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1. Introductory. It is proposed to establish the two following integrals.

If R(k±v+in) >0,

xX-') dX = 2*-" - 3 7 r -V- 1

Jo
J ), A(n; \k-\v), fa -\n, 1:: \el\2n)-2«x2}, (1)

where n is a positive integer, x is real and positive, /i and v are complex, and &{n; a) represents
the set of parameters

a. a + 1 a + n —1

n n n

lfR(k±v±nn)>0,

J o "X U , , - / ° S e C ' i 7 :

(2)

where n is a positive integer and x is real and positive.

The following formulae will be required in the proofs.

If/> ^ 4 + 1 , then [1, p. 409]

p « P

E(p; ctr: q; ps: z) = n""9"1 £ n sin (Ps~
a> fl' cosec ( a<- a>

r = l s = l r = l

.ar-a! + l, ... • . . . , a r - a p + l z

sin ( - n ) sin ( 2L!H n )... sin | — - — n ) = 21"" sin (kn). (4)

\n J \ n J \ n )
. n . 2n . (n —l)7i . ,__ . . .

sin - s in — ... s in-: L = 21 "n. (5)
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If*(*±v)>0, [2, p. 119]

Jo
; ar: q; Ps: dk

.... «„ A(n;| \ n;

l, [l,p. 353]

E(p; a,: ,; Ps: z) = f ft' r(a,-ar){ f] rOj.-a,)}"
r = l l = l ( , s = 1 J

q; Ps: (2n)-2"zl. (6)

a r - a , + l, ... * . . . , a r -a p

The formula

• (7)

(8)

may be established by expanding the functions on the right by means of (7).
If/> ^<7+l, | a m p : | < n and if R(k±v+2n<xr) > 0, where r = 1, 2, ...,p,n being a posi-

tive integer,

Jo
lk-lKy(k)E(p;«,:q;Ps:zk2n)dk

-)* + n - :

. /fc+v \ . fk-v
in I rt 1 sin Isin

\ 2
X' l~

i=o v — *•) .

{(2n)2nz}2 n z } - ( * + v + 2 ' ) / 2 n

x£ l

sin

p; ar

t + 2l

2n

2n

l+l 1 + 2 l+n k + v + 2l
j , . . . * . . . , j 1 "T — y

n n n 2n

2n

(9)
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To prove this, start with the special case p = 1, q = 0; then, from (3), it follows that

f" X"-1KXX)E(a::zX2^ dX = z* f ° Xk+2n'-1KXX)E(oc:: z-lX~2n) dk;
Jo Jo

and from (6) this is equal to

, A( n;

Here apply formula (3), using (4) and (5), and so obtain (9) with p = 1,^ = 0. Formula
(9) is then obtained by generalising.

If n is a positive integer

(10)

If ^ g 9, then [1, p. 352]

u .... ap; z
(11)

2. Proofs of the integrals. To prove (1) apply (6) twice with p = 3, q = 0, at = 1, a2 = \\i
and a3 = - i ^ . In the first case take z = £x2e ' \ in the second take z = $x2e~in, divide by i
and subtract, and then apply (8).

In order to obtain (2) take p = 3, q = 0 in (9) with ax = \n, a2 = -•£/*, a3 = 1; then
combine the two cases in which z = ^xV" and z = ^ 2 e ~ " t , using (8). As the terms arising
from the first ^-function on the right of (9) cancel, it follows that

Jo

{(2«)2nx2/4}2 n x 2 /4} - ( k + v + 2 l ) / 2 "

sin

2n 2n
l+l, l+n ..... * ..., , A(n;
n n
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Here apply (11) and (10), and the expression becomes

y
1 = 0

fl»i/_+_±_±iV__+
V2 In ) \ 2

sin v;tr(/+l)r(v+Z+l)

'\i fc + v + 2/ _n fc + v + 2/

2 2n ' 2 + 2n '(2n)2Bx2

/ + 1 l+n ., L l l , ,
, . . . • . . . , ,A(«;v+/+l)

n n
Again, apply (7) to the expression on the right of (2), so getting

_2*-n-2_2-nn*-l £

* E Z
v, —v 1 = 0

_ / ^ + fc+v+2/\f 4e±

\ 27i y{(2n)2n

+ 21 -/xn + k + v + 21

2n
/ . /-I

2n
: 4(2n)-2 nx"2

1+-, 1 + — , .... 1 + -, 1 - - 1---LJ., A(n; v+/+l)
n n n n n

Here replace

by n

Then note that

z «

.nf-Hn + k+v + 2l
2n

7i 1 / n.

. ) sin /iTt = — 1.

(A)

(B)
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Also, from (10) it follows that

v + l

= (-1)1"1 S£^—- -,
r(v + /+l)sinv7t

and that

Hence the expression (B) is equal to the expression (A), so that formula (2) has been
established.
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