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THE SEXTIC PERIOD POLYNOMIAL
ANDREW J. LAZARUS
In this paper we show that the method of calculating the Gaussian period poly-
nomial which originated with Gauss can be replaced by a more general method

based on formulas for Lagrange resolvants. The period polynomial of cyclic sextic
fields of arbitrary conductor is determined by way of example.

1. INTRODUCTION

Suppose p = ef + 1 is prime. Define the e cyclotomic classes
Ci={¢* modp, j=0,...,e—1, k=0,...,f-1},

where g is any primitive root modulo p. The Gaussian periods 7; are defined by

(1.1) ni= Y. ¢ (= exp(2mi/p).

vec;

The principal class Cy contains the e-th power residues and the other classes are its
cosets. The 7; are Galois conjugates and the period polynomial ¥.(X) is their com-
mon minimal polynomial over Q. Gauss introduced the cyclotomic numbers (h,k)

determined, for a given g, by
(h,k) = #{v € (Z/pZ)" : v € Ch, v+ 1 € Cs}.

It follows that

e—1

(12) nomn = Y _ (b, ke + F6(h, £)

k=0

where § is Kronecker’s delta and £ = 0 or e/2 according as f is even or odd. The
coeflicients of ¥s(X) in terms of p and the coeflicients of the quadratic form 4p =
A? + 27B? were determined by Gauss in Disquisitiones Arithmeticae: enough rela-
tions exist to determine all (h,k) in terms of p, 4, and B. The period polynomial’s
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coeflicients are then calculated as the symmetric functions of the 5s. (See Gauss, Bach-
mann [1], or Mathews [13].) The same general method and (1.2), with the appropriate
quadratic form, was used to solve the cases e = 4 (Gauss [5], 1825), e = 5 (Emma
Lehmer [10], 1951), e = 6 (D. H. and Emma Lehmer (9], 1984), and e = 8 (Evans [4],
1983).

Throughout (, is the root of unity exp (27i/n) and p(-) is the Mdbius function.
Let x be a primitive character of degree e and modulus p. Recall the Lagrange

-1 .
resolvant (sometimes called a Gauss sum) defined by 7(x) = ) x(5)¢}. Provided that
j=0

the periods are defined with primitive root g such that x(¢) = (.,

(1.3) () = 3 (ke
k=0

The inverse of (1.3) is

e—1

(1.4 mi = e 3 G ().

h=0
Since (1.4) does not depend on the existence of a primitive root, it defines 5; for any
character x of arbitrary modulus.

Field-theoretically, embed an abelian field K of degree [K : Q] = e, Galois
group G = Gal(K/Q), and conductor m in Q[¢(m]. Let G be the group of Dirichlet
characters modulo m which annihilate Gal (Q[¢{m]/K) C Gal(Q[¢{m]/Q) = (Z/mZ)".
We say that K belongs to G and G is associated to K. Then G is the dual of G and
G~g {15, Chapter 3]. The Gaussian period is defined in this most general case by

(1.5) ni=e 1Y (Mr(x).

fof

This reduces to (1.4} when § is cyclic and to (1.1) when m is prime. It is easy to
see that 7y = Trgc"'] ¢m- The class Co becomes the kernel of § in (Z/mZ)*. For all
j € Co, the map (,, — (Z, is an automorphism of Q[¢m] which fixes K. The period
polynomial in this general case was determined in an ad hoc way for cyclic cubic fields
by Chatelet {3], and for cyclic quartic fields by Nakahara [14] and (independently) by
the author [8]. The computation of period polynomials can be made systematic through
well-known formulas for arithmetic of Lagrange resolvants.

LeMMa 1.1. (A) For xm and xn, of conductors m,n respectively with ged (m,n)
=1,

7{(xmXn) = X () Xm(3) () (x0)-
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(B) If the conductor of x is m and c is odd, then

cm—1

D xX(3)em = p(e)x(c)r(x)-
i=0
If ¢ is even the sum vanishes.
(C) If X is the set of characters of prime conductor p, £ |p—1, and x* # 1, then

II &) =@ (x*) I @)
PeEX YEX
1[;‘:1 ¢‘=1
ProOF: The first two formulas are routine; the last is the theorem of Hasse and
Davenport [6, 20.4.1X]. 0

REMARKS. (1) The Hasse-Davenport Theorem has been used extensively in cyclotomy
of prime modulus and composite degree; see, for example, Buck, Smith, Spearman and
Williams {2].

