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THE ORDER OF INSEPARABILITY OF FIELDS
JAMES K. DEVENEY AND JOHN N. MORDESON

1. Introduction. Let L be a finitely generated field extension of a field K
of characteristic p # 0. By Zorn'’s Lemma there exist maximal separable
extensions of K in L and L is finite dimensional purely inseparable over any
such field. If p® is the smallest of the dimensions of L over such maximal
separable extensions of K in L, then s is Wiel’s order of inseparability of L/K
[11]. Dieudonné 2] also investigated maximal separable extensions D of K in L
and established that there must be at least one D such that L € K?®(D) (such
fields are termed distinguished). Kraft [5] showed that the distinguished
maximal separable subfields are precisely those over which L is of minimal
degree. This concept of distinguished subfield has been the basis of a number of
results on the structure of inseparable field extensions, for example see [1], [3],
[5], and [6].

Let F be an intermediate field of L/K. In Section 2 it is shown that the
order of inseparability of L/K (inor(L/K)) is greater than or equal to
inor (F/K). The case of equality is of particular interest, and if inor(F/K) =
inor (L/K) F is called a form of L/K. Forms are characterized by a number of
linear disjointness conditions and these characterizations are used to establish
the existence of a unique minimal form for /K (such a minimal form is called
irreducible since it has no proper forms). The remainder of Section 2 develops
properties of irreducible forms. For example, Kraft [5] established that any
relative p-basis for L/K contains a separating transcendence basis for a
distinguished subfield and here it is shown that if L/K is irreducible then any
relative p-basis with one element omitted still contains a separating transcen-
dence basis for a distinguished subfield.

Let F/K be a form of L/K. In Section 3 relationships between the struc-
ture and invarianis of L/K and those of F/K are examined. For example, F/K
and L/K have the same distinguished closures [9] and the modularity of L/K
[1] is always greater than or equal to the modularity of F/K.

2. Existence and properties. As noted, throughout we assume L is a
finitely generated field extension of a field K of characteristic p # 0. We use the
notation of Kraft [5] where: the inseparability exponent of L/K, inex(L/K), is
min{r|K(L?") is separable over K}; the order of inseparability of L/K,
inor(L/K), is log,(min{[L : D]| D is separable over K and L is purely in-
separable over D}); the inseparability of L/K, insep(L/K), islog,([L : K(L?)])
— transcendence degree of L/K.
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In [5], Kraft established that if F is an intermediate field of L/K, then
insep(L/K) = insep(F/K). We first establish the corresponding result for
inor(L/K).

LeEMMA 1.1, inor (K (1?)/K) = inor(L/K) — insep(L/K).

Proof. Let s be the transcendence degree of L/K and let D be a distinguished
subfield, i.e. D/K is separable and log,([L : D]) = inor(L/K). Let n be
inex(L/K). Then K(L*?) = K(D") [3, Proposition 1, p. 288], and hence
log, ([ L:K(L*)]) = ns 4+ inor(L/K). Sincelog, ([L:K(L?)]) = s + insep (L/K),
log, [K(L?) : K(L*)]) = (n — 1)s + inor(L/K) — insep(L/K). Thus
inor(K (L?)/K) = inor(L/K) — insep(L/K).

THEOREM 1.2. Let F be an intermediate field of L/K. Then inor(L/K) =
inor (F/K).

Proof. We use induction on inex (L./K). If inex(./K) = 1, theninor(L/K) =
insep(L/K) and the result is that of Kraft [5, Lemma 1, p. 111]. Assume the
result for inex(L/K) = n — 1. By Lemma 1, inor(L/K) = inor(K(L?)/K)
+ insep(L/K). But by Kraft, insep(L/K) = insep(F/K) and by induction
inor(K (L?)/K) = inor(K(F?)/K). Thus

inor(L/K) = inor(K(I?)/K) 4+ insep(L/K) = inor(K(F?)/K)
+ insep(F/K) = inor(FF/K).

We note that if L is separable over F, then we have equality in Theorem 1.2.
For if D is a distinguished subfield of F/K, then L = F& .S where S is
separable over D [6, Theorem 4, p. 1178] and hence inor(L/K) =< inor{F/K).
However, even if L/ F is not separable, we may still have equality. Let P be a
perfect field of characteristic p # 0 and let {x, v, z} be algebraically inde-
pendent over P. Let L = P(x, u?, ux? +v), F = P(x?, u?, ux? + v) and
K = P(u?, v*). Then inor(L./K) = inor(F/K) = 1 and yet L/F is purely
inseparable.

Definition. An intermediate field F of L/K is a form of L/K if and only if
inor(L/K) = inor(F/K). Fis an irreducible form if and only if I/ if a form and
there are no proper subfields of #/K which are forms of L/K.

