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REGULAR AND STRONGLY FINITARY STRUCTURES 
OVER STRONGLY ALGEBROIDAL CATEGORIES 

GUNTER MATTHIESSEN 

Introduction. Most properties an algebraist needs in categories are re­
flected by regular functors, introduced in [6]. If G : J ^ —> S^ is a regular and 
strongly finitary functor and S^ has some nice properties, it can be shown that 
the left adjoint functor of G helps to characterize finitary and strongly finitary 
objects of Jf. The property of being algebroidal can be lifted from S^ to J^ if a 
certain condition holds in ^ . As an application, the implicational hull of sub­
categories can be constructed with the help of reduced products. 

1. Regular categories and regular functors. In the following we often 
need regular categories with direct limits. Sf is a regular category with direct 
limits, if and only if the following two conditions hold in ^ \ 

(A) y is regular (cf. [6]), i.e. every source (ft : X —> X^i G / ) has a factoriza­
tion 

X^+X, = X-?-+Y-^Xt-

where e is a regular epimorphism and {mt : Y—> Xt\i £ I) is a mono-
source. (/ may be a proper class; also, I may be empty). 

(B) S^ has direct limits, i.e. for any direct family (fik : Ai —* Ak\i ^ k £ / ) 
there exists a colimit (ft : A t —> A\i £ / ) , which is called a direct limit. 

1.1 Definitions (cf. [6, Def. 2.1]). Let j ^ 7 be a regular category and G : J^—>j^ 
be a functor. G is called a regular junctor, if and only if the following two condi­
tions hold: 

(A) G has a left adjoint functor. 
(B) G creates regular factorizations. 

1.2 Convention. In the following context we will suppose that $f is a regular 
category, G : J ^ —>5^ is a regular functor with left adjoint F, front adjunctions 
r]X : X —» GFX and back adjunctions eA : FGA —> ^4. 

1.3 Definition, (cf. [7, p. 184]) Let g : X —> Gvl be an 5^-morphism. We say 
that g extremely G-generates A, if and only if 

(A) for all r, s : A —» •, Gr • g = Gs • g => r = s, and 
(B) for every monomorphism m : B —* A with g = C7m •/, m is an isomor­

phism. 
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It is clear that g : X —> GA extremely G-generates A if and only if eA • Fg : 
7<X —> 4̂ is extremal epi. In the following we shall always omit the reference to 
the functor and simply say "g generates A ' ' instead of "g extremely G-generates 
A". 

Since J f is a regular category [6, Prop. 2.3] and since for regular categories 
extremal epimorphisms are regular epimorphisms, it is a simple task to prove 
the following proposition. 

1.4 If G :J^—*5fisa regular functor, for a morphism g : X —» Ĝ 4 the follow­
ing conditions are equivalent: 

(i) g extremely G-generates A. 
e . . /TV? 

(ii) ^x * t 4̂ is a regular epimorphism. 

For an object 4̂ £ O b J ^ we will call a diagram 

R ZZZt ^ - ^ A 

s 

a presentation (of A), if and only if (e, A ) is a coequalizer of (r, 5). 

By Proposition 1.4 and since 1GA : G A -+GA extremely G-generates A, 
we have the following. 

1.5 THEOREM. Every object A Ç Ob J ^ has a presentation. 

2. Finitary and strongly finitary functors. 

2.1 Definitions. Let G be a functor. 

1) G is finitary if and only if it for any direct limit (/< : A x —> 4̂ ) the sink 
(G/i : Ĝ 4 * —> Ĝ 4 ) is an epi-sink. 

2) G is strongly finitary if and only if it preserves direct limits. 
3) An object A of a ca tegory^ is (strongly) finitary if and only if the functor 

horn (̂ 4, •) : S£ —> Set is (strongly) finitary. 
4) A category<if is (strongly) algebroidal, if and only if for any object A there 

is a direct limit {f t \ A i —* A) where all the objects A i are (strongly) finitary. 

In [2] finitary objects are called Ho-small; algebroidal categories are called 
Ho-algebroidal. 