(2) The Gaussian periods appear as summands of the ‘Basiszahl’ of an abelian number
field in the elegant paper of Lettl [11].

2. SEXTIC DIRICHLET CHARACTERS

NOTATION. From now on ¥, €, and x will be primitive quadratic, cubic, and sextic
characters, respectively. A subscript, for example xm,, will indicate the conductor.
Powers such as x2, denote a possibly imprimitive character.

We may associate to every cubic character §,, an integer m in Q[({s] as follows.

There is a prime-power decomposition of

£m=£m"'£?u

where each p; is either 9 or a prime congruent to 1 modulo 3. We may assume that if
3 | m, the divisors are ordered such that p; = 9. £, is a complex cubic residue symbol
modulo pj, where p; is a prime of Q[(s] lying over p; (over 3,if p, =9). Set

II#; 3tm
j=1

(2.1) m .
3p1 H p; otherwise.

ji=2
Since there are two conjugate primes lying over each p;, it is clear that there are 2
different cubic characters, where m is divisible by v distinct primes, but ¢ and ¢
generate the same group and are associated to the same field. Therefore there are 2¥~!
distinct cubic fields of conductor m.
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LEMMA 2.1. If ¢, is a cubic character and ,, is a quadratic character, both
primitive with conductor m, not necessarily prime, then

2
T
T(ém¥m) = €m(2)7(¢m)—%)—'

PRrooF: The conductor of a primitive quadratic (respectively cubic) character is
square-free except for powers of 2 (respectively 3), so m is square-free. If m is prime, the
lemma is just the Hasse-Davenport Theorem (Lemma 1.1C). Proceeding by induction
on the number of primes dividing m, write m = pg, p prime, and factor &, = &,

(similazly ¥m ).

T(ém¥m) = €a(P)Va(P)Ep(9)¥p(9)T(€p¥p)T(€qq), by Lemma 1.1A and ged (p,q) =1

= 5”—1(,2—)@fq(p)fp(q)r(E,)zr(éq)zd»q(p)¢,(q)r(¢,,)r(¢q),
by inductive hypothesis
— (Do) )

0

LEMMA 2.2. The complex integer m defined by (2.1) is equal to the Jacobi sum
J(émsém) = ‘r(fm)z/-r(zm) . The sextic resolvant T(€m¥m) = Em(2)T(Ym )7 (€m )M/ m.

PRrooF: The first clause is well-known, for example, Hasse (7, Section 2(1)]. The
second now follows using the previous lemma.

3. THE PERIOD POLYNOMIAL

The sextic period polynomial will be determined from these lemmas. Let K be
a cyclic sextic field of conductor m. K is the compositum of a quadratic field K,
of conductor my and a cyclic (hence real) cubic field K3 of conductor ms. Set g =
gcd (m2,m3). In this section we shall assume that 3 { g; we shall treat the other case
afterwards. Let n; = m;/g, i = 2,3. Then m = gn;n; and 34 g implies g, n,, and ny
are pairwise co-prime.The sextic character xm, can be factored into a product of cubic
and quadratic characters:

Xm = fma'/’m, = ngn;'ﬁy'/’n, .

We define g and m as the Jacobi sumsof £ and €m,. (If g = 1, we define g =1.)
Let n= m/g, which is J((n;yfﬂ;) if ny > 1.
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We are now equipped to determine the resolvants necessary to use (1.4). Clearly
7(x®) = p(m). Since Kj is real, ¥m,(—1) = Xm(—1). From Lemma 1.1B and the
result of Gauss on 7(3),

T(Xil) = "'(na)’/’m: ("3)\/"75’ m; = Xm(_l)‘mzo

From Lemmas 1.1B and 2.2,

T (X?n) = “("2)57"3 (‘nz )T (Ema) .