Clearly L isa form of L./K and as noted above any intermediate field F over
which L is separable is a form of L/K. We shall establish the existence of a
unique irreducible form for any finitely generated extension.

TraroreM 1.3. Let F be an intermediate field of L/K and let n = inex(L/K).
Then the following conditions are equivalent.

(1) F/K is a form of L/K.

(2) L™ and K(F™) are linearly disjoint over F™.

(3) insep (K (F?")/K) = insep(K(L*), 0<i<n — 1.

(4) K(F7") is a form of K(L*), 0=<i=<mn — 1.
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Proof. (1) if and obnly if (2). We use induction on inex(L/K). The case
inex(L/K) = 1is[5, Lemma 1, p. 111]. Let inex(L/K) = n. From Lemma 1.1
inor(L/K) = inor(K(L?)/K) + insep(L/K). From [5, Lemma 1, p. 111],
insep(L/K) = insep(F/K) if and only if L” and K(F?) are linearly disjoint
over F7?i.e. if and only if L?" and K?"~' (F?") are linearly disjoint over F*", and
by induction inor (K (L?)/K) = inor(K (F?)/K) if and only if K?"7' (L") and
K (") are linearly disjoint over K?*~'(I"”"*). But using the standard lemma on
linear disjointness [4, Lemma, p. 162] on the diagram

L K(F™)

Kpn -1 ( Fpn)

Fr

L* and K (F™) are linearly disjoint over F?" if and only if L”* and K?"~* (F™™)
are linearly disjoint over F** and K?"™'(L*") and K (F*) are linearly disjoint
over K"~ (F7).

(2) implies (3). If LP* and K(F™) are linearly disjoint over F?", then since
K(F"™y DK (™) D F", 0<i=n— 1, K" (L") and K(F*) are
linearly disjoint over K?"“*(F?") and taking p"~"'th roots, we have K?(L**")
and K" Y(FPY) (all we need is K(I”*')) are linearly disjoint over
K?(F"™'). Thus by [5, Lemma 1, p. 111], insep (K (F*") /K) = insep (K (1**)/K).

(3) implies (4). The proof follows by descending induction on 7 and the fact
that inor (K (L") = insep (K (L?*)) -+ inor(K (L”*")) as in Lemma 1.1.

(4) implies (1) is immediate.

TarorREM 1.4. Any finitely generated extension L/K has a unique 1rreductble
form.

Proof. Let {Ly}acs be the set of all forms of L/K and let n = inex(L/K). It
suffices to show MNe Lqis a form of L/K. By Theorem 1.3, L”" and each K (L.”")
are linearly disjoint and hence L?" and N, K (L") are linearly disjoint over
their intersection [10, Theorem 1.1, p. 39]. Since

(Na K(L)) M L™ = Na((K(L") ML) = Na Lo,
we have that L and N, K(L,"") are linearly disjoint over M, L. But
Na K(L") 2 K(Na L") = K((Na La)”") 2 Na Lo,

and hence L™ and K((N. L.)™) are linearly disjoint over (N« La)”". By
Theorem 1.3, N4 L, is a form of L/K.

Before studying properties of irreducible extensions we review the following:
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L is reliable over K if and only if L = K(B) for every relative p-basis B of L
over K. L is modular over K if and only if L”* and K are linearly disjoint over
their intersection for all 2. The modularity of L/K, mod(L/K), is the
max{r|L/K (L") is modular} if it exists and is 0 otherwise. There exist unique
minimal intermediate fields C* and Q* of L/K such that L/C* is separable and
L/Q* is modular. C*/K is reliable and C*/Q* is purely inseparable modular
(1, Theorems 1.1 and 1.4].

THEOREM 1.5. Assume L/K 1is irreducible with n = inex(L/K) and let Q* be
the unique minimal intermediate field over which L is modular. Then

(1) L s reliable over K.

(2) Let B be any relative p-basis of L/K and let |B| = t. Then any subset of B
with t — 1 elements contains « separating transcendence basis for a distinguished
subfield.

3) Q* D K({L*) and hence mod(L/K) £ n unless L/K is algebraic and
modular of exponent n over its maximal separable intermediate field.

Proof. (1). If Sis an intermediate field of L/K and L is separable over .S, then
as noted earlier S is a form of L/K and hence S = L. Thus L/K is reliable
[7, Theorem 1, p. 523].