The proofs of the following lemmas are straightforward: 

2.2 LEMMA. 

1) An object A is finitary if and only if for every direct limit (ft : Bi—>B) 
and every morphism f : A —> B there exists an index k and a morphism g : 
A ->Bk such that f = fk • g. 

2) An object A is strongly finitary if and only if it is finitary and for every pair 
of morphisms gi, g2 : A —> Bt with ft • g\ = ft • g2 there exists an index k ^ i 
andfik • gi = fik • g2. 
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2.3 LEMMA. Let A be (strongly) finilary and r : A —> B be a retraction. Then B 
is (strongly) finitary. 

2.4 COROLLARY. Let££ be any category. The following conditions are equivalent: 
(i) ££ is algebroidal and every finitary object is strongly finitary. 

(ii) i f is strongly algebroidal. 

Proof, (i) => (ii) is obviously true, (ii) => (i): Let B be finitary and 
(ft : Bi—> B) be a direct limit of strongly finitary objects. There exists an 
index i and g : B —> Bt such that ft • g = lB> ft is a retraction and thus B is 
strongly finitary. 

Convention. For the rest of this section the convention 1.2 holds. Moreover 
we assume that 5^ has direct limits and G : Jf —* 5^ is strongly finitary. 

2.5 LEMMA. If X £ Ob S^ is (strongly) finitary, then FX £ Ob Jf is (strongly) 
finitary. 

Proof. The functors horn (FX, •) and horn (X, G%) are naturally equivalent 
and G preserves direct limits. 

For objects of K we need the following definition. 

2.6 Definition. An object A G Ob j f is 
1) (strongly) finitarily generated, if and only if there exists a finitary (resp. 

strongly finitary) object X £ Ob «5̂  and a morphism g : X —> GA extremely 
G-generating A ; 

2) (strongly) finitarily presented, if and only if there exists a presentation 

where R is (strongly) finitarily generated and X is (strongly) finitary. 

For the following theorem and for later use we need the following lemma 
whose proof is straightforward. 

2.7 LEMMA. LetS£ be a category, let H be a class ofS£-objects such that for every 
J??-object A there exists an epi-sink (ft: Ai—>A\i £ / ) with At Ç H for i £ I. 
For a source (gt : B —> B \i £ / ) the following conditions are equivalent: 

(i) (gi : B —>Bt\i £ I) is a mono-source; and 
(ii) for every pair of morphism s 

C XB Wlth c £ H> 
s 

(Vigi -r = gf s) => r = s. 
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As a consequence in (strongly) algebroidal categories when testing whether 
a source is a mono-source you need only consider pairs of morphisms with a 
(strongly) finitary domain. 

The next lemma is due to I. Németi (personal correspondence) and is crucial 
for some theorems which follow. 

2.8 LEMMA. 

\) If Sf is strongly algebroidal, direct limits of monomorphisms are mono-
morphisms, which means the following: If (fik : At—^Ak\i S- k £ I) and 
(gik • Bi~^Bk\i ^ k Ç I) are direct families and {mt : A{—>Bi\i £ I) is a 

family of monomorphisms such that for every i ^ k, mk - fik = gik - mt, and if 
(ft : Ai—>A\i (j / ) and (gt : Bt —* B\i £ / ) are direct limits of the families, 
then the morphism m : A —> B for which m • ft = gt- mt for all i £ I, is a 
morphism. 

2) If y is algebroidal, direct unions of subobjects are subobjects, i.e. we consider 
only the case that for i £ I, Bt = B and for i ^ k, gik = 1B (Then the morphisms 
fik are automatically monomorphisms). 

Proof. 1) Let m • r = m • s. 

By Lemma 2.7 we can assume that C is strongly finitary. Thus there exists an 
index i and morphisms r, s such that r = / \ - r, s = ff ' s =$ rn - ft • r = m • / f • s 
=> gi • m{ - r = gi • nti • s => for some k ^ i, gik • mt • r = gik • mt • s => 
mk • fik • r = mk- fik • S=>fik • r = fik • s =ïr = ft • r = fk • ftk • r == /* • fik • 5 = 
/<•$ = *. 

