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1. In t roduc t ion . The pu rpose h e r e is to study a type of 
p e r t u r b a t i o n p r o b l e m , a r i s i n g f rom a di f ferent ia l equat ion , which 
i s not included in the r e a l m of ana ly t ic o r a sympto t i c p e r t u r b a t i o n 
t heo ry [4] , [6]. Such a p r o b l e m a r i s e s when the domain of the 
d i f ferent ia l o p e r a t o r h a s been subjected to a v a r i a t i o n ( r a t h e r 
than the f o r m a l o p e r a t o r ) . We p r o p o s e to outl ine one s imple 
p r o b l e m of th i s type , conce rned with a second o r d e r o r d i n a r y 
d i f fe rent ia l o p e r a t o r . Our p u r p o s e i s to obtain a sympto t i c e s t i m 
a t e s for the c h a r a c t e r i s t i c v a l u e s of a r e g u l a r S t u r m - L i o u v i l l e 
p r o b l e m on a c losed i n t e r v a l [ a , b ] when b i s n e a r a s ingu la r 
point of the d i f ferent ia l o p e r a t o r . S i m i l a r r e s u l t s have b e e n o b 
ta ined in [3] , [8] , and [9] by o the r m e t h o d s . 

C e r t a i n s i tua t ions in quantum m e c h a n i c s leading to v a r i a 
t iona l p r o b l e m s of the p r e s e n t type have r ece ived c o n s i d e r a b l e 
a t t en t ion ; see [3] for r e f e r e n c e s leading b a c k to the phys ica l 
o r ig in of the p r o b l e m . Re la ted ques t ions have been c o n s i d e r e d 
by Schiffer and Spencer [7] in connect ion with the v a r i a t i o n of 
G r e e n ' s function and o the r domain funct ionals for the Lap lac i an 
o p e r a t o r on finite R iemann s u r f a c e s . 

Our t r e a t m e n t h e r e may be r e g a r d e d a s a m o d e l foT the 
m o r e difficult s i tua t ions that a r i s e in connect ion with e l l ip t ic 
p a r t i a l d i f fe rent ia l equa t ions . We r e m a r k that such p r o b l e m s 
for e l l ip t ic o p e r a t o r s on s u r f a c e s a r i s e when the sur face i s d e 
fo rmed topologica l ly by cut t ing a hole o r a t t ach ing a hand le , and 
adjoining a b o u n d a r y condi t ion on any new boundary component 
t h e r e b y in t roduced . 

S t u r m - L i o u v i l l e p r o b l e m s will be c o n s i d e r e d for the f o r m 
ally se l f -adjo in t d i f ferent ia l o p e r a t o r M defined by 
(1) k(s)Mx = -[p(s)x* ]« + q(s)x 
on the b a s i c r e a l i n t e r v a l [a,a>), w h e r e a p r i m e deno tes d i f fer 
en t ia t ion with r e s p e c t to s. The functions k, p , q a r e r e a l -
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valued piecewise continuous functions on the basic interval with 
the further proper t ies that k and p are positive-valued, and 
p is differentiable. The point co is supposed to be a singularity 
of M and the possibility that Q = oo is not excluded. We shall 
consider only the case that <o is a limit point singularity in H. 
Weyl1 s classification [ l ] , [5]. The limit c ircle case has been 
considered elsewhere [10] by the author. 

2. Basic and perturbed problems. The following notation 
will be used 

(2) (x>y) s
 = J a x ( t , 7 ( t ) k ( t > d t ' a < s < cj 

The symbol (x,y) will be used for the left member of (2) when 
2 2 

s has been replaced by co . The notations L. (a ,b) , L (a,co) 
will be used for the Lebesgue spaces with respective inner p ro
ducts (x, y) , (x, y) and norms | | x | | , | | x | | . (This consitutes 

b b 
a slight departure from the customary usage. ) Let B and B 

be the l inear boundary opera tors defined by 
B y = a y(a) + aty

] (a) 
a o 1 

B y = p (b)y(b) + p (b)y' (b) (a < b < <o ), 
b o 1 

with a , a real and not both zero, and p (b), (3 (b) rea l -
o . 1 o 1 

valued and not both zero for any b on [b ,o>) for some fixed 
o 

b . Lret D, be the set of all complex-valued functions 
o b 

2 
y € L (a,b) which have the following proper t i es : (a) y is 
differentiable and y1 is absolutely continuous on [a ,b] ; 

