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GELFAND-KIRILLOV DIMENSION IS EXACT FOR
NOETHERIAN PI ALGEBRAS

BY
T. H. LENAGAN

ABsTRACT. If 0—>A — C— B — 0 is a short exact sequence of
finitely generated modules over a Noetherian PI-algebra then we
show that GK(C) =max{GK(A), GK(B)}.

The Gelfand—Kirillov dimension has proved to be a very useful tool in the
study of enveloping algebras of finite dimensional Lie algebras. It might be
hoped that the dimension could be used in studying other kinds of algebras.
One obvious place to try would be in PI algebras. Here, there has been some
small success, e.g. [L], [S], but, unfortunately, many of the examples that show
that GK dimension can have weird properties arise from PI rings. For example,
Borho and Kraft, [BK], exhibit an algebra that has a homomorphic image of
GK dimension « for all real numbers a between two and three. This algebra is
an affine PI algebra. Also, Bergman, [B], has constructed finitely generated
modules A and B and an extension C of A by B such that GK(C)>
max{GK(A), GK(B)}. The ring involved here is again an affine PI algebra.

However, in a recent paper, [LS], Lorenz and Small have shown that if R is
a Noetherian PI algebra then GK(R) = GK(R/P), for some prime ideal P of R.
As a consequence, if GK(R)<c then GK(R) is an integer. In this note we
show that it follows easily from [LS] that GK dimension behaves well on exact
sequences of modules.

The main theorem of [LS] depends on a lemma that has a long involved
combinatorial proof. As an appendix to this note we provide a somewhat
simplified proof of this lemma.

For standard results concerning GK dimension, we refer to [BK].

Throughout the note, but not the appendix, R denotes a Noetherian k-
algebra that satisfies a polynomial identity over the field k, and if M is an
R-module then GK(M) is the Gelfand-Kirillov dimension of Mg over k.

LemmMA 1. If M is a finitely generated right R-module and A = anng (M) then
GK(M)=GK(R/A).
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Proof. Since M is an R/A-module, GK(M)=GK(R/A). Now Cauchon has
shown that R is an H-ring; that is, there exist elements my, ..., m, € M such
that A =anng(my, ..., m,), see, for example [CH, Theorem 7.8]. Thus, there
is an embedding

RIA-mR®-- - Em,RcMD - -DM;
so that GK(R/A)=GK(M®- - -®&M) = GK(M).

It follows from this lemma and the Lorenz-Small result that GK(M) is either
infinite or an integer.

LemMA 2. If I, J are ideals of R such that IJ =0 then GK(R) = max{GK(R/I),
GK(R/J)}.

Proof. By [LS], there is a prime ideal P of R such that GK(R)= GK(R/P).
Now II=0< P, so that either I P or J< P, suppose the former. Then
max{GK(R/I), GK(R/N)}=GK(R/I)=GK(R/P)=GK(R). The reverse in-
equality is obvious.

ProposITION 3. If 0 —> A — C— B — 0 is a short exact sequence of finitely
generated R-modules then GK(C)=max{GK(A), GK(B)}.

Proof. By passing to the factor ring R/anng (C) and using Lemma 1, we may
assume that C is a faithful R-module and that GK(C)=GK(R). Let I=
anng(B) and J =anng(A). Then CIJ =0, so that IJ =0. Hence,

GK(C) =GK(R) =max{GK(R/I), GK(R/J)}
=max{GK(B), GK(A)},

by Lemma 2 and Lemma 1.

As a consequence of Proposition 3, one can see that for Noetherian PI
algebras the GK dimension shares many of the formal properties of non-
commutative Krull dimension. For example, if n is any integer and M is a
finitely generated R-module, then there exists a unique largest submodule N of
M such that GK(N)=n; in this case, M/N has no nonzero submodules with
GK dimension =n.

If M is an R-module then pg (M) denotes the reduced rank of R; see [CH]
for details concerning reduced rank.

LEMMA 4. If M is a finitely generated R-module such that pgr (M) =0 then
GK(M) <GK(R).

Proof. By Noetherian induction, assume that the result is true in all proper
factors of M. If N denotes the nilpotent radical of R then X = ann,,(N) #0.
Now pgr(X)=0; so if 0# xe X then there exists an element cc R that is a
nonzero divisor modulo N such that xc=0, [CH, Theorem 2.2]. Hence
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x(cR+N)=0 and GK(xR)=GK(R/cR +N)<GK(R/N)=GK(R). However,
GK(M/xR)<GK(R), by induction; so GK(M)<GK(R), by Proposition 3.