2) In a similar way, we get by diagram chasing that m-r = m-s=>r = s, 
assuming that C is a finitary object. 
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2.9 THEOREM. If fff is (strongly) algebroidal, every object A of J f is a direct 
union of (strongly) finitarily generated objects. 

Proof.Let(fi:Bi-*GA\i G 7) be a direct limit of (fik :B{->Bk\i ^ k G 7), 
where the objects Bt G Ob $f are (strongly) finitary. For every i G 7 let 
(Ai, mt) be the subobject of A generated by Bt, i.e. there exists a morphism 
gi : Bt —> GAi generating Ai such that /* = Gnii • gt (cf. [6, Prop. 2.13]). 

For i S k we define mik in the following way: 

>GAt 

Gnii 

gi generates Ait mk is a monomorphism and the square commutes. By Prop. 
2.15 of [6] there exists a unique morphism mik such that 1 and 2 commute. 

We show that (ra* : At—^ A\i G 7) is a direct limit of 

M : = (m,* : Ai->Ak\i û k G 7). Let (w* : Ai-+C\i G 7) 

be a direct limit of M. There exists m : C —> A such that for all i G 7, 
m - nt = mt. 

GAi 

Since the left squares commute (they are 1 in the first diagram of this proof) 
there exists a morphism g : G A —> GC such that for all i G 7, Gn* • g4 = g • /*. 
Since {/* : 7>7 —> GA\i G 7) is an epi-sink and for all i G 7, 

Gm . g-fi = Gm- Gnt • g, = Gwf - gt = ft = 1GA . / , , 

we get Gw • g = 1GA, i.e. Gm is a retraction. By Lemma 2.8 we see that Gm is 
a monomorphism. So Gm is an isomorphism and since G reflects isomorphisms 
m is an isomorphism, too. Thus (wz- : At-^> A\i G 7) is a direct limit. 

In [5] uH0-erzeugbare Objekte" are objects for which the functor horn (A, •) 
preserves direct unions. In the next theorem we show that under the assump­
tion that Sf is (strongly) algebroidal the No-erzeugbaren Objekte are just the 
(strongly) finitarily generated objects. 

2.10 THEOREM. Let the category y be (strongly) algebroidal. For A G ObJT 
the following conditions are equivalent: 
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(i) A is (strongly) finitarily generated. 
(ii) For every direct union (mi : Bi—>B) and every morphismf : A —> B there 

exists an index i and a morphism g : A —> B{ such that m*- g = f. 

Proof, (i) => (ii): Let (w* : Bt-»5) be any direct union a n d / : A - > 5 be 

any morphism and 

ft^~f FY—£-•/! 

be a presentation of 4̂ where FX is finitary which exists by 1.4. There exists 
an index i and h : FX —> Bt such t h a t / • e = m{ • h. 

s I 

R I FX Vv A 
s 

We have mt • h • r = / • e • r = f • e • s = mt- h • s and since mt is a mono-
morphism, h - r = h - s. Since e is a coequalizer of (r, 5), there exists g\ A —* Bx 

with g - e = h. Thus we have nti - g - e = mt ' h = f • e, and since e is an 
epimorphism, mt - g = f. 

(ii) => (i): By Theorem 2.9 there exists a direct union m{ : A{ —» 4̂ where 
the objects ^U are (strongly) finitarily generated. By assumption there exists 
an index i and a morphism g : A -+ At such that m{ - g = 1A • w* is a retrac­
tion and a monomorphism, thus an isomorphism. Therefore A is (strongly) 
finitarily generated. 

2.11 THEOREM. Let A Ç Ob JT fr<? any object. If Sf is strongly algebroidal the 
conditions are equivalent: 

(i) A is finitarily presented. 
(ii) A is strongly finitarily presented. 

(iii) A is strongly finitary. 
(iv) 4̂ is finitary. 

Proof, (ii) => (i) and (iii) => (iv) are trivial and (i) => (ii) and (iv) => (iii) 
are consequences of Corollary 2.4. 