2 
(b) My € L, (a ,b) ; and (c) y satisfies the homogeneous bound
ary conditions B y = B y = 0. Consider the regular Sturm-

a b 
Liiouville problem 
(3) My = ny, y € D 

b 
on the interval [a ,b] . Our problem is to est imate the cha rac te r 
ist ic values n = n and the charac ter i s t ic functions y = y in 

b b 
t e r m s of the charac ter i s t ic values m and the charac te r i s t ic 
functions x of the singular problem 
(4) Mx = mx, x c D, 

2 
where D is the set of all complex-valued functions x c L, (a,o)) 
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with the propert ies (a) x is differentiable on [a,w) and xf 

is absolutely continuous on every closed subinterval of this 
2 

interval; (b) Mx € L (a,GO); and (c) x satisfies the homogeneous 
boundary condition B x = 0. No boundary condition is required 

a 
at the singular endpoint w in the limit point case under consid
eration. 

The character is t ic value problem (4) is called the basic 
problem and (3) is called a perturbed problem. The endpoint 
b is the perturbation parameter . In various problems of prac t 
ical interest [3], [8], the character is t ic values m and charac
ter is t ic functions x of the basic problem are easily calculated 
(examples of the la t ter being Legendre, Laguerre , and Herrnite 
polynomials). Our main purpose is to obtain asymptotic es t im
ates for each character is t ic value n for b near co under 

suitable hypotheses. The results are obtained here by a method 
communicated by Professor H. F. Bohnenblust, in which a suit-

2 
able projection mapping on the space L (a,b) is considered. 
Similar resul ts were obtained previously by the author [8], [9] 
by means of an integral equations approach. 

3. Asymptotic es t imates for character is t ic values. JLet 
j be a complex number with Im j ^ 0, and let M be the 
o o o 

differential operator M - j . Let h(s) be the uniquely deter

mined solution of the boundary value problem 
(5) M h = 0, B h = 1, B h = 0. 

o a b 
The uniqueness follows because j is not a character is t ic value 
of the real , symmetric operator M on D . Thus M g = B g = 

b o a 
B g = 0 imply that g is the zero function. Such a solution h 

b 
of (5) is called an M measure on [a,b] with respect to the 

o 
boundary operators B , B, . 

a b 
Let x, w be linearly independent solutions of Mx = mx 

with x € D, | | x | | = 1, and p(xwf - wx! ) = 1 [5]. The 
following assumptions will be made in the sequel; they are sat
isfied in most situations of pract ical interest [8]. 
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(i) The s i ngu l a r i t y co i s not an a c c u m u l a t i o n point of . the z e r o s 
of x, w and the quant i ty p = x(b) /w(b) i s o( l ) a s b -*- co. 

b 
(ii) the n o r m I Ihl I of the M m e a s u r e on [ a , b l i s a bounded 1 ' ' . b o 
function of b on [b , co ) for some fixed b > a. 

o o 
(iii) The b o u n d a r y o p e r a t o r B s a t i s f i e s the condi t ion tha t 

b 
w(b)B x /x (b )B w i s bounded on [b ,co). 

b b o 

The t h i r d a s s u m p t i o n is a r a t h e r m i l d r e s t r i c t i o n on the 
b o u n d a r y condi t ion at x = b . See [8 ; p . 838] for speci f ic ex 
a m p l e s when co i s a r e g u l a r s i ngu l a r i t y o r an i r r e g u l a r s ingu l 
a r i t y of f ini te r a n k . 