(2). Let {Z),A, ...,b,} be a relative p-basis for L/K. Consider L; =
K(I?)(by,...,bs...,b,).Since L/K is irreducible, inor(L,/K) < inor(L/K).
{b1, ..., 07, ...,b,} certainly contains a relative p-basis for L,/K and hence

a separating transcendence basis for a distinguished subfield D, of L,/K
[5, Lemma 2, p. 113]. Since L/K is irreducible, a degree argument shows D, is a
distinguished subfield of L/K. Thus if we show 0,7 cannot be part of a sepa-
rating transcendence basis for D;/K, one must be composed by the elements of
{by, ... Jha , 0. 1f b2 ¢ Dy it is not part of a separating transcendence
basis, hence assume 02 € Dy. Then L = Dy(b;) @p, L. If b? were p-inde-
pendent in D,/K, D;(b;) would be separable over K and hence inor(L/K) =
inor(L;/K), a contradiction.

(3). Since L/K is reliable, L/Q* has bounded exponent [1, Theorem 1.4]

and hence has a subbasis {0y, . . ., b,}. If each b " is in Q*, then K (L*") C Q* as
desired. If one is not, say b,”", then the exponent of L over L; = Q*(b,""*",
byy...,by) isn+ 1and L = Ly(b1). Then [L : L,(b:?)] = p and as in part

(2) L.(bs®) contains a distinguished subfield D, for L/K. Thus K(L"™) =
K (D) (3, Proposition 1, p. 288] € K (L.”" (b,*"*')) C L. This contradicts the
fact that the exponent of L over L; is n 4+ 1. Thus mod(L/K) = n unless
K(L?") = K(LP"") in which case K(L?") is separable algebraic over K.

COROLLARY 1.6. L/K 1s irreducible if and only if L/K 1is reliable and every
subfield Ly where |[L : Ly] = p contains a distinguished subfield of L/K.

Proof. Assume L/K is irreducible and [L : L;] = p. Since L/K is reliable,
L/L, is reliable and hence purely inseparable. Thus inor(L;/K) = inor(L/K)
— 1 and any distinguished subfield for L;/K will be one for L/K. Conversely
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let L; be any proper intermediate field. Since L/L, is reliable, there exists
Ly, DO L, such that L/L, is purely inseparable of degree p. Thus L, contains a
distinguished subfield for L/K and inor(L/K) = inor(Ls/K) + 1. By Lemma
1.1, inor(Ls/K) = inor(L;/K).

3. Relationships. We now investigate the relationship between L/K and
forms for L/K. The distinguished closure of L/K is the unique minimal purely
inseparable extension J* of K such that L(J*)/J* is separable [9, Theorem 3,
p. 608].

LeEmma 2.1. Suppose L1/K is a form of L/K. If M/K is a finite degree purely
inseparable field extension, then Li(M) s a form of L(M)/K.

Proof. Let D, and D be distinguished intermediate fields of L;/K and L/K
respectively. Then D; and D are distinguished for L;(M)/K and L(M)/K
respectively. Since L, C L, [L(M): L] < [L,(M) : L;]. Thus [L(M) : L]
X |L: D] £ [Ly(M): Ly][Ly: Dy], ie. [L(M): D] = [L,(M): D,]. But by
Lemma 1.1, [L(M) : D] = [L.(M) : D,].

THEOREM 2.2. Let L, be a form of L/K. Then
(1) Ly/K and L/K have the same distinguished closures.
(2) If D is any distinguished subfield for L/K, then L = D(L,).

Proof. (1) Let J;* and J* be the distinguished closures, and let D; and D be
distinguished subfields of L;/K and L/K respectively. By Lemma 2.1,
[L(J1*): D] = [L.(J1*) : D4]. Also [D(J+*) : D] = [J1*: K] = [D:(J.*) : D4].
Since D1(J1*) = L:(J1*), [L(Jy*): D] = [DJ,*: D] so L(J,*) = D(J*).
Hence L € D(J*) and J* C J;* by [9, Theorem 3, p. 608]. Since L(J*) is
separable over J*, L,(J¥*) is separable over J*, and hence J* C J*.

(2) L™ D Ly» (D) D L. Since L, is a form of L/K, L and
K (L*") are linearly disjoint over L,** by Theorem 1.2. By the lemma on linear
disjointness (4, Lemma, p. 162], L and K(L.*"D") are linearly disjoint
over L,”"(D"). But since D is distinguished, L?* C K(L""D?") and hence
" = L# (D), i.e. L = Li(D).

Let J denote the maximal purely inseparable extension of K in L. Then L/K
is said to split when L = J @D where D is separable over K.

CorOLLARY 2.3. The following conditions are equivalent,
(1) L/K splits.

(2) J/K is a form of L/K.

(8) L1/K splits for all forms Ly of L/K.

(4) L./K splits for some form of L/K.