(ii) => (iv) : Let 
r 

h 
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be a presentation where FX is strongly finitary and let R be strongly finitarily 
generated. Let e' : FZ —» R be a regular epimorphism where Z £ Ob j ^ 7 is 
strongly finitary. Let (/* : Bt —> J3) be a direct limit of (/fA; : B{-+ Bk) and let 
g : A -^ B be any morphism. 

/'Z C' >R >F 
s 

Since FX is finitary there exists an index i and A : FX —> 5 * such that g • e = 
/< • h. Thus we have fi - h • r • e' = g - e - r - e' = g - e • s • e' = fi - h - s - ef and 
since FZ is strongly finitary there exists an index k with fik - h - r • ef = 
fik'h'S-ef. ef is an epimorphism and therefore fik - h - r = fik - h - s. (e, A ) 
is a coequalizer of (r, 5), thus there exists d \ A —> Bk with d • e = fik- h. 
Summarizing the equalities we get g - e = f t - h = fk - f ik - h = fk - d • e and 
since e is an epimorphism g = j k • d. 

(iv) =» (ii): Let A be finitary. 4̂ satisfies the condition (ii) of 2.10 and is 
therefore strongly finitarily generated. Let 

R~1~XFX-^->A. 
s 

be a presentation where X is strongly finitary. Let (fi : Rt —•> 7?) be a direct 
limit with strongly finitarily generated objects i^ . For every index i let (eu A t) 
be a coequalizer of (r - fu s • ff), i.e. 4̂ * is strongly finitarily presented. Since 
colimits commute, A is a direct limit of the objects A{. 

r'.f\ \s-fi r-j\\ \s-fk r\ \s 

FX —>FX —>FX 

^4, *>'* > ^ , ^ ~ > ^ 

Since 4̂ is finitary there exists an index i and h : A —> At such that g, • & = 1A-
So we have gi - h - gt - ei = g* • e*, and since FX is strongly finitary there exists 
an index k and gik • h • gt • £ = gu: • £i> gik * fe is an epimorphism, being a left 
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factor of gik - et = ek, and a section because of gk • gik • h = gt • h = 1A; thus 
gik • h is an isomorphism. Since Ak is strongly finitarily presented the same holds 
for A. 

2.12 THEOREM. If Sf is strongly algebroidal and inJf every free object is a 
direct union of finitary free objects, thenJf is strongly algebroidal. 

Proof. Because of Corollary 2.4 we need not distinguish between finitary and 
strongly finitary objects. Let A be any object of J ^ with a presentation 

R\ %FX- •+A. 

By Theorem 2.9 R is a direct union of finitarily generated subobjects of R; 
let (ti : Rt -> R\i G J) be a colimit of (lik : Rt -» Rk\i g k <E I) where all the 
morphisms lt are monomorphisms. Furthermore, let (/M : PXM —> FX\n £ M) 
be a colimit of (/M„ : FX^ —* JFX„|M ^ i/ £ M) where the morphisms /M are 
monomorphisms and T 7 ^ are finitary objects. By Theorem 2.10 there exists 
for every i £ I a M £ M and a morphism riM : i£* —> 7<XM such that r • tt = 
fn ' fin- By the same reason there exists fl £ M and s m : i?< —> FX^ such that 
5 ' h = ffi ' Sift. These morphisms rifl and s^ are unique because /M and //Î are 
monomorphisms. 

Let A : = {(i, X)|3 rîX 3 siX r • *, = /x • riX A 5 • tf = fx • s*x}. Let (i, X) S 
(j, K) : *=$ i ^ j A \ ^ K. Let P 7 : A —> / and PM : A —» M be the projec­
tions. P j is surjective and PM maps A on a cofinal subset of M because/M„ • sifl = 
siv and /M„ • r ̂  = riv. P T and PM are monotone mappings. By the following 
lemma {tt : Ri-+R\(i, X) £ A) and (/x : FXX -> FZ|(i , X) £ A) are direct 
limits. For (i, X) £ A let (eiX, AiX) be a coequalizer of (riX, siX). Since colimits 
commute, A is a direct limit of the objects AiX. 