In t e r m s of the l i n e a r l y independen t so lu t ions x, w of 
Mx = m x d e s c r i b e d above , define z(s) = x(s) - (B, x / B , w)w(s) . 

b b 
Then Mz = m z , B z = 0, and B z = 0(p ) (b < b < co), 

b a b o — 
w h e r e a s s u m p t i o n (iii) h a s b e e n u s e d . Let G denote the 

b 
l i n e a r i n t e g r a l o p e r a t o r whose k e r n e l i s the Green 1 s function 
on [ a , b ] a s s o c i a t e d with the o p e r a t o r M and the b o u n d a r y 

o 
cond i t ions B y = B y = 0. Define f = z - (m - j )G z, 

a b o b 
which i s a tw ice d i f fe ren t i ab le so lu t ion of M f = 0 sa t i s fy ing 

o 
B f = 0(p ) and B__f = 0. Since the M m e a s u r e wi th r e s p e c t 

a b b o 
to B , B i s un ique ly d e t e r m i n e d , it fol lows tha t f(s) = (B f)h(s) 

a b a 
and hence | |f | | = 0(p ) | | h | | . Since | | h | | i s bounded by 

b b b b 
a s s u m p t i o n ( i i ) , t h e r e e x i s t s a c o n s t a n t C such tha t 

I lfl l b i c P b ! \zWh> and h e n c e 

(6) | | z - (m - J 0 ) G b Z | l b < C P b | i z | | b . 

Le t P(d) (0 < d < d ) denote the p r o j e c t i o n m a p p i n g f rom 
— o 

2 
the H i l b e r t s p a c e L» ( a , b ) onto i t s sub space spanned by a l l 

c h a r a c t e r i s t i c funct ions y of (3) with |n - m | <C d. The 
following fundamen ta l l e m m a can be p r o v e d by apply ing the 

P a r s e v a l c o m p l e t e n e s s f o r m u l a to the se t { y } . The d e t a i l s 
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of the proof have b e e n given e l s e w h e r e [10] and wi l l be omi t t ed . 

2 
LEMMA. F o r any Z € L ( a , b ) , 

| | Z - P ( d ) Z J | b < ( l + | m - J o | / d ) | | Z - (m - J 0 Î G b Z | l b -

Appl ica t ion of the l e m m a to Z = z and u s e of (6) show 
tha t t h e r e e x i s t s a cons tan t A such that 

| | z - P ( d ) z | | b < ( A p b / 2 d ) | | z | | b 

on 0 < d < d , b < b < w. With the choice d = Ap , we obta in 
— o o — r b 

l l z - P ( A p J z | | < ( 1 / 2 ) | | z | | . Then P ( A p J z = 0 i m p l i e s 
b b — b b 

tha t z = 0 on [ a , b ] . Hence t h e r e e x i s t s at l e a s t one c h a r a c t e r 
i s t i c va lue n = n sat isfying In - m | < Ap (b < b < to), 

b b — b o — 
It can be deduced f r o m the m a x i m i i m - m i n i m u m pr inc ip l e for 
c h a r a c t e r i s t i c v a l u e s [2] tha t t h e r e is exac t ly one . The de t a i l s 
of the proof a r e given in [10] and wil l not be dupl ica ted h e r e . 

THEOREM. Suppose that the s ingu la r i ty to of (1) i s of 
the l imi t point type and that the a s s u m p t i o n s of th i s sec t ion hold. 
Then for e v e r y c h a r a c t e r i s t i c va lue m of the b a s i c p r o b l e m (4) 
t h e r e ex i s t c o n s t a n t s b and A, independent of b , such tha t 

o 

a unique c h a r a c t e r i s t i c va lue ri of the p e r t u r b e d p r o b l e m (3) 

l i e s in the i n t e r v a l | n^ - m | <C Ap w h e n e v e r b < b < co . 

In p a r t i c u l a r , t h e r e e x i s t s a unique n such tha t n -*- m 

a s b -+• co. In the spec ia l c a s e that p(s) = 1 and co = 0 i s a 
r e g u l a r s ingu la r i ty with r e a l exponents X, JJL (X > JJ.) it t u r n s 

out [8] tha t p = 0(b ). The following un i fo rm e s t i m a t e s on 
b 

a < s < b for c h a r a c t e r i s t i c funct ions y , x a s s o c i a t e d with 
— — b 

n , m r e s p e c t i v e l y a l s o can be d e r i v e d by the me thod u s e d in [10]: 

y (s) = x(s) - (B x / B w)w(s) + 0(p ), b > b , 
b b b b — o 

11*11 - l l y b l l b = *-
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