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Abstract

A Bhaskar Rao design is obtained from the incidence matrix of a partially balanced incomplete block
design with m associate classes by negating some elements of the matrix in such a way that the inner
product of rows ct and /? is ct if a and f) are ith associates. In this paper we use nested designs constructed
from unions of cyclotomic classes to give Bhaskar Rao designs.

1980 Mathematics subject classification (Amer. Math. Soc.): 05 B 20, 05 B 30.

1. Introduction

Let X = A — B, where A and B are v x b (0,1) matrices, and the Hadamard product
of A and B, A * B, is zero. Then AT is a Bhaskar Rao design if

(i) XXT = rI + 'ZT=iCiBi,
(ii) N = A + B satisfies NNT = rl + JJ= I h &i (that is, N is the incidence matrix of

a PBIBD(m)).
Such a matrix X will be denoted by BRD(v,b,r,k; X1,...,Xm; cl,...,cm).

These designs have been considered by several authors. They are a generalization
of weighing matrices (Geramita and Seberry (1979)) and are useful in the
construction of PBIBDs (Bhaskar Rao (1970); Dey and Midha (1976); Street and
Rodger (1979)).

We now introduce some notation useful in the remainder of the paper. As in
Morgan et al. (1976): A & B is the collection of all the elements of A and B,
preserving multiplicity; A + B is the collection of nonzero sums a + b, aeA, beB,
preserving multiplicity; A —Bis similarly defined with nonzero differences; nA is the
collection of n copies of A. As in Storer (1967), the cyclotomic number (i,j) is the
number of ordered pairs s, t such that

xes + i+l=xet+J (O^s,t</-1),
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where x is a primitive root of GF(p"), p" = ef+1. If there is doubt as to which
factorization of p"— 1 is being used, it is specified by writing (i,j)e.

Let G be an abelian group with its elements ordered as gl,g2,—,gv
 m some way.

Let T be a subset of G and suppose T= R<uS, where RnS = (J>. We will denote by
(R, + : S, -) the matrix A = (atj) with

- 1 0,-0;eS,

0 otherwise.

The matrix obtained by squaring each element of A is the usual incidence matrix of
T.

The following lemma appears in Street and Rodger (1979) for the case m = 1; the
proof is analogous.

LEMMA 1. Let TuT2,...,Tn be the initial blocks of a PBIBD(m) and assume the
elements of the ith associate class occur Xt times. Thus

where Cj is thejth associate class. Suppose Tt = RtKj S(, R, n S, = (J>, 1 ^ i ̂  n, and

| .& (Rt-Rdi&{.& (S;-S;)J = .& njCj.

ThenX = [(Ru +;SU -):(R2, +;S2, -):... :(Rn, +;Sn, - ) ] isaERD(v,nv,nk,k;

In the remainder of the paper we use results of Lehmer (1974), Homel and
Robinson (1975) and Morgan et al. (1976) to construct sets which satisfy the
conditions of this lemma.

2. Nested block designs

Lehmer (1974) has given a family of supplementary difference sets (sds). Her
method is used to give related families of sds.

LEMMA 2. Let p" = 2mf+1 be a prime power. Let f be odd and let x be a primitive
root ofGF(p"). Denote the cyclotomic classes with e = 2m by

C,. = {x2ms + 1|s = 0, ! , . . . , / - !} , i =0, l,...,2wi-l.
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Let i0 = 0, i\,..., im_ j be a complete set of residues mod m such that 0 ^ ij ^ 2m — I for
every j and let A be a subset of {0, l,...,m— 1}. Then the m sets

Th={jC^ih, h = 0,l,...,m-l
jeA

are m - {2mf+1; tf; t{tf- l ) /2} sds , where t = \A\.

PROOF. We see that

Th~Th = 2&. *(Z £ (h-ij+m,k-i} + ih))Ck

* = O jeAieA

h 0

and

As/is odd,

(i; -ij + m,k- ij + ih) = {ij - i; + m, k + m + ih - it)

and

X (i, - ij + m,k- ij + ih) + £ (i, - i,. + m, /c + m + ih - i}) = f- 5i},
h — 0 h — 0

where 6^ is the Kronecker delta. Summing over both i and j , we obtain

m - l

= E I E (h-ij + m,k-ij + ih

jeAieAh = 0

m - l= Z Z Z {i]-

= t(tf— l)/2, as required.

THEOREM 1. Let v = p" = 2mf+1 be a prime power, where f is odd. Then there
exists a

BRD (v, mv, tf mtf t{tf- l)/2; (4/r2 - Atfr + t2f-1)/2)

for all 1 s$ r < t ^ m.