Ri-

FXt 
Z h 

-+R* 

+ FXV 

-+R 

i t 
->FX 

ekv 

A ^ >Akv y A 

2.13 LEMMA. Let I and J be direct partially ordered sets and <p : I —> J be a 
monotone and surjective mapping. Let D : = (fik : Ai—>Ak\i ^ k £ J) be a 
direct family and let (ft : A t —> A\i £ / ) a colimit of D. Then {f^o : Aip(L) —» 
A\i £ I) is a colimit of Dcp : = (/^o^u) > ^ ( o —> A^K)\i ^ K £ / ) . 

Remark. In the proof of this lemma you need only that I is a direct category 
(i.e. for objects i, K there exists an object X and morphisms i —> X, K —> X) and 
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that J is a partially ordered category and that <p : I —> J is a functor which is 
surjective on the objects. 

3. Reduced products and ultraproducts. 

3.1 Definition (cf. [4]). Let «if be any category with products and direct 
limits and let {At\i £ I) be a family of «if-objects; let ̂  be a filter basis on 
the power set &I. For / 6 ̂  let 11,4 : = II<i4,|i € /> and for X C / , 
K £ J r , J Ç ^ let £ ,* : 11.^4 —> Ek-4 be the induced projection. Let 
(PJ : n ^ -> UA/^\J € &) be a direct limit of 

^:n^->n^|;Diî:e/). 
The object IlA/^ is called a reduced product. If J ^ generates an ultrafilter, 
F L l / J ^ is called an ultraproduct. 

Remark 1) We admit that the empty set is an element of the filter basis — 
in which case we yield terminal objects. 

2) If the filter basis consists solely of / , a reduced product is a product. 
3) If we substitute the filter basis by the filter generated by it, the reduced 

product does not change. Thus we might assume that J ^ is a filter. 

In the set theoretic model theory it is well known that the closedness under 
the following constructions is equivalent: 

(i) subobjects, products, direct limits 
(ii) subobjects, reduced products 

(iii) subobjects, products, ultraproducts. 
Before we show that these conditions are equivalent in regular, strongly 
algebroidal categories with direct limits we need a lemma which holds in any 
category and whose proof is straightforward. 

3.2 LEMMA (cf. Def. 3.1). Let (At\i Ç I) be a family of objects and & C gPl 
be any family of subsets of I, let G : = U ^ . For a pair of morphisms 

cdztiirA 
s 

the following conditions are equivalent: 
( O V X e &,PiK-r = pIK.s. 

(ii) Pio-r = pIG- s. 

3.3 THEOREM. Let J f be a regular, strongly algebroidal category with direct 
limits and products. For a subcategory ££ the following conditions are equivalent: 

(i) ££ is closed under subobjects, products and direct limits. 
(ii) S£ is closed under subobjects and reduced products. 

(iii) ££ is closed under subobjects, products and ultraproducts. 

Proof, (i) => (ii) =» (iii) is obvious. 
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(ii) => (i) We must show that i f is closed under direct limits. Let 
(ft : Ai->A\i e I) be a colimit of (fik : Ax-*Ak\i ^ k 6 7) where 4 , g Ob i f 
for i e 7. For i 6 / let 7f : = {* G 7|& è *} and P< : = UUA with the 
projections /?ra : P* —> Ak for i ^ k. The set {7<|i Ç I) is a filter basis and let 
P Ç oèf be the reduced product. For i Ç 7, let ra< : ,4< —» P* be the morphism 
which factors (fik\k £ 7<) through (prik\k £ 7,), i.e. /iJfc = £riA; • m,. 

Especially 1 = fit = prit - m{ for every i (z I, i.e. m{ is a. section and thus a 
monomorphism. For i ^ & and every I ^ k we have pr^ • pik • m* = £rfz • m* 
= / « = fki'fik = pr*i ' Wk ' fik and therefore pik -mi = mk • /,*. Thus there 
exists a unique morphism m : A —> P for which m ' ft = wit • pi for all i Ç 7. 
As a direct limit of monomorphisms m is a monomorphism and thus 4̂ £ Obif . 

