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It is well known that Sobolev's Lemma on the continuity of 
2 

functions possessing L distributional derivatives of sufficiently-
high order is a simple consequence of elementary properties of 

2 
the Fourier transform in L (e.g. [l, p. 174]). (In fact this 
statement remains true if 2 is replaced by p, 1 <_ p <C 2). In 

this note we show that imbedding theorems of the type W ' 
q 

CL can also be obtained using Fourier transforms and an 
elementary lemma which reduces the cases p > 2 to the case 
p = 2. The simplicity of this approach is obtained at the expense 
of a slight loss of generality in the imbedding theorem. 

Let SI be an open set in R . Let m be a positive integer 
n 

and let p be real and satisfy 1 <_ p < oo. We denote by W ' (ft) 

the closure of the set of infinitely differentiable functions with 

compact support in Q with respect to the norm 

!|u|| = {. ? l!Dftu||P } 1 / P 

m,p l M < m M ' ' o, p J 

where Null denotes the norm in L^ = L (il). As is customar 
o, p 

a = (or.,. . . , or); \ <x\ - a.+. . . +Q> Î D = (-7 ; . . . (~ ) ; 
1 n 1 n 9x, 9x 

1 n 
the a being non-negative integers. We prove the following 

i 

THEOREM (Sobolev): If 2n(n + 2)"1 < p < nm"1 then 
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W111' P C L r with continuous imbedding for p < r < np(n - mp) '. 
o 

(p < r < oo if n = m p ) . 

- 1 
The r e s t r i c t i o n 2n(n + 2) < p o c c u r s b e c a u s e the F o u r i e r 

t r a n s f o r m fa i l s to be adequa te ly defined in Is for p > 2. Th is 
- 1 

a l so r e s u l t s in loss of the endpoint r = np(n - mp) . The 
conc lus ion for a r b i t r a r y m fol lows f r o m tha t for the s p e c i a l 

c a s e m - 1 s i nce the mapp ing u -> — is cont inuous f r o m W 
ox. o 

into W " 1 " 1 ' 1 5 . ' 
o 

- 1 
F o r the c a s e m = 1, 2n(n + 2) < p < 2 the t h e o r e m can 

p 'v. 
be p r o v e n as fo l lows . F o r u € L le t u denote the funct ion 

coinciding with u on i l and equa l to z e r o in R - ; . . Le t u 

be the F o u r i e r t r a n s f o r m of ii , the t r a n s f o r m v a r i a b l e being 
denoted by È. If u e W then u , -— e L (R ) and so 

o ox. n 
J 

u , e .u , e L P ' ( R ) w h e r e p " 1 + P » " 1 - 1. Thus (1 + | | | )u e L P (R ) 

Since (1 -f \? I) € L^(R ) for every a > r; it fol lows by 
n 

H o l d e r ' s inequa l i ty tha t u = (1 + |£ | ) (1 + |g | ) u € L (R ) for 

- 1 e v e r y s sa t i s fy ing p ' :> s > s E np ' (n + p ! ) . Since 
- 1 

2n(n + 2 ) < p we have s < 2 . Choosing s such tha t 

î s i _ i _ i 
s < s < 2 we obta in u € L (R ) w h e r e s + s ! = 1 and so 

o — n 
s by F o u r i e r ' s i n v e r s i o n f o r m u l a u € L» for 2 < s1 < s ! = 

J — o 

~ \ D s ' r 
np(n - p) . Since L f l L C L w h e n e v e r p £ r <: s ! it 

r - 1 
follows tha t u € L for p <C r < np(n - p) . The cont inui ty of 
the imbedd ing in th is c a s e is an i m m e d i a t e c o n s e q u e n c e of the 
cont inui ty of the F o u r i e r t r a n s f o r m as a m a p p i n g f r o m 
L P in to L P . 

The va l id i ty of the t h e o r e m in the c a s e m = 1 , 2 < p < _ n 
is a c o n s e q u e n c e of the 
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LEMMA. Le t p > 2. If u e W 1 , P O L q for al l q such 
o ^ 

r 
tha t p < q < q then u € L for a l l r such that 

— xo 
- 1 

P £. r < r ~ 2n(n - 2) [1 + (p - 2) q / 2 p ] . M o r e o v e r , if 

u < c o n s t . u I then u I < cons t . lul l 
M i i Q j q_ 1, p o, r — 1, p 

-1 
Proof . If np(n - 2) < r < r then r = 

— 1 o 1 

2n(n - 2) [ l + ( p - 2 ) q / 2 p ] w h e r e p < q < q . Let v = |u| w h e r e 

s = 1 + (p - 2) q /2p > 1 so that — = s | u | sgn u r— e L by 
^ 9x ox. 

J J 
H o l d e r ' s i nequa l i ty . Also p / s £ 2 £ q / s so that 
v e L P / S 0 L q / S C L 2 . Thus v € W 1 ' 2 C L t for 2 < t < 2n(n - 2 ) " 1 

o — 
r 

by the p r e v i o u s c a s e . T h e r e f o r e u e L for any r = st sa t i s fy ing 
2s < r < r . But 2s - p if q = p and r t can be m a d e as c lo se 

— 1 i i i I 

r 
a s d e s i r e d to r . Hence u e L for any r such that 

o 
p < r < r . 

Now if C , . . . C denote v a r i o u s cons t an t s we have by the 

p r e v i o u s c a s e that 

IN!0 , r - Hv||£ 

J J 

P / S - Q / S 

But v e L ! | L ' and ap/ s + (1 - a) q/ s = 2 w h e r e 
0 <_ a £ 1. Thus by H o l d e r ' s inequa l i ty and s ince 
| u < cons t . u we have 

M o y q - " l , p 
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iivii , < i i v i r p " ' i i v i i t l - ' ; , i / 2 ' = iiuiro
p

D
ftiiui!< i";)<!/2 

•' " o , 2 - " " o , p / s " o, q / s ° ' P ° ' c l 

Also by Holder 1 s inequa l i ty 

! i ^ v 11 11 1 1 s ~ 1 1 i 9u 1 1 ^ ^ 1 1 11s 

' 'ax.11 o, 2 - " M o, q ! l 8 x . M o , p - 4 M M l , p 

s o t h a t | | u | | <_ C J J UL [ j c o m p l e t i n g t h e p r o o f , 
o, r 5 1 , p 

R E M A R K . If p > 2 t h e n W 4 , P C L , r f o r p < r < n p ( n - 2 ) " 4 

and Nul < c o n s t . u w h e r e the c o n s t a n t i s i ndependen t 
o, r — 1, p 

of u. The proof i s the s a m e as for the l e m m a taking q - p . 

The proof of Sobolev ! s t h e o r e m for m = 1, p > 2 can now 
_ \ 

be c o m p l e t e d . Le t r = pr r = 2n(n-2) [l + (p -2 ) r / 2 p ] . 
O K K—

 J. 

1, p r 
S u c c e s s i v e app l i ca t ions of the l e m m a show tha t W C L for 

o 
p <C r < r , k - 1 , 2 , 3 , . . . with cont inuous i m b e d d i n g . C l e a r l y 

- 1 
r -*- np(n - p) a s k-> co(r -* 00 if n ~ p) whence the t h e o r e m . 

REMARK. The l e m m a can be modif ied to yield a proof of 
the imbedding t h e o r e m for the c a s e p > p > 1 when the t h e o r e m 

o "~ 
has a l r e a d y b e e n e s t a b l i s h e d for p = p . 

R E F E R E N C E 
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