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Abstract. We consider random walks on the group of orientation-preserving homeomor-
phisms of the real line R. In particular, the fundamental question of uniqueness of an
invariant measure of the generated process is raised. This problem was studied by Choquet
and Deny [Sur 1’équation de convolution 4 = u *x o. C. R. Acad. Sci. Paris 250 (1960),
799-801] in the context of random walks generated by translations of the line. Nowadays
the answer is quite well understood in general settings of strongly contractive systems.
Here we focus on a broader class of systems satisfying the conditions of recurrence,
contraction and unbounded action. We prove that under these conditions the random
process possesses a unique invariant Radon measure on R. Our work can be viewed as
following on from Babillot et al [The random difference equation X, = A, X,—1 + B,
in the critical case. Ann. Probab. 25(1) (1997), 478-493] and Deroin et al [Symmetric
random walk on HOMEO™ (R). Ann. Probab. 41(3B) (2013), 2066—2089)].
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1. Introduction
Let Homeo™ (R) denote the group of orientation-preserving homeomorphisms of the real
line R. We shall consider the (left) random walk on Homeo™ (R), that is, the sequence of

o
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random homeomorphisms

Ly = & 81

obtained by iterated composition products of a sequence (g,),eny of independent and
identically distributed (i.i.d.) Homeo™ (R)-valued random variables. We denote by u the
common distribution of the g,. We shall always assume that p is a discrete probability
measure on Homeo™ (R). This sequence of random transformations induces a stochastic
dynamical system (or an iterated random function system) on the real line, that is, the
Markov chain (X;),en defined recursively for any starting value Xj =x € R by the
formula

X; =g,(X;_)) =4L,(x) forn=>1.
The associated Markov kernel is of the form

Pf(x):= Z f(g(x))u(g) for any bounded Borel-measurable function f on R.
gel

Here T denotes the discrete support of u, thatis, I' := {g € Homeo™ (R) : 1(g) > 0}.
We are interested in the case when the Markov chain (X})),cn does not escape to infinity.

Namely, we always suppose that the following hypothesis is satisfied.

(®R) The Markov chain is (uniformly topologically) recurrent, that is there exists a compact
interval Z C R such that for every x € R the sequence (X, ),en visits Z infinitely often
almost surely (a.s.).

Condition (fR) entails immediately that there exists an invariant Radon measure v for the

system generated by u, that is, a measure, finite on compact sets, satisfying

/f(