Proof. If L/K splits, inor(L/K) = log,[J : K]. Hence J is a form of L/K.
If J is a form of L/K, then since J is finite dimensional purely inseparable over
K, Jistheunique minimal form of L/K, and hence any form L; must contain
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J. Since J is also a form of Li/K, L, = DJ = D;®xJ where D; is a dis-
tinguished subfield of L;/K (Theorem 2.2 (2)). Thus L;/K splits. Assume
Li/K splits for some form. Then L; = (K?™ M L;) @xD;. Thus K> N L,
is the distinguished closure of L;, whence of L by Theorem 2.2 (1), and hence
L/K splits.

For the case where L/K is algebraic, the forms can easily be determined by
degree arguments. L;/K is a form if and only if /L, is separable and hence
L/K is irreducible if and only if /K is reliable. Recall that the modularity of
L/K, m(L/K), is max{r|L is modular over K(L?")} if it exists and is o
otherwise.

TaeEoREM 2.4. Let L1/K be a form of L/K. Then m(L/K) = m(L,/K).

Proof. Let n = inex(L/K). Assume L;/K(L**) is modular. Consider the
following diagrams where j < 1,
K (L")
K(LP) K(L") N L

A: L”j/ /

B: L" )
K(L,)

~

/K(lef) K(L) N Ly
Llpf Llpz
. K(L)
P /
C: K(L™) ’ D: K.
/ij Llpj
K(L?) N L7 K(L:7) N L
v Ly

In diagram 4, L* and K (L.?’) are linearly disjoint over ,?’ by Theorem 1.3
if 7 < nand by separability if 7 > #n. Similarly for B. Since we are assuming L,
is modular over K (L") we have the linear disjointness of D and we need to
establish the linear disjointness of C. Let X be a linear basis of K (L") over
K(L?) M L. Then X is a basis of K(L#) over L» by D. Hence by
A, X is a basis of K(L?) over L”. By B, we see that X spans K (L?*) over
K(L7) M L¥. Hence for C, a spanning set for K(L?*) over K(L”) N\ L” is
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independent over L», and hence must actually be a basis for K(L”*) over
K(L?) N L*, Thus K(L?*) and L” are linearly disjoint and L is modular
over K(L**) and hence m(L/K) = m(L,/K).

We note that there can be strict inequality. Let K = P(u?,v*), L, =
K (x?, ux? +v) and L = K(x,ux” + v) where P is a perfect field and
{u, x, v} is algebraically independent over P. Then it is straightforward that
m(L/K) = 2and m(L,/K) = 1. However, in one case we do have equality.

THEOREM 2.5. Suppose L1 is a form of L/K. Then m(L/K) = oo if and only if
m(Ll/K) = C0.

Proof. From the previous result, if m(L,/K) = oo certainly m(L/K) = .
Suppose m(L/K) = oo, and let C* be the unique minimal intermediate field
such that L/C* is separable, and C*/K is reliable (1, Theorem 1.2]. Let Q* be
the unique minimal intermediate field such that L/Q* is modular and let L* be
the irreducible from of L/K. By [1, Theorem 2.4] Q*/K is separable algebraic
and C*/Q* is purely inseparable modular [1, Theorem 1.4]. Since L/C* is
separable, C* is a form of L/K and hence C* O L*. But using Theorem 1.3 we
see that L*/K is also a form of C*/K, and since C*/K is reliable algebraic it is
irreducible and hence C* = L*. Since C*/Q* is purely inseparable modular and
Q*/K is separable algebraic, K(C*?) = Q*(C*#*) and hence C*/K(C*") is
modular for all 4, i.e. m(C*/K) = m(L*/K) = o.Butnow L; 2 L* and hence
m(Li/K) = m(L*/K).

COROLLARY 2.6. Suppose m(L/K) = oo. Then the unique irreducible form of
L/K is the unique minimal intermediate field over which L 1is separable.

Recall that if C* is the unique minimal intermediate field of L/K over which
L is separable then C*/K is a form of L/K. Thus the unique minimal form
L*/K of L/K must be contained in C* and hence be a form of C*/K. We now
present an example to show even if L/K is reliable, L/L* may be transcen-
dental. Let K = P(x,v), L= K(w;,wix?"" 4+ 97 ") and L = L;(w,, wex?"' +
w? 'y?™") where P is a perfect field and {x,y, w;, w,} is algebraically inde-
pendent over P. Then L/K is reliable [6, Lemma, p. 43], D, = K(w;) and
D = K(wyx?™ ' + w? 'y?™" w,) are distinguished subfields of L;/K and L/K
respectively. Since [L : D] = [L: D] = p, L1/K is a form of L/K and yet
L/L, is of transcendence degree one.
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