COROLLARY 5. Let M be a finitely generated R-module with GK(M) = n. If
M>M,>M,>--- is any descending chain of submodules then only finitely
many of the factors M;/M, ,, can have GK dimension n. In fact, there are at most
Priannevny(M) such factors.

Proof. GK(R/ann(M)) =GK(M), by Lemma 1. If GK(M;/M,,;)=n then
PriannvnMi/M; 1) =1, by Lemma 4. The result follows since reduced rank is
additive on short exact sequences. [CH, Theorem 2.2]

Given this corollary, we can make a comparision between GK dimension and
the noncommutative Krull dimension.

COROLLARY 6. If s denotes the minimal possible GK dimension of any simple
R-module then, for any finitely generated R-module M,

K.dim(M)=GK(M)—s
Proof. cf. [Sm, Lemma 2.3]

APPENDIX

The main result in [LS] depends on the following lemma. We present a proof
that has fewer combinatorial manipulations and so may be easier to follow.

LeEmMMA. Let R be a k-algebra and let N be a nilpotent ideal of R that is finitely
generated as a right ideal of R. If R/N is finitely generated module over a
commutative subalgebra S/N, then GK(R)=GK(R/N).

Proof. It is only necessary to show that GK(R) =< GK(R/N): so assume that
GK(R/N) = d <. We argue by induction on the index of nilpotency, p, of N. If
p =1 then N=0 and the result is true. Otherwise, assume that GK(R/N° 1) =
d; so that GK(Ng) = GK(Ng/ne-1) =d.

Notice that R is a finitely generated S-module, so that GK(R) = GK(S), by
[LS, Lemma 1i]. Also, Ng is finitely generated; so, by replacing R by S, we
may assume that R/N is commutative.

Let V be any finite dimensional k-subspace of R with 1€ V. Then, by the
Noether normalization theorem, the subalgebra k[V] of R/N is a finitely
generated module over a polynomial ring T/N = k[y4, ..., y,], where y;, ..., y,
are suitable elements of R. Now, the ring k[V]+ N is a finitely generated
module over T, so that GK(k[V]+N)=GK(T). If GK(T) =s, then, for any
€ >0, there exists a real number a = a(e) such that dim(V")<an**°. Conse-
quently, dim(V")=<an?**, provided that we can show that GK(T)=d. Since V
is an arbitrary finite dimensional k-subspace of R, this shows that GK(R)=d.
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So, let T be such a subring and let y,...,y, be elements of T such that
T/N =k[V,, ...,y ] and the y, are algebraically independent. Notice that r=d.
Let V be any finite dimensional k-subspace of T of the form V = Y® Z, where
Y=k+yk+:---yk and Z<=N. Fix a finite generating set I' of N as an
R-module. Choose a finite dimensional k-space W of R such that V< W and
Z+ VI'+[V, V]=T'W. Now any monomial u in V" is either in Y", or contains
at least one element from Z<I'W, so that, for some i, we have ue
Vi TW)V" i <T'W". Hence, V"< Y"+I'W", for all integers n=1.

Let uy,...,u,€Y. Now [Y,Y]esI'W; so, for 1=i=n—1, we
have u; -« U (Wl — Ups Ui Uin - * * Up € Y ITWY "L TW™™!. Hence
Uy Uy = Uyt Ui q Ui q Uil 7 0 0 Uy, mod(T'W" ™).

Now let Y, denote the k-subspace spanned by the elements y ye,
where Y[_; e(i)=n. The equation above allows us to rearrange the order of
elements of Y", provided that we work mod(T'W"'). Hence, Y"c<
Y, +TWr 1,

Thus, V'c Y"+I'W" < Y, +T'W", so that dim(V")=dim(Y,)+dim(’W").
However, since r=d, there exists a real number « such that dim(Y,)=<an®,
and, since GK(N)=d, for any &£ >0, there exists a real number 8 = B(¢) such
that dim(T'W") < Bn**. Setting vy = a + B8, we obtain dim(V")=yn*"*, for any
e >0.

Finally, if X is an arbitrary finite dimensional k-subspace of T, then, since
T=k[yy, ...,y ]+ N, there exists an integer a such that X < V¢, for some V of
the form treated above. Thus dim(X")=dim(V*")<vy(an)*** = (ya®**)n**,
for any £ >0, and so GK(T)=d.
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