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1. Introduction

Let S be a poset with a greatest element 1. We denote order in 5 by
':£' and, whenever they exist in S, l.u.b and g.l.b by V and 'A' respectively.
An orthocomplementation of S is a bijection co: S -> S such that x v xa>
exists for each x in S and (i) XCDCO = x, (ii) x fS y implies yco 5S xw and
(iii) x v xo) = 1. If a poset 5 admits an orthocomplementation co we call
the pair (S, co) an orthoposet. If (S, co) is an orthoposet then 0 = leu is
the least element of 5 and x A XCO = 0 for each x in S. Elements x and y in
an orthoposet are orthogonal when x ^ ya>, in this case we sometimes write
x JL y. Note that x J_ 0 for any x and x _|_ y implies y _J_ oc. If X is a non-
empty subset of S and a; in 5 is orthogonal to each element of X we write
x _L X. A subset X of 5 is said to be orthogonal when x _j_ y for any x ^ y
in X. In particular the empty set • and a set which consists of a single
element of S are orthogonal sets. An orthoposet which is in fact a lattice
is called an ortholattice. An orthoposet (S, co) is said to be an orthomodular
poset when

(1.1) x _\_y => x\/ y exists in S,

and

(1.2) x 2g yco a n d xAy = 0=>x = y m .

In an orthomodular poset any finite orthogonal subset has a l.u.b and
x i\y = (xco v yco)a> exists whenever x S: yco. In the definition of an ortho-
modular poset one may replace the implication (1.2) by any one of the
three following implications which, in the presence of (1.1), are each
equivalent to (1.2).

x ^ y<o and i v y = l * ' a ! = yco,
x ^yco => (x v y) A yco — x,
xf^.y=>xv(yA xco) = y.

The asserted equivalence of these implications is contained essentially in
Birkhoff [1] who, however, considers only the case of an ortholattice. An
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orthomodular poset S is said to be completely orthomodular when any
orthogonal subset of S has a l.u.b in S. An orthomodular poset which is in
fact a lattice is called an orthomodular lattice.

Interest in orthomodular posets and lattices is stimulated and, in part,
motivated by the fact that in the Mackey-von Neumann formulation of
non-relativistic quantum mechanics, Mackey [2], the quantum logic has
the structure of a completely orthomodular poset. For some purposes it is
convenient to assume that the quantum logic is a complete orthomodular
lattice, and the convenience of this assumption leads one to enquire if a
completely orthomodular poset can be embedded in a complete ortho-
modular lattice. For instance one can ask if the completion by cuts of an
o.m poset is orthomodular. In answer to this question we show firstly that if
the completion by cuts of an orthomodular poset is orthomodular then the
poset has a certain property which we call the A -property. We then show
that if a completely orthomodular poset does have the A -property then it is
a complete orthomodular lattice. In particular since, as we show below, any
orthomodular lattice has the A -property it follows that a completely
orthomodular poset which is a lattice must be a complete lattice.

The axiomatic formulation of non-relativistic quantum mechanics
leads to a number of related problems. In this connection A. Ramsay has
asked if the completion by cuts of any orthomodular lattice is itself ortho-
modular (Birkhoff [1], problem 36). With this problem in mind we obtain
a necessary and sufficient condition for the completion by cuts of an ortho-
poset to be orthomodular, although we make no use of the result in this
paper.

2. The A-property

An orthomodular poset (S, ca) will' be said to have the A -property
when for any non-empty set {a,-: / e / } of elements of S with /\ {as: j e J} = 0
and any element b of S such that b J_ «,-, for each / in J, the set {at v b: / e / }
has a g.l.b in 5. In an orthomodular lattice the ^4-property always holds,
in fact we have the stronger result.

PROPOSITION (2.1). Let (S, w) be an orthomodular lattice. Let {a,-: / e J}
be a non-empty set of elements of S such that a = /\ {as : j e / } exists in S.
If b is any element of S such that b _|_ at for each j in J then

/\ {aj v b : j e J} = a v b
exists in S.

PROOF. If c is any lower bound to the set {a,- v b : j e J} then so is
c v b v a. Since S is orthomodular

(c v b v a) A bay ^ (a,- v b) A bco = at
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for each / in J. Since bco ^ as S; a we have

a ^ (c v 6 v a) A 4w ^ /\ at = a.

Thus (c v 6 v a) A bco = a and so, using orthomodularity again we have

b v a = b v {(c v 6 v a) A 6a>} = c v 6 v a

whence c ^ J v a . This shows that bvais the g.l.b of the set {a,- v b : j e J}.
A dual form of this result is worth stating as the

COROLLARY. If (S, co) is an orthomodular lattice and \/ c,- = c exists in
S then

V [Cj v xco) A x = (c v icw) A a;
/or any x in $•

We conclude this section with

LEMMA (2.1). Let (S, co) be an orthomodular poset with the A-property.
Let ajt j e J and b be as defined above, that is f\ «3- = 0 and b J_ a,-, then

A K vb:jej} = b.

PROOF. By the assumed A -property c = /\ {a, v b : j e J} exists in S.
Since c ^ b the meet c A bco exists in S, using the orthomodularity of S
and the fact that a,- J_ b we have

c A bco ^ [aj v 6) A bco = «5-, / e J .

Since /\ â  = 0 we have c A fe = 0, since c 52 6 and S is orthomodular
we have c = b.

3. The completion by cuts of an orthoposet

Let (S, co) be an orthoposet. For any non-empty subset X of S let Xa
be its set of lower bounds in S and let Xr be its set of upper bounds in S.
If X = {x} consists of a single element of S we write xa and xr. For any
non-empty subset X of S we write Xco = {xco : x e X).

LEMMA (3.1). Let (S, co) be an orthoposet and write Q = ma, then 0Q —- S,
SQ = 0 and, for any non-empty subsets X,Y of S (1) Xz = Xcoaco, {2)X Q Y
implies YQ Q XQ, (3) X C XQQ, (4) XQQQ = XQ and (5) Xxa = XQQ.

We omit the proof of the statements in the lemma since they are
straightforward and easily proved, for example Maclaren [3]. It follows,
as shown by Maclaren, that <€ = {Xra : • C X Q S}, the completion by
cuts of S, is orthocomplemented by Q, that is (^, Q) is a complete ortho-
lattice. We prove

LEMMA (3.2). Let (5, co) be an orthomodular poset with the A-property,
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then for X in *€ and y in S

X2ya and X n yQ = {0} => X = ya.

PROOF. Assume the antecedent in the implication above but suppose,
contrary to what it is asserted to imply, that there is an x in X such that
x rg y. Since x and y are in X and X in <£ the set (x u y)xa is a subset of X.
Since {0} is the least element of the lattice # and since lattice meet in <€ is
set intersection

{0} Q (x u y)ra n ycoa QX nyQ = {0}.
Thus

(x u «/)T<T n ycoff = {0}.

If z is in (x u £/)T then z I2i y and so z A yco exists in S. But

{z A 2/to : 2 6 (a; u 2/)f}<r C (# u 2/)TCT n ya>«r
and so

A {2 A yco : z e (x 0 «/)T} = 0.
By orthomodularity

y v (z A i/a>) = 2, Vz e (x u y)r

and y ^ ZCDV y = (z A 2/cy)ft> for each 2 in (a; u «/)T, we have then
y _L 2 A yco ior each 2 in (x u t/)r. Thus from lemma (2.1)

V = A {2/ v (z

= A {* : 2 6 ix u 2/)T)-

It follows that x <[«/ contrary to assumption. This contradiction establishes
the desired result.

We prove now

PROPOSITION (3.1). Let (S.co) be an orthontodular poset. If i^,Q) is
orthomodular then (S, co) has the A-property.

PROOF. Let {#,- : / e / } be a non-empty subset of S whose g.l.b is 0.
Let b in S be such that b JL at for each / in / . We have to show that the set
{«,- v b :jej} has a g.l.b in 5. Each set ata is in # and f| {a,cr : / e / } = {0}.
The set 6CT is in <& and since b rgj a;w we have

that is bo is orthogonal in ^ to each of the a^a. Since ^ is an orthomodular
lattice by assumption it has the A -property and so

If c in S is a lower bound to the set {a, v b : j e J} then c belongs to each of
the sets (a, u &)T<T and so c ^ 6. But b is itself a lower bound to the set
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{Uj v b : j e J} and is therefore its g.l.b. This establishes the desired result.
Let (5, a)) be an orthoposet, let X be a subset of S and let Y be an orthogonal
subset of X. The set union of a non-decreasing chain of orthogonal subsets
of X each of which contains Y is itself an orthogonal subset of X containing
Y. It follows that there exist maximal orthogonal subsets of X which
contain the orthogonal set Y. We say that an orthoposet (5, a>) has the
.B-property when for any non-empty subset X of S and any maximal
orthogonal subset M of Xra one has Mxa = Xxa. We prove that

PROPOSITION (3.2). The completion by cuts of an orthoposet is ortho-
modular if and only if the orthoposet has the B-property.

PROOF. Let (S, a>) be an orthoposet and let (W, Q) be its completion
by cuts. We show that the .B-property in S implies orthomodularity in <€
by showing that if (S, m) does have the B-property then

X,Yetf,XQYQ&{XKj Y)ra = S => X = Y.

To do so suppose that (S, co) has the .B-property and assume the antecedent
in the implication above. Let M be a maximal orthogonal subset of X and
let P be a maximal orthogonal subset of Y. Then

S = (X u Y)xa = {Mxa u Pxa)xa = (M u P)xa.

It follows that M u P is a maximal orthogonal subset of S for

x J_ (M u P) =* x e (M u P)Q = {0}.

Let N D M be a maximal orthogonal subset of YQ which contains M then
N ± P and

(N u P)ra = (Y.Q u Y)TCT = S.
s

Since M u P is maximal and M u P C A ^ u P w e must have M = N that
is X = illro = ATTCT = Yi?. This establishes the orthomodularity of # .
Now assume that ^ is orthomodular, we show that S has the B-property.
Let X be any non-empty subset of S and let M be a maximal orthogonal
subset of Xxa. Since M is maximal we have MQ n Xxa = {0}, but
Xra D Mxa = MQQ and so, by orthomodularity in <€, Xxa = Mxa. This
is the desired result.

4. Completely orthomodular posets with the A-property

We prove

LEMMA (4.1). Let (S, a>) be an orthomodular poset with the A-property.
Let X QS be in eS, the completion by cuts of S, and let M be a maximal ortho-
gonal subset of X. If x = \JM exists in S then X = xa.

https://doi.org/10.1017/S1446788700005978 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700005978


62 P. D. Finch [6]

PROOF. Let X and M be as defined in the statement of the lemma.
Since M QX and X is in ^ the element x is in X and so xa QX. If y is in
X n x.Q then ?/ ^ a;a> and so ?/ is orthogonal to each element of M. But y is
in X and Af is a maximal orthogonal subset of X thus y = 0. We have then
both X D w and X n 2..Q = 0 and, since 5 has the J-property it follows from
lemma (3.2) that X = xa. This is the desired result.

We are now able to establish our final result, namely

PROPOSITION (4.1). A completely orthomodular poset with the A-property
is a complete orthomodular lattice.

PROOF. Let (S, w) be a completely orthomodular poset with the
A -property. Since V Y exists in S for any orthogonal subset Y of S, it
follows from lemma (4.1) that each element X of # is of the form xa for a
unique x in 5. That is S is isomorphic with its completion by cuts and so,
in addition to being orthomodular, is also a complete lattice.
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