(iii) => (ii): Let (^U|i 6 7) be a family of if-objects and JF" be a filter on 
^ 7 . Let {E„|M É M| be the set of all ultrafilters on 0>l for which S\ D J T 
For each pt G M let (p'j : Iï.,,4 -> E U / c f M|7 Ç <f M) be a direct limit. Since 
<̂ M 2 ^~, we have exactly one homomorphism cf : TÏA/J^ —» TLA/(f» with 
£M, = CM . ^ for all / Ç ^ . We claim that (ç" : l U / ^ -> IL4/<f M|JK 6 M) is 
a mono-source, which completes the proof. 

>XAA/6\ 

UJA 

Let 

B XXAA/^ 
s 
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be a pair of i^-morphisms and q» • r = g" • s for ail \i Ç M. By Lemma 2.7 we 
assume that B is strongly finitary. There exists J £ 3^ and r,s : B -> UjA 
such that pj - r = r and pj - s = s. Thus we have for all M G M, 

q^j • ? = gM • pj ' f = g" • r = g" • 5 = . . . = g"/ • S. 

Since i3 is strongly finitary there exists for every \x Ç M, LM G <?% such that 
£/LM • r = PJLIX • s- Let L : = U (A*IM ë M). L is an element of ?F, because 
L G D <<^ . |M€ M) = J T 

For a subcategory J£ Ç J f let S <=£f be the class of subobjects of i f and JP jSf 
be the class of reduced products of «if . S is trivially a closure operator while in 
[1] it is shown thatJ^ is a closure operator if C^ is strongly algebroidal. The next 
proposition shows that J ^ S i f C SJ^i f . 

3.4 PROPOSITION. Let ^ be a subcategory of the regularly finitary category Jf 
which has products, and let (At\i Ç I) be a family of <£?-objects, for i Ç J, let 
nii : Bf—* Atbe a monomorphism and let&~ be a filter basis on 3P I. The object 
IlB/^ is a subobject of IlA / J T 

Proof. Since products preserve monomorphisms, for any is a 
subobject of UjA. The proposition follows because direct limits of mono­
morphisms are monomorphisms (Lemma 2.8.1). 

4. Applications. In [2], Ko-implicational subcategories are defined. A sub­
category L of K is called Ko-implicational if and only if there exists a class H 
of regular epimorphisms with finitary domains such that the objects of oêf are 
exactly the iJ-injective objects of J^ . If J f is strongly algebroidal the Ko-
implicational classes can be described by closure properties. 

The following theorem is well known in the case of algebras (cf. for example 
[8]). 

4.1 THEOREM. LetJ^ be a regular, strongly algebroidal category with products 
and direct limits. For a subcategory^ ofJ^ the following conditions are equivalent: 

(i) «if is Ko-implicational. 
(ii) ££ is closed under subobjects, products and direct limits. 

(iii) j£f is closed under subobjects and reduced products. 
(iv) j£f is closed under subobjects, products and ultraproducts. 

Proof, (i) <=> (ii) is proved in [2] and (ii) <=> (iii) <=> (iv) is Theorem 3.3. 

With help of Proposition 3.4 we immediately get the following result. 

4.2 THEOREM. Let 3? be a regular, strongly algebroidal category with products 
and direct limits. Let S£ be a subcategory of"Jf'. The Ko-implicational hull of jSf 

wSPif. 
—> 

4.3 Let ft be an operator domain (cf. [3]) and Jf^ be the category of Q-
algebras and ft-homomorphisms, let U '.Ctf\ —> Set be the forgetful functor. 
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U is regular and strongly finitary and Set is regular and strongly algebroidal 
and has direct limits. Moreover the left adjoint of [/preserves monomorphisms 
and thus every free object (in Jf n) is a direct union of finitarily generated free 
objects. Therefore the finitary objects of J^Q are exactly the finitarily U-
presented algebras and JT^ is algebroidal and regularly finitary. 

The same holds for categories of heterogeneous algebras (cf. [9]). By the propo­
sitions in Section 2 one needs only show that the forgetful functor is regular and 
strongly finitary and that the category SetH is strongly algebroidal, regular and 
has direct limits. The left adjoint of the forgetful functor U : J^ f i —> SetH pre­
serves monomorphisms —but there exist equational classes where not every 
free object is a direct union of finitary free objects. 
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