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On the canonical projection

of the third dual of a

Banach space onto the first dual

A.L. Brown

For a Banach space B let P denote the canonical projection of

the third dual space of B onto the embedding of the first dual

into the third. It is shown that if B = l± then \\I-P\\ = 2 .

This fact shows to be mistaken a current belief in a statement

which is equivalent to the statement that for all Banach spaces

B the operator I - P is of norm one.

For a real or complex Banach space B = B let B denote the

nth dual space of B , and Q : B^n' -»• B^n+ ' the canonical embedding.

Then P = Q^ : B^3' •+ B ^ is a projection of B ^ onto Q^1^ and

the kernel of P is the annihilator [QrP)'' of QQ
B i n B • The

projection P was first considered, though in different phraseology, by

Dixmier [2]. Let J denote the identity operator of B and for

(2) (2)
X € B (the superscript indicating the space to which the element

belongs), let

[ ) { 2 ) l{||x<2V= inf{||x<2V
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Some simple properties of the operators P and Q will be stated as:

PROPOSITION 1. (i) \\I-P\\ = \\Q2-Q**\\ .

(ii) For all x ( 2 ) € B ( 2 ) ,

(2)
, QQB\ .

(iii) For any Banaeh space B ,

\\Q2-Q*Q*\\ =

(?) (?)
if and only if, for all xK ' (. Bv ' ,

«(2), QOB] .

Proof. In the interests of accuracy the brief proof will be included.

For each * { 2 ) € 5 ( 2 ) and j, ( 3 ) € B ( 3 ) ,

The statement (i) follows immediately from (2). It also follows from (2)

that

The term on the right of (3) equals d\x , Q B . This proves

The operator Q~ - Q** annihilates Q B and it follows that

Therefore, by (ii), the first condition of (iii) implies the second. The

second implies the first, trivially.

There appears in [7] (and in earlier editions of the hook) the

incorrect statement that the equation (l) holds always, in any Banaeh

space. An attempt to determine whether the statement was true or false was

eventually directed by the following.

PROPOSITION 2. If a Banaeh space B' is either a subspace or a
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quotient space of the space B then (with the natural notation)

Ili-p'll s ll-r-PH •

Proof. If B' is a quotient space of B and v : B -*• B' is the

quotient mapping then the third conjugate mapping IT : B -*• B is

an isometric embedding and

U-P)ir(3) = IT ( 3 ) (I-P') .

The second part of the proposition follows immediately. The proof of the

first part is similar.

Every separable Banach space is isometric to a quotient space of the

(real or complex) space I . In the light of Proposition 2 it is natural

to focus attention on the case B = l^ .

THEOREM. If B = l± then \\l-P\\ = 2 .

Proof. The spaces I and lm can be identified with the duals of

c and Z respectively. Let Q : c •* l^ be the natural embedding.

The space c does have the properties of (iii) above: more precisely, it

can be shown that if x € I and z € {Qc ) c [l )** then

CO lleoa*s|l = ll«0*|| + Us|| .

This fact wi l l be used in the proof of the theorem.

Choose y € lm such that \\y\\ = d[y, £e.) = 1 (for example, y may

be the sequence of constant value 1 ) . Then there exis ts z € [Q°Q)

such that ||s|| = z(y) = 1 . Define 2^ € [QQ\ © ^2^)* b v

(5) M V ) = y{x) for a11 X € h '
F(z) = -1 .

Then, by (h), for a l l Q x € { L and a l l s c a l a r s X ,

HffJCQS+Aa)!! = \y(x)-\\ S ||x|| + |X| = ||«ox+X2|| .

Therefore ||F || = 1 . Let F € ( J . ) be of norm one and an extens ion of
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F . Then, by (5)> QZf = y • The conclusion of the theorem now follows

from the inequality

Hl-Pll > \{(I-P)F)(z)\ = \P(z)-[Q1Q*0F)(z)\ = 2 .

References

[ / ] Mahlon M. Day, Normed linear spaces, 3rd ed. (Ergebnisse der

Mathematik und ihrer Grenzgebiete, 21. Springer-Verlag, Berlin,

Heidelberg, Hew York, 1973).

[2] J . Dixmier, "Sur un theoreme de Banach", Duke Math. J. 15 (19^8),

1057-1071.

School of Mathematics,

Univers i ty of Newcastle-upon-Tyne,

Newcastle,

England;

Department of Mathematics,

Un ivers i ty of Newcastle,

Newcastle,

New South Wales.

https://doi.org/10.1017/S0004972700022784 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700022784