The sextic resolvant can be found in terms of the quadratic and cubic ones by Lemmas
1.1 and 2.2.
(3.1)

T(Xm) = €ng¥ny (9) €g¥g(nsn2) T(€ns¥n, ) T(€5%4)

= &ns¥ns (9) %9 (n3n2) €ny (12) ¥ny (n3) T(€ns) T(¥n,) §5(2) 7(¥9) 7(£5)8/ 9
= &y (n2)¥m; (13)65(2)7(Ym, )7(6ms )8/ 9

It is easy to see that 7(x%,) = 7(x2,) and 7(x3,) = xm(—1)7(xm)-
The symbolic coefficients are simpler if we work with the reduced Gaussian period
Aj = enj — p(m). The reduced period polynomial A(X) is given by

A(X) = Il'l'g Ao = Irrk, (Ao) Irrk, (A1).

The normal and reduced period polynomials of degree e are related by ¥.(X) =
e °A.(eX — pu(m)).
ProposiTION 3.1. The minimal polynomial Irrk, (Ao) of Ay over K, is

(X - Ao)(X - Az)(X - A4) = Xs + c2X2 +caX +c
where a calculation shows
Cy = -3 [l.(ns) ‘lﬁ,,-,z (‘ns) \/m;
c = —3y(n2)2m, —3xm(-1) (m - u(n;)zmg)

— 6 p(n2) Pm, (ns) ns Re (€4(2)8)v/m3

co = —2p(n2) ms Re(m) — 6 u(n2) mxm(—1) Re (§;(2)[Ng — p(ns)gl)
{-3n(n2)"ms (2 Re(£(2)n) — p(ns))
—n2 Xm(—1) (273 Re (g?) + p(ns) (g — 3ms)) }m, (ns) /m3.

PROOF: The coefficients were computed from (1.4) and the values of 7(x’) using
the Maple symbolic algebra system, and then simplified by Lemma 2.2. 1]
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To rewrite Proposition 3.1 with rational integer coeflicients, create new variables
with the assignments

(3.2)
zZo +vV—32 A+3\/ -3B L+3\/—-3M R+ 3v -35
£9(2)= y g=F— . M= — = —
2 2 2 2
so that
AL +27TBM AM — BL
(3.3) p= AL+ ZIBM = o _AM - BL
29 2g

Maple’s Grobner basis reduction package normalised cop and ¢; with respect to (3.3)
and the obvious relations on the conductors. We have that

e1 = — 3p(nz2)’ms — 3 xm(-1) (m - p.(ns)zmz)
- ; #(n2) ¥m, (ns)ns (z0 A+ 92 B) /mj
co =— p(nz)ms L

— 2 i(n2) mxm(~1) [z0 (AR +27 BS) + 921 (AS — BR) ~ 2 s(ns) (2 A + 92, B)]
_ {g p(nz2)?ms (z0R — 925 — 2 p(ns)) + %n, xm(=1) [ns (29R

+27ABS — 27 B*R) + 2 u(ns) (g — 3ms)) }¢,,,, (ns) /m3.

Define rational numbers c; and ¢g by ¢o = ¢ + ¢y /m3; similarly ¢3, ¢} and cf. The
conjugate polynomial Irrx, (A1) is

X3 - X 4 (cl—cn/_)](+(c0 2)
Writing the reduced period polynomial
AX)=X°+0X° + deX* + ds X* + &, X* + 1 X + do
we have our main result.

THEOREM 1. The coeflicients d, are given by
dy = —6 p(mz)’ms — 3 (2m + p(n,)’m,) Xm(~1)
d3 = p(nz){—2m3L
+(—6 p(ns) (zoA + 9213) - g [0 (AR+27BS)+ 9z (AS — BR)]) xm(—l)m}

d2=c\? - ( "y 2cgc'2')xm( —1)m,

d1=2(c0c1 66'6'1'Xm( —1)m3)

do = cb? — cl*xm(—1)ma.
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The expanded expressions for the three trailing coefficients are very large.

REMARKS. (1) dy depends on my but not on m, that is, the choice of Kj is irrelevant.
(2) The coeflicients are all divisible by g. This is to be expected, since A; is a sum of
terms divisible by a prime over g.

(3) When 4 | m; the polynomial is even. (This can also be seen directly from the

definition.)
(4) The factor %, (n3) does not appear explicitly.

COROLLARY 3.2. Hm =my =my =g, then

2= -3/ xm(-1)m

¢ =—-3m-—- %(zoL +32: M) /xm(—1)m

co = —mL+ 27 xm(—1)zs Mm + ([8 — 320 + 4 xXm(-1)] m — xm(-1) L?) V/xm(~1)m
dy = -3m(3xm(-1) +2)

ds = [—9 (ZoL + 321M)xm(—1) - 2L]m

dy = [9 (2 —22z — 3zf) xm(—1) + 33] m?

- Z [3 (28L% + 18 202, LM — 322L*) xm(~1) + 8 L*| m
dy=—-9 (921 M+ 2L + 92021 M — zg L) xm(—~1)m?
+3 (2Lm +4zsLm+362Mm — 92z, L2M — zoLs) m
do = (2T xm(=1) 21 M — L)* m® — ((3 — 320 + 4 Xem(=1)]m — Xm(~1) L?)” xm(—1) m.

REMARK. If moreover m is prime we recover formulas (8)—(12) of [9].

EXAMPLE. Toillustrate the theorem, we show in Table 1 all ten sextic period polynomi-
als of conductor 91. The two sextic subfields of Q[(s1] of smaller conductor are omitted.
Although the reduced polynomial is simpler symbolically, the period polynomial in the
table has smaller coeflicients.
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TABLE 1. Sextic period polynomials of conductor 91
m3 ms ] m 69(2)
Co Ta(X)
7 13 1 =Ets/8 1

{1,8,18,25,44,51,53,57, 60, 64, 79, 86}

7 91 M3/3  _g_3/73
{1,2,4,8,16,23, 32,37, 46,57, 64, 74}

7 91 11+0y/=3
{1,8,9,11,30,57, 58, 64, 67, 72, 81, 88}

1+3v/=3
2

13 7 1 135
{1,22, 27,29, 36,43, 48, 55, 62, 64, 69, 90}
13 91 =SS _g_3/-3
{1,4,16,17,23,27, 64,68, 74, 75,87, 90}

13 91 14043
{1,3,9,10,27,30, 61,64, 81, 82, 88,90}

—-5+3v/=3
2

143v/=3 1+3/-3
2 3

91 7
{1,6,20,22,29,34, 36,41, 43, 64, 76, 83}

—5+43/=3 =5+3v/=3
2 2

91 13
{1,5,25,31,34,47,51,53, 64, 73, 79, 83}

91 91 -8-3/=3 -8-3/=3
{1,4,16,23, 34,45, 54, 59, 64, 74, 83, 89}

9/= =
91 91 114 ;/"5 u+o’\/_a
{1, 9,19, 24, 30,33, 34,64, 80,81,83, 88}

X3 - X5 +14X* +13X% +58X? + 16X +8

€
X® — X® 4+ X*+13X° 4+ 162X* — 400X + 736

[&
X - X5 4+ X*+13X3 4+ 71X? 4+ 419X 4 827

1
X% —X®—17X* 4+4X%+57X* — 18X - 27

[
X® - X®-31X*4+4X%+253X% +101X — 391

Cs
X% - X% —31X* +42% +162X% - 81X — 27

(s
X® — X® 422X* —22X° 4+ 148X? — 148X + 337

I8
X® - X® +21X* —22X°% +58X% 423X +155

1
X® — X° 4+ 8X* —113X> 4 435X* — 666X + 428

(s
X% — X5 +8X* —22X% —20X? 4+ 426X + 1611

REMARK. For units in sextic fields see Maki [12].

4. THE SPECIAL CASE 3 | ged (m3,m;)

In this case, we write g = gcd (m2,m3)/3, ns = ms/9g, n, = my/3g, so that 9,
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g, nz2, and ng are pairwise co-prime. We have

Xm = £9€g£ﬂ3¢3¢y¢n3'
We can relate the Gauss sums for x,, to the character x!, = ¥sxm-

LEMMA 4.1. If & is the cubic residue symbol (ﬁ) , then T(€s93) = 7(&s).

Since the character belonging to a field is determined only up to complex conjuga-
tion, we may assume the condition of the lemma without loss of generality.

Lewma 4.2. With xo normalised, 7(x%) = 7(x0n®) = 7(x%) = 7(x&*) =
0, 7(x%) = 7(xn’)s (xm') = 7(xi*) = TOE), T(Xm) = #s(m/9)7(x}y) and
7(x5) = —$a(m/9)7 (xin”) -

PROOF: We have 7(x%) = 7(Xin') = (9 (m/9)) = 0. For the cube, use Lemma
1.1B. From the definition x2, = x',2. Since exactly one of Xm, X', is an even character,

we need prove only the relation on 7(xm). By Lemma 1.1,

T(xm) = x0(9n2n3)Xg¥n; €ns (9)7(x0)T(X0¥n, &n5)
= X9(gnans)Xgéns (9)7(€0)€sns (12)Pgn, (n3)s(2)7(¥gny )7(€gna)a/ g

using Lemmas 2.2, 4.1, and ,(9) = 1. Expanding x(gnzns) and recombining terms,

T(Xm) = &ms(n2)¥s(gnans)dgn, (n3)s(2)7(€my )7(¥en; )0/ 9
Since gns is the conductor of the quadratic field associated to X', comparing this
expression to (3.1) gives the lemma. 1]
The coefficients can now be computed.
PROPOSITION 4.3. The polynomial Irrg, ()o) is given by X*+0X?+¢1X +¢o
where
&1 = =3 (w(n2)ms + xm(~1)m)
= 6v/=1p(n2)Pm, (ns)s(m/9)ns Im (€,(2)8) v/ X (—1)gn2
co = —2p(nz)ms Re (m) + 6 u(n2)xm(—1)m Re ({;(2)ng)
— 6V/=1p(n2)"hums (ms s (m/9)ms Im (£5(2)) v/ X/ (—1)gm2
— 18 V=14pm, (ns)$s(m/9)xm(—1)nzns Im (fig?) v/ x4 (—1)gn2.

The radicand x!,(—1)gnz = —m3/3 appears because /3 is hidden in the imaginary

parts. We have /mj = —xm(—1)v/—3y/x\,(—1)gn2. Making the assignments (3.2)
and (3.3) we obtain:
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THEOREM 2. For 3 | gcd (m2,ms3) the reduced period polynomial A(X) = X® +
4
5> d, X" is given by

v=0

&1 = =3 [ (w(n2)’ms + xm(-1)m) |
— 2 h{ma Yhma (ms W (m/9)xm(~1)ns(3 20 B — 21 A) v/

co = —p(na)msL + g p(n2)xm(~1)m(z0( AR + 27 BS) + 92, (AS — BR)]
+ 2y (ms s (m/9)(29S + ABR ~ A*S) /3
43 (n2) by (s Y3 (/O xm( ~L)ms(3 208 + 21 R)y/mE

dy = ~6 [ (4(na)’*ms + xm(~1)m)] |

ds = ~2u(n2)msL + -gp.(nz)x,n(—l)m[zo(AR +27BS) + 92z(AS — BR)]

dy =% — & xm(—1)m,

dy = 2(che} — cgeyxm(~1)mz)
2 2
do =cy” — 5 Xxm(=1)mz

. — ot " *
where ¢; = ¢; +cj/m3.

As in the general case we suppress writing the trailing terms in full.

REMARK. The remarks after Theorem 1 hold. In addition, if n = 1 and m, =
3 mod 4, d4 vanishes and d; is independent of K3. d; is also independent of Kj
whenever g is prime or trivial, since we can fix g.

EXAMPLE. In Table 2 we give the period polynomials of the six sextic fields of conduc-
tor 63. When ma = 7, Theorem 1 holds; for my = 21, we use Theorem 2.

https://doi.org/10.1017/5000497270001635X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270001635X

[11]

(1]
(2]
(3]
(4]
(5]
(6]
(7]

The sextic period polynomial 303

TABLE 1. Sextic period polynomials of conductor 63

ma Mg g m 59(2)
Co ‘I’G(X)
7 9 1 :%E 1

{1,8,37,44,46,53} | X°+9X*+5X%+36X%+12X +8

7 63 1+32\/Z§ —15—23J—_s (s
{1,8,11,23,25,58} X®+14X3 +63X2 — 168X + 161

7 63 1393 | 6_3/°3 ¢
{1,2,4,8,16,32} X® +14X% +63X2 + 210X + 224

21 9 1 S S
{1,17,26,37,46,62} X°® —12X* +5X° + 36X? — 30X +1

— —15—-8/—
21 63 l+8;/_3 1 = V=3 <3
{1,5,25,38,58,62} | X®—21X*4+14X%+63X%2-21X —35

21 63 Y3 | 6_3/°3 (g
{1,4,16,47,59,62} | X° -21X*+14X3% +63X2 - 84X + 28
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