PROOF. Let A be a subset of {0,1,..., m — 1} of order t such that A = B u C, where
= 0 and B is of order r. Then let

(where i} and Cf are as defined in Lemma 2); the result follows from Lemmas 1 and 2.

https://doi.org/10.1017/S1446788700021583 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700021583


428 Deborah J. Street [4]

COROLLARY 1. Let v = p" = 2mf+I be a prime power, where f is odd. Then there
exists a BRD(v,mv,a2f2,ma2f2; a2f(a2f2-l)/2; 0)for all 0 < a2f^ m.

COROLLARY 2. Let v = p" = 2mf+1 be a prime power, where f is odd. Then there
exists a BRD(v,mv,2nf,2mnfi n(2nf-1); -n)for all 0 < 2n s$ m.

3. Nested PBIBDs

In this section we use the notation of Morgan et al. (1976); in addition let

M, = {xa2"f + i\a = 0,l,...,y-l}, i = 0, l , . . . . , 2a / J - l ,

where x is a primitive root of GF (pn) and p" = 2a/?y + 1 , where p is an odd prime and
n, a, P, y are positive integers with a, /?, y ^ 2.

Choose an integer t such that 0 < ( < 2a/J, and t distinct integers au a2,..., a, such
that 0 ^ at < a2 < ... < a, < 2a)S- 1. Define

and

LEMMA 3. Ify is odd, —M{ = Mi+^ and

2a.fi- 1

G, — Gs= & qkMk + i, i = 0 , 1 , . . . , 2 a 6 — 1,

where

t t

9k = 51 S ( a ; — "* "I" *j^» ^ — "*) 2afl>
*I = 1 J = 1

H,- - //: = "& /it M,.,., j = 0,1,..., 2a/? - 1

Z at.k VaM
J = l J = l

The designs constructed in the following theorem generalize Theorem 2.7 of
Homel (1972) (see also Homel and Robinson (1975)).

THEOREM 2. Let fly be odd, and let p" = 2a.fiy +1 be a prime power. Then the P sets
G2apj = 0,!,...,/?— 1, or the 1$ sets H2llj,j = 0,1,...,/? — 1, may be used as the initial

https://doi.org/10.1017/S1446788700021583 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700021583


[5] Bhaskar Rao designs 429

blocks of a PBIBD (m) where v = p", b = fiv, m < a. and each associate class consists of
a cyclotomic class

Ck = {xax+k | a = 0,1,..., 2j3y - 1 } k = 0,1,.... a - 1

or a union of such classes. Table 1 contains the parameters of the design when m = a.

TABLE 1.

Parameters when m = <x
Initial
blocks k r nt A,

(') G2aj ty fik 20y I 9 ; + 2

(ii) H2,j ty+1 ^ 20y I >i,+2

PROOF, (i) From Lemma 3 we have

0 - 1 2«0- l 0 - 1
& 0 (G 2 a , -G 2 , , )= &o gk&oM2aj+k

= 2&1('l£gk+2X)cl2*\

where C{
k
2x) is the kth cyclotomic class with e = 2a. Now

C = C<2a' u C(2at'
and

0 - 1 0 - 1 / • t

i = O + " i = 0 \ h = 1 j = 1 '

= V ( £ £ (a,-flj. + a)3,/c + a(2i + i3)- flj)

i = O \»i= 1 j = 1

= i - 9k + n(2i+ 1)'

if ?̂ is odd. Thus the associate classes are as claimed. As in Morgan et al. (1976),
v\j — p)t as 2/?y is even.

The proof of (ii) is similar.
Let A and B be two disjoint sets oft and s distinct integers between 0 and a/J — 1.

Let C = A u B and let £}„ E'jx, and £;„, 0 ^ 7 < fi-1, be the initial blocks for the
construction of Morgan et al. (1976), Theorem 2, using the sets A, B and C
respectively (thus /Jy is even). Let the parameters of these designs be n^A^p)/,
nt, fa, p\j, and nt, vh p

kj respectively and note that Eja = E'ja u E"^. Similarly let
F'ja = E'jX u {0}, F"}a = E'jx u {0} and F]a = £ja u {0} (so FJa = E']a u F"ja), with
parameters n;, Aj, pkf, nh n't, p

kf, and «;, vj, p^ respectively.
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THEOREM 3. Let v = p" = <x/fy + 1 be a prime power, where fly is even. Then there
exist:

(0 BRD(v,pvjk,(t + s)y; v,,...,v^ 2(l1+p1)-v1,...,2(/la

(ii)

PROOF. Apply Lemma 1 to the designs discussed above.
We may use the designs of Theorem 2 in a similar construction; here

I (I Z.(
j = 0 xeCyeC

= V; + ZQ ( Z , (*, I + 2«j + ^ + *l> i + 2 J ) a n d SO

THEOREM 4. Let v = p" = 2a/fy + 1 be a prime power, where fly is odd. Then there
exist:

(0 BRD(vJvJk,(t + s)y; v,,...,v^ 2(A1+/i,)-v,,...,2(Aa

Homel and Robinson (1975) give a number of nested designs which may also be
used in a similar construction.
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