NOTES ON NUMBER THEORY II
On a theorem of van der Waerden
Leo Moser
(received August 28, 1959)

A well known theorem of van der Waerden [1] states that
given any two positive integers k and t, there exists a positive
integer m such that in every distribution of the numbers
1, 2, ..., m into k classes, at least one class contains an
arithmetic progression of t + 1 terms. Other proofs and
generalizations of this theorem have been given by Grinwald
(2], witt [3] and Lukomskaya [4]. The last mentioned proof
appears in the booklet of Khinchin "Three pearls of number
theory'" in which van der Waerden's theorem plays the role of
the first pearl.

Let W = W(k,t) denote the least integer m such that in
every distributionof 1, 2, ..., m into k classes at least one
class contains an arithmetic progression of t + 1 terms. All
known upper estimates for W for general k and t are far beyond
the range of explicit expressions in terms of common algebraic
operations. The first non-trivial lower estimate was given by
Erd8s and Radé [5]. They proved

1
(1) W(k,t) > (2tkt)z .

This result was obtained by an averaging argument which does
not yield any method for finding the desired distribution except
the obvious but impractical method of examining all possible

distributions of 1, 2, ..., (Ztk )2 into k classes. The object qf
this note is to construct a distribution which yields

(2) W(k,t) > tk¢logk

where ¢ is a fixed constant. It is clear that for k sufficiently
large compared to t, (2) is stronger than (1),
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We will first prove (2) in the case t = 2, i.e. for
(3) m = [2ke log k]
we will split 1, 2, ..., m into k classes in such a way that no
class contains the average of two of its elements. Let n be the
integer determined by
2
(4) 2(0-1)* ¢ < 20® |
z .
Express every x €« m < 2% in the base 22, so that

(5) x=a0+aj2%+ a(2M2+ ... +ap (2771, 0 €25 <20,

As is well known, the aj will be uniquely determined by x. Let
us further define bj by

(6) aj=bj(mod 2), bj=0o0r1l,i=0,%2,...,n-1

and

n-1
i=o

"

(7) M(x) by 21 .

Finally we define N(x) by

-1
(8) N(x) Zr.:zo a;2 .

We now distribute 1, 2, ..., m into classes putting x
and y in the same class if and only if

(9 M(x) = M(y) and N(x) = N(y) .

‘We will show that in this distribution the number of
classes does not exceed k and that each class is "progression
free''. Since x ¢ m < 21" we have by (5) and (8)

(10) N(x) < n,222 ,

Also (6) and (7) yield

(11) M(x) < 2B

Hence the number of classes does not exceed n.23n < 24(n-1)
for n > 6. But now 2{0-1)° ¢ m < 2kc log k implies

(n-1)2 < c)(log k)® and 24(n-1) £ k if c and c] are suitable

constants.

We next show that our classes are progression-free.
Suppose that x and % are in the same class and that the digits
of x are agll), al(l y .o ..alﬁ and those of y are

30(2), al(z) » eve s an(_zf . Since M(x) = M(y) we have
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ai(l) = ai(z) (mod 2). Hence the digits of z = $(x+y) will be 31(3)
where ai(3) = %(ai(l) + ai(z)). But now

2L (@302 S {3(ag(1) + a5f2)} 2

{2 @iM2+ Y (2;(2)2}= 1 {Ne) + Niy)} = N(x).

with equality if and only if a; A1) = al(z) fori=0,1,2, ..., n-1.
Thus if x and y are distinct e.«.nd in the same class then z(x+ y)

is in another class, and the proof of (2) is complete for the case
t=2.

Suppose now thatt = 2, We split the integers
1, 2, ..., m = [2k€ log k] into k classes as before. Further,
we put two integers in the same class if x = y (mod m). If the
resulting distribution of 1, 2, ..., m [t/2] contains a class
with t numbers in arithmetic progression, then this class will
also contain an arithmetic progression of 3 terms in an interval
[rm, (r+1)m] , and hence there will be an arithmetic progres-
sion of three terms in the interval [1,m] which, as we have
seen, is not possible. Thus we have W > it k¢ log k |
However, the 2 in the last result can be absorbed by changing
the constant c. Hence the proof is complete,
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