B
k=1

where Re (A, — p) = 0 for all &’s.
In the remaining cases we have
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n

A, = mAY(1, 1) + m'ATS(L, 1) + A21 AHA )

’

n
+ kZI Ao (o i) + gho(—1, —1).

Case 4.A D Ay(1,1) + A, (1, 1). Byk) we have g = Oor 1. If ¢ = 1
then j) implies that n = »” = 0 and so

A, = mAY(1, 1) + m'A (1, 1) + Ag(—1, —1).
Now let ¢ = 0. By i) we have n + n’ = | and so
A, = mAY(1, 1) + m’A7 (1, 1) + &

where A’ is 0 or AE)_P(V, v) for some ».

Case 5. A D Ay(—1, —1). By a) we have n = 0 or ¥ = 0. Since ¢ is
arbitrary, we may assume that n’ = 0. If also n = 0 then, taking into
account that m = 0 or m’ = 0, we see that A, has the required form.

Otherwise n > 0 and m) implies that m" = 0. Hence
A, = mAS(1L, 1) + 2 AJA Ap) + gho(—1, —1).
k=1
From now on we may assume that
n _ n B _
A = mai(L D) + 2 A A0+ 2 Ao (s o)

Case 6. A D Aj(1, 1). By 1) we have n’ = 1 and if n’ = 1 then
Re(u —A) =0 forl =k =n.

Hence A, has one of the forms (3.4).
Thus we may assume now that m = 0.
Case 7. A D A{(A1, X)) + Aj(Ay, Xy). If #” = 0 the assertion is obvious,

so let n’ > 0.
We may assume that Ay, ..., A, and py, ..., p,, have positive imaginary
parts and that ReA; Z ReAy = ... Z ReA,andRep; Z Repy, = ... =

Re p, . Since
A = AB(Ab >\1) + A(E)(}\na Xn) + Aa((""b ﬁl);

it follows by considering the types n) that Re p; = Re A,,. Thus if ' = 1,
A, has the form (3.4). If n” > 1 then since

A D Ag (i, m) + Ag (s ) + AG(AL, XY,
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the same argument shows that Re A; = Re p,. Hence we have
}\1 =}\2= =}\n =R =0l = Wy

This is a contradiction since A does not contain a type of the form p).
This completes the proof.

4. Statement of the main results. Our main result, Theorem (4.2) below,
gives the value of /(A) — r(A). As a corollary we obtain a simple
description of pseudo-loxodromic and non-pseudo-loxodromic types. The
proof of the theorem and its corollary are postponed until Section 6 and
are based on a sequence of lemmas of Section 5.

LEmMMA (4.1). If A is an SO*-type then one and only one of the following
holds:
(i) A, contains at least one of the types a)-p) listed in Lemma (3.2);
(i) A, = mAp(—1, —1);
(i) A = A7 K) + A9 A\, N;
Ao(—1, = 1), m > 0,
Ax(1, 1), m = 0;

Ao(— 1, =1,
Ax(1, 1)

(iv) A, = mAT (1, 1) + mA[ (1, 1) + {
(V) A, = mAT(1, 1) + mAT(1, 1) + AS(1L, 1) + {

(vi) A,

mAS(1, 1) + 2 AjA, Ay) + pAT (=1, —1)
k=1

+ qAo(—1, — 1) with restrictions
(@)ifp =q = 0thenn > 1, and
®ifp=n=0thenm > 0and g > 1;

(i) A, = mAY(L, 1) + 2 A M) + AL B g~ =
k=1

Re Ay — p) = 0 for all k’s;
(viii) A, = mA(1, 1) + 2 A§ Ae) + Ag (), n 2 1,
k=1

Re (A, — w) = 0 for all k’s and with additional restriction
(©)if n = 1 and Re A\; = Re p then m > 0;
(ix) A, = mAT(1, 1) + nAT(1, 1), m + n > 0;

Ao(—1, = 1),

A1, 1), lm—n| > 1;

() A, = mAT(1, 1) + nAT(1, 1) + {

I

(xi) A, = mAT (1, 1) + nA; (1, 1) + A§(A, ).
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Proof. It is evident that in cases (ii)-(xi) A, has one of the forms (3.4) or
(3.5). In view of Lemma (3.3) it suffices to verify that the cases (ii)-(xi) are
disjoint and cover all the possible types A, given by formulas (3.4) and
(3.5). The verification is easy and we omit the details.

THEOREM (4.2). Let A be an SO*-type, dim A = 2, and (1)-(x1) the cases
listed in Lemma (4.1). Then I(A) = r(A) + & where § = 0 in cases (i)-(iv), 8
= 1 in cases (v)-(viii), and § = 2 in cases (ix)-(x1).

Let us say that a pseudo-loxodromic type A is minimal if A D A’ and A
# A’ imply that A’ is not pseudo-loxodromic.

CoROLLARY (4.3). We have
(i) a type is pseudo-loxodromic if and only if it contains one of the types
a)-p) of Lemma (3.2);
(i1) the minimal types are precisely the types a)-p) of Lemma (3.2),
(ili) a type A is not pseudo-loxodromic if and only if A, has one of the
forms (3.4) or (3.5).

5. Lemmas about A — A’. Unless stated otherwise all types will be
SO*-types and € = =+.
LEMMA (5.1). Let (V, f, u) € A and define the form g:V X V — H by
g(x, ) = ¢f(x, (u ' = w)y).
Then

(i) g is hermitian and its radical is Ker (ui*> — 1),
(i1) g = 0 if and only if A contains only the indecomposable types:

AY(L, 1), Ao(1, 1), A= 1, = 1), Ag(— 1, = 1), AGA, X).
Proof. (1) We have
g(y, x) = f(y, (0 ' — wx) = f((u = u Hy x)
= —f(x, (w—u)y) = eglx, ),
and so g is hermitian. Since f is non-degenerate, the radical of g is the
kernel of u~! — u, ie., Ker (1> — 1).
(1) We may assume that A is indecomposable. If (4, J) represents A
then the matrix of g is

K=e@A "= 4).
If A = A,(A, X, A\~ X71) we have

BO (o1
AZ(OB**‘)’ 2’(10)’

0 B—B!
K = ie
B*—pB*~! 0
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where B is a Jordan block with eigenvalue A and of size m + 1. Since B #
B!, K is not positive semidefinite.

Now let A be one of the types Aj\(A, X), Im A = 0. Recall that if A =
*+1 then m is odd. Then (see Section 2) A and J can be taken in the

form
A 0 0 1
iAA 1
A = - . s J = —le B ;
N .
£ A 0
the matrices are of size m + 1. An easy computation shows that
* ﬁ o
44
= AI'(€| -
Ba
a 0

where« = A — Aand 8 = i(A + A). If Im A > 0 then K = 0 if and only
ifm=0ande =¢€ IfA = %=1 then K = 0if and only if m = 1 and

el > 0.
Finally let A = A,, (A, A\), A = *=1, m even. Then we can take 4 and J as
in the previous case, where now €¢; may be chosen arbitrarily, say ¢, = +.

Clearly K = 0 if and only if m = 0.
This completes the proof.

LEMMA (5.2). Let A be a type with

A, = mAY(1, 1) + 2 AjA, M) + pAL(—1, — 1)
k=1
+ gho(—1, —1).

The following are valid:

+
()if A= A theng > 0and N = A — Ay(—1, —1) + Ag(1, 1),
(i) if m + n + p > 0 then I(A) > r(A).

Proof. (i) Let (V, f, u) € A and let g be the form defined in Lemma (5.1).
By that lemma we have g = 0. We can choose x € V satisfying the basic
equation f(x, (1 — u)x) = i/2 and such that, witha = (1 — u)x and v =
r,u, we have (V, f, v) € A’. Since

0 =/f(x, (1 —wx) + fx, (1 = wx) = f(x, ("' — ux),
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we have g(x, x) = 0. Since g = 0, we conclude that x belongs to the
radical of g, i.e., (u> — 1)x = 0. Consequently, we have u(a) = —a and (i)
is proved.

(i1) We use induction on ¢. Choose A’ such that A — A’ and /(A) = /(4)
+ 1. If r(A’) = r(A) (this is so by part (i) if ¢ = 0) then

I(A) = r(A) + 1 > r(d).
Otherwise we have A j; A’ and, by part (i),
A=A — Ay(—1, —1) + Ay(1, D).
By induction hypothesis /(A") > r(A’) and again
Q) = I(A) + 1> r(A) + 1 = r(d).
LeMMA (5.3). Let
A= kA1, 1) + kAT 1) + kA (1, 1)

where k) = 1 = k) + ky + ks, and (V, f, u) € A. If Wis a hyperplane in V
then there exists a u-invariant nondegenerate subspace X such that X* ¢ W
and ulX is of type Ay(1, 1) AT(1, 1), or AT (1, 1) + A (1, 1).

Proof. We shall refer to u-invariant and u-indecomposable subspaces of
V' as Jordan subspaces. We claim that every 3-dimensional Jordan
subspace, say Y, is nondegenerate. Otherwise the 1-dimensional subspace
Y, = Y N E(u) is contained in the radical of Y. Since

V =Y+ Ker(1 —u)* and Y, = (1 — u)?Y,

it follows that Y; L V, which is a contradiction.

Now let Y be a Jordan subspace containing the 1-dimensional subspace
W+ and having maximal dimension. If Y is nondegenerate we can take X
= Y. Otherwise dim Y = 2 and we choose b € Y such thatd = (1 — u)b
# 0. By maximality of Y we have b & Im (1 — u). Since Im (1 — u) =
E(u)*, there exists ¢ € E(u) such that f(b, ¢) = 1. Since E(u) € Im (1 —
u), we can choose ¢ € V such that ¢ = (1 — u)a. From

(I —uha=—ull —wa=—-ul)=—c
we obtain
fd a)y = f((1 = ub,a) = f(b, (1 — u"a)
= —f(b,c) = —1.

Since Y is degenerate, we have f(b, d) = 0. Finally
E@w) c Im(l — u) = E(u)*
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implies that the subspace (c, d) is totally isotropic. Hence the Gram
matrix J of a, b, ¢, d has the form

It follows that the subspace X = (q, b, ¢, d) is 4-dimensional, u-invariant,
and nondegenerate. The restriction of « to X has the matrix

1 0 0 0

0 1 0 0
A=1 -1 o 1 o
0 —1 0 1
Since J(4~ ! — A) is indefinite, Lemma (5.1) implies that u|X is of type

AT(L, 1) + AT, .
LEMMA (5.4). Let
A =mAT(1, 1) + nAT(1, 1) + Ay, 1).
Q) If A % A’ then, for some ¢ = =,
A = mAT(l, D+ nA (1, 1) + A1, 1) + Ay(—1, —1).
(i) If A 5 A’ then
A = mAT(1, 1) + nAT(1, 1) + 28¢(1, 1) + Ay(—1, —1).
Proof. Choose (V, f, u) € A and a € V such that f(a, a) = i and, with
v = ru, (V, f, v) € A. By Lemma (5.3) applied to the hyperplane
W = a*, we may assume that A is one of the types:
Bo(1, 1), A{ (L, 1), Ar (L, 1), AT(L 1) + AT(L D).
Since r(A) = r(A’), Lemma (1.1) implies that a € E(u)~ and consequently
we must have A = Ay(1, 1). Since E(v) D E(u) and E(u) is totally
isotropic, the eigenvalue 1 of v has multiplicity = 2. Since u(a) — a €
E(u), we have
fla, u(a)) = f(a, a) = i,
and Lemma (1.1) gives Re tr v = 1. Thus —1 is also an eigenvalue of v and
both (i) and (ii) follow.
LEMMA (5.5). Let A — A’ and r(4d’) = r(4Q).
W) If A = mAT(1, 1) + nA7 (1, 1) + Ao(—1, —1) then A’ is one of
the types
(m = DAT(L 1) + ndy (1, D) + A(1, D),
mAT(1, 1) + (1 = DA{(L, 1) + Ay(1, D),
mAY (1, 1) + nA7(1, 1) + Ag(1, 1),
(m — DAL, 1) + (n — DAL, 1) + 240(1, 1) + Ay(1, 1).
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(i) If A = mAY(1, 1) + nA; (1, 1) + AG(A, X) then A’ is one of the
types

mAY(1, 1) + nA; (1, 1) + Ay (—A, —N),
(m + DAY, 1) + (n — DA(1, 1) + Ay (—A, —N),
mAY(1, 1) + (n — DAL (1, 1) + 24¢(1, 1) + A (—A, —A).

Proof. By replacing A with X (if necessary) we may assume that e Im A <
0 in case (ii). For uniformity set A = —1 in case (i). Let (V, f, u) € A,a €
V,f(a,a) = i,v = ruu,and (V, f,v) € A’. Let b € V be chosen so that b
# 0 and u(b) = bA. Since

f@u(b), b) = f(b, u"'(b)),

it follows that in case (ii) f(b, b) = it where t € R, ¢ # 0. In fact the
condition € Im A < 0 implies that r > 0. Hence in case (ii) we may assume
that f(b, b) = i; this is also true in case (i).

Since r(A’) = r(A), Lemma (1.1) implies that a = b§ + ¢ where ¢ €
E(u). Since

i :f(a’ a) = Ef(bs b)g = glg,

we have |§l = 1 and £ € C. Clearly we may assume that £ = 1 and soa =
b + c.

From E(v) D E(u), E(u) € E(u)*, and dim E(u) = m + n it follows
that 1 is an eigenvalue of v of multiplicity = 2(m + n). Since dim V =
2(m + n) + 1, there is only one additional eigenvalue of v, and so it must
lie on the unit circle. Since

fa, u(@)) = f(b + ¢, b\ + ¢) = f(b, b\ = i\,
Lemma (1.1) gives
Retrv =2(m + n) —Re A.

Therefore the remaining eigenvalue of v is —A. Thus in case (i) v is

unipotent. In case (ii) a simple computation shows that v(x) = —xA for
2\
=b + .
x “T+A

Since f(x, x) = f(b, b) = i and € Im (—A) > 0, it follows that
A D Ay (—A, —N).

If ¢ = 0 the assertions of the lemma are obviously true. Otherwise by
applying Lemma (5.3) to the space b = Ker (1 — u)? and its hyperplane
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W = b+ N a*, we see that it suffices to consider the cases when m = 1
and n = 1. We shall now treat cases (i) and (ii) separately.

(i) Let first A = A{(1, 1) + Ay(—1, —1) where € = =. If r(4) = r(A),
then, since v is unipotent, we must have A’ = Ay(1, 1). If r(A") = r(d) — 1
then it is easy to check that the basic equation implies that ¢ = 0, which
we have already considered.

Now let m = n = 1. If r(A’) = r(A) then E(v) = E(u) C E(u)", and
dim E(u) = 2 imply that

A = Ax1, 1) + AT(1,D).
Now let r(A’) = r(A) — 1 and so dim E(v) = 3. If X is the radical of E(v)

then X € E(u)and dim X = 1 or 2. If dim X = 1 then A’ D 2Ay(1, 1), and
SO

A = 200(1, 1) + Ay(1, D).

If dim X = 2 then X = E(u) and since E(v) C E(u)* we obtain E(v) =
E(u) + bH. It follows from this and Lemma (1.1) that a € bH, i.e., ¢ =
0.

(ii) Choose d € V such that u(d) = ¢ + d. The scalar « = f(d, (u —
1d) = f(d, c) is real because

f@e) = —fle,d) = f((1 — w)d, d) = fd, (1 = u" )
= u" ' = Dd) = f(d. u" () = f(d, ).
A simple computation shows that the vector
y =d — bia(l1 +N)7!
satisfies
1 —A
1+ A

v—Dy=cp,p=1—2a

If « = 0 then necessarily
A=AT(1, 1) + A (L 1) + A§QA, X).

Since f(y, (v — 1)y) = f(y, cp) = ap, it follows that when a = 0 we
have

A = AV(L 1) + A1, 1) + Ay (=A, —N).

If @ # 0 then the subspace W = (b, ¢, d) is nondegenerate and since a
€ W we may assume that ¥ = W. If A = Aj(1, 1) + AHA, X) then A
> (. Since € Im A < 0, we have

il = N1+ N 1<o0
and so p > 0. Hence
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Sy, (v — Dy) = eap >0
and so
A = AY(1, 1) + Ay (—A, —N).

If A = A, (1, 1) + AH(\, X) then clearly A’ is one of the types
Ag (=N, =X + AT(1, 1) or Ag{(=AA) + 2A(1, 1).
LEMMA (5.6). Let p € C, with |yl = 1 and Im p > 0, be fixed and let

A=mAi(L 1) + 2 A M) + AT B+ gl (1 D)
k=1

+ . :
with Re A\, — p) = 0 for all K’s. If A — A’ and — 1 is an eigenvalue of N’
thenn > 0, g > 0, Re (\y — ) = 0 for some k, say for k = n, and

A = A = Ay N) = Agf(m ) + Ao(— 1, = 1) + Ag(1, 1).
Proof. Let (V, f,u) € A, x € V,
G f(x, A —uwx) =i/2,
a=(1—ux,v=ru,and (V,f,v) € N.Lety € V,y # 0, satisfy v(y)
= —y. Then
u(y) = —ro(y) = —y — 2aif(a, y),
ie,y = (1 + u) 'a¢ with
¢ = —2if(a,y) = —2if(a, 1 + w) ')t
Since £ # 0 we obtain
i12 = fla, (I + w) 'a) = (A — wx, 1 + u)"'A — wx)
=f((Q — wx, x) — 2f(A — wx, u(l + u)”" 'x)
i/2 + 2f(x, (1 + u)~ ' — w)x),

Le.,

(5.8) f(x, I —u x) - 0.

1 +u
By taking real parts in (5.7) we get
(5.9 f(x, @' — uwx) = 0.
By multiplying (5.8) by 2 + p + & and subtracting from (5.9) we get

1 —u
1+ u

(5.10) f(x, (w+u!—p— ﬁ)x) = 0.

We claim that the form g:¥ X ¥V — H defined by
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1__
glx, y) = —ef(x,1 +Z(u tu - ﬁ)y)

is hermitian positive semidefinite and its radical is

(5.11) X = Ker(u — 1) + Ker (u* — (n + Du + 1).

It suffices to prove this claim for each of the indecomposable types
contained in A, i.e.,, we may assume that A is indecomposable. If the
matrix pair (4, J) represents A then the matrix of g is

I — A
K=—¢ A+ A" = @+ ).
g ¢ (b + D)
The results of computations, assuming also that Im A > 0, are given in
Table 2.
TABLE 2
A A J K
A1 D (} ?) —ic((l) é) Re (1 — p)- ((l) 8)
AN ) N (—ie) 4ImA- |1 + A" 2Re (A — p)
Ao “(n, B () (i) (0)
swn w0l ) rect—w ()

Hence our claim about g is true in each of these cases.
By (5.10) we have g(x, x) = 0 and so x € X and

a=0—uxe€Ker(@ — (p+mu-+1) =7

Write x = x; + x with x; € Y and x, L Y. By replacing x with x|, we
may assume that x € Y. This implies that the subspace W = (x, u(x) ) is
u-invariant. Note that a = (1 — u)x and y = (1 + u) 'a are also in W.
Since v(x) = x and v(y) = —y, we have

rg(x) = u(x) # x and r,(y) = —u(y) # y.

Therefore f(a, x) # 0 # f(a, y). Hence if f(x, x) = 0or f(y,y) = 0 Wis
nondegenerate. The same is true if f(x, x) # 0 and f(y, y) # O because,
by (5.8), f(x, y) = 0. Hence we may assume that V = W and
consequently

A =AY B + AG D).

It follows from (5.9) and Lemma (5.1) that ¢, # ¢ and the proof is
completed.
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LEMMA (5.12). Let g and h be a hermitian and a skew-hermitian form,
respectively, on a right H-vector space V. If W is a subspace of V then the
set

Sy = {x € M\W:ig(x, x) = 0andh(x, x) # 0}
is arcwise connected.

Proof. Given a, b € Sy, we have to show that they can be joined by a
continuous path lying in §. Clearly we may assume that a and b are
linearly independent and that g(a, b) is real. Let p; = h(a, a), p, = h(b,
b), ¢ = h(a, b) and note that p, and p, are nonzero pure quaternions. If
(a,b) N W # 0 choose A € H such that a + bA € W. Choose a pure
quaternion p such that ¢ & RA, and p, and pp,u are R-linearly
independent. By replacing p with —p (if necessary) we may also assume
that gp — pg is not of the form

(5.13)  ap; + Bppp, a =0, =0,a + B <0.
Now set

(5.14) x(t) =acost + busint, 0=t = a/2.

Since p & RA, we have x(t) & W for all ¢. Since g(a, a) = g(b, b) = 0,
g(a, b) € R,and p + g = 0, we have

f(x@), x(1)) = 0 for all ¢.
A simple computation gives
h(x(t), x(t)) = p, cos’ t + pp, p sin® ¢
+ (gn — pg) sin ¢ cos t.

Since p; and pp,u are R-linearly independent and gu — pq is not of the
form (5.13), we have

h(x(t), x(1)) # 0 for0 =t = n/2.

Thus we have shown that the path (5.14) lies in Sy. Since x(0) = a and
x(m/2) = bu, the proof is completed.

LEMMA (5.15). Let u = SO*(2n), V = H", and let W be a subspace of V
containing E(u). Let Ty, be the set consisting of all vectors a € V\(1 —

+
u)W such that f(a, a) # 0 and u — ru. Then Ty, is arcwise connected.

Proof. Define the forms g and 4 on V by
g, y) =f(x, (™' —w)y), h(x,y) = f(x, 2 —u — u )y).
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Then g is hermitian, 4 is skew-hermitian and by the previous lemma the
set

Sw = {x € \W:g(x, x) = 0and h(x, x) # 0}
is arcwise connected. Hence it suffices to show that Ty = (1 — u)Sy.
Since W D E(u) = Ker (1 — u), we have

xe \W=({1—ux & (1 —u)W.

Now the equality Ty = (1 — u)Sy follows from Lemma (1.2) and the
observation that

glx,u) = f(x, (1 — wx) + f(x, (1 — u)x),
hix, x) = f(, (1 — u)x) — f(x, (1 — u)x).

_+.
LEMMA (5.16). Let A — A" where

Ay (1. 1),

A= mAS(1, 1) + X AJ(A N, +{ v
(1, 1) = oA Ax) AT .

and Re (\y — p) = 0 for all k’s. Then

()A 2 A (=1, —1), A 2 AT(L, 1);
(ii) A" contains only the indecomposable types A1, 1), A1, 1),
AVS(—1, —1), Ay(— 1, = 1), and A\, N) for various N’s.

Proof. (i) Let (V, f, u) € A and choose x € V such that f(x, (1 — u)x)
= i/2, and with a = (1 — w)x, (V, f, ru) € A.If A D A} (1, 1) then
necessarily n = 0 and a € E(u). This is a contradiction since E(u) is
totally isotropic and f(a, a) = i by Lemma (1.2). If A D A, (—1, — 1)
then let g be the hermitian form defined as in Lemma (5.1). Since

g(y,y) =2Ref(y,(1 —u)y) foraly €V,
we have g(x, x) = 0. By Lemma (5.1) we have g = 0 and
x € Ker (¥ — 1)

Thus a € E(—u) and since E(—u) is totally isotropic we have again a
contradiction.

(1)) If —1 € eig (A’) then the assertion follows from Lemma (5.6). From
now on we assume that —1 & eig (4").

Let (V,f,u) € A, W = Ker (u—1) + Ker (1> — (u + Bu + 1) and let

+
T be the set of all non-isotropic vectors ¢ € V such that u — r,u. Note

that 7\(1 — u)W is the set T defined in Lemma (5.15). It follows from
the proof of Lemma (5.6) that for ¢ € T the condition a € Ty is
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equivalent to the condition E(—r,u) = 0. For a € Ty let g, be the
hermitian form defined by

gu(x.y) = ef(x, (u” 'y = ra)y). x.y € V.
The radical of g, is the subspace

X, = Ker(u " 'r, — ru) = Ker (1 — (ruu)z)

= Ker (1 — ru) = E(r,u).

Hence dim X, = dim E(r,u) = dim E(u) + 1 isindependent of a € Ty,
We claim that g, = 0 for all @ € Ty,. Since Ty is arcwise connected and

dim X, is constant, it suffices to verify that g, = 0 for some a € T),. By
Lemma (5.1) this is equivalent to the claim that there exists a type A” such

+
that A = A”, —1 & eig (A”), and A” contains only the indecomposable
types listed in (ii). In order to prove the latter assertion we may assume
that A is one of the types

A (), p # =1 or

AYA, ) + Ap (1 m) with Re A — p) = 0.
By switching p and i, and A and A (if necessary) we may assume that

elmA>0andeImp < 0.
By [S, Lemmas (7.3) and (7.5) ] we have

B Ag (—p?) + AKl) L Rep >0,
A = AY(D  Rep =0,
Ao(—p?) + Ag(1) ,Reu <0,

and
Ag) + Ag () = Ay (—Ap) + Ag(l), Re (A — p) =0,

where all these types are U-types. By quaternionizing and by using Table 1

we obtain
—e AY(1, 1) ,Repn =0,
A, . _
G _){Ao(*.“za —) + A, 1) ,Rep #0
and
AGAL X)) + A (1 ) = Ag(1, 1)
+{%ﬁL—u_ ,Re(X — p) =0,
AO(_}\"‘L’ - >\:U‘a) ’ Re (}\ - IJ’) > 0.

Thus our claim is proved.
Now choose a € Ty such that (V, f, r,u) € A’. Since g, = 0, the
assertion in (i1) follows from Lemma (5.1).
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6. Proof of the main result.

Proof of Theorem (4.2). In a remark preceding Lemma (3.2) we have
observed that § = [(A) — r(A) = 0, 1, or 2. The assertion § = 0 in case (i)
follows from Lemmas (3.1) and (3.2), in case (ii) it is trivial, in case (iii) it
follows from [5, Lemma (7.3) ], and in case (iv) it follows from [5, Lemmas
(7.2) and (7.10) ].

We shall now prove that § = 1 in the cases (v)-(viii). For that purpose
we may assume that in cases (vi)-(viii) we have Im A, > 0 for all k’s and
Im p > 0. We shall need the following results about U-types. By [5,
Lemma (7.9) | we have

AS(1) + Ag(—1) = Ay (D).

By [5, Lemmas (4.6) and (4.7) | we have I' — A\, X ) for some A, if T is
one of the types:

Ay (=D, AGAD -+ Ag (= 1), A + A ‘o),
A + Ag (), A (.

By quaternionization we obtain that

(6.1)  AY(L D) + Ag(—1, —1) = A1, 1),

and

(62) T'—=AMMALXTH

if I is one of the types

(6.3) ATS(—1, = 1), Ay, Ay) + A0(—51, =1, A:)O\Iv’s)_\l) + Afl(Z\z» A2),
Ao, Ay + A (s 1), Ay (1, ).

0
In case (v) it follows from (6.1) that A — A’ where A/ is as in (iii). Hence
in that case

(A =1 A)+ 1T =rd)y+1=r@A) + 1
In case (vi), if p = n = 0 it follows from (6.1) that we have
0
A— A D A1, —1) + Ay(1, 1).

By the assertion in case (i) we have then /(A’) = r(A’) and so § = 1. In
case (vi) with p + n > 0 and in cases (vii) and (viii) A contains at least one

0
of the types (6.3). Hence in these cases we have A — A’ with A’ loxo-
dromic and so § = 1.
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It remains to prove that § > 0 in cases (v)-(viii) and § > 1 in cases
(ix)-(xi). In case (vi) Lemma (5.2) implies that § > 0. Let us choose a
sequence

A =AY 5 Al - 5 AD

where AY) is the trivial type, / = [(A), and set A" = A,

(ix) In this case Lemma (1.1) implies that r(A") = r(A) + 1 and
consequently § > 1.

(v) Assume that § = 0. Then we must have AK) BAKHD for 0 = k < 1.
This is impossible by Lemmas (5.4), (5.5) and the case (ix).

(vii)-(viii) If #(A") = r(A) then

IA) = IAY + 1= rA) + 1= r(d) + 1,

+
1.e., 6 > 0. Otherwise we have A — A". If —1 € eig (4") then by Lemma
(5.2) (1) we are in case (viii), Re (A, — p) = 0 for some &, say for k = n,
and

n—1

A= mAS(1, 1) + A= 1, —1) + X A§A, ).
k=1

Taking into account the restriction (c) in case (viii), we infer that A, # 0.
Then by Lemma (5.2) (ii) we have /(A”) > r(A’) and so § > 0.

If —1 & eig (A’) then Lemma (5.16) implies that A’ contains only the
indecomposable types A{(1, 1), Ag(1, 1), and AG(A, X) for various A’s.
Again by Lemma (5.2) (i1) we have /(A”) > r(A’) and § > 0.

It remains to show that § > 1 in the cases (x) and (xi). If r(A") = r(A) +
1 then

[(A) = 1A + 1 =rd) + 2
0
and so & > 1. Thus we may assume that r(A’) = r(d), i.e., A — A’ or
+
A— N
(x) First note that Lemmas (5.4) and (5.5) together with the case (ix)

0
imply that § > 0. Assume that A — A’. By Lemmas (5.4) and (5.5) we
have the following facts: If

64) A, =mAl (1, 1)+ (n — DAL, 1) + Ag(—1, — 1)
then A, is one of the types
(m — DA (1, 1) + nAT(1, 1) + Ay(1, 1), or
mA (1, 1) + (n — DA (1, 1) + A1, 1),
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while in case
6.5) A, = mA (1, 1) + nA; (1, 1) + Ay(1, 1)
we have

AL = mAT(1, 1) + nAT (1L 1) + AS(L 1) + Ag(—1, —1).

€

Since [m—n| > 1, it follows from the case (v) and our opening note that
[(A") > r(4A’) and so

A =1+ 1T>r @A)+ 1 =rA)+ 1,6 > 1.

+
Now assume that A — A’. Lemmas (5.4) and (5.5) now give the
following: If A, is given by (6.4) then A} is one of the types

mA[ (1, 1) + nA; (1, 1) or
(m — DAL 1) + (n — DA (1, 1) + A1, 1),
while when A, is given by (6.5) we have
A, = mA (1, 1) + nA, (1, 1) + Ay(—1, —1).
If A, = mA (1, 1) + nA; (1, 1) then by case (ix) we have
I(A) = r(A) + 2.

Otherwise A, is again of type (x) and by using induction on r(A) we
obtain

I(A) = r(A) + 2.
Thus in both cases

I(A) =1A)y+1=rA)+3=r)+26=2

+
(xi) We shall prove that § > 1 by induction on m + n. If A — A’
(this cannot happen when m + »n = 0) then by Lemma (5.5) (ii) A} is of
type (xi) and the induction hypothesis gives

[(A) > rA) + 1.
Hence ‘

(A = I(A) + 1 >rA) +2=rA)+ 1,8 > 1.
If »(A") = r(A) we obtain

I(A) = 1(A) + 1 = rA) + 1> r(d),

i.e., 8 > 0. Combining the two cases we see that § > 0. If A — A’ then we

0
have already observed that 6 > 1. If A — A’ then Lemma (5.5) (ii)
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implies that A} is again of type (xi) and by the fact established above we
have /(A”) > r(A’). Hence

(A =AY+ 1>r )+ 1 =rA)+1, §>1.
This completes the proof.

Proof of the Corollary (4.3). (i) Clearly if a type A contains one of the
types a)-p) of Lemma (3.2) then by that lemma A is pseudo-loxodromic.
Now assume that A is pseudo-loxodromic. By Lemma (3.1) we have /(A) =
#(A). By Theorem (4.2) one of the cases (i)-(iv) of Lemma (4.1) must hold.
We have to show that the types specified in cases (ii)-(iv) are not
pseudo-loxodromic. This is obvious in case (iii). In case (ii) this follows
from Lemma (5.2) (i). In case (iv) this follows from Lemmas (5.4) and
(5.5).

(it) It follows from part (i) that the types a)-p) of Lemma (3.2) contain
all minimal types. It remains to check that every type a)-p) in Lemma (3.2)
is minimal. Since we know that these types are pseudo-loxodromic it
suffices to prove the following: If A is one of the types a)-p) and A = A’ +
A” with A” indecomposable then A’ is not pseudo-loxodromic. Using (i)
this amounts to showing that A" does not contain any of the types a)-p).
The verification is straightforward and we omit the details.

(1i1) This follows from part (i) and Lemma (3.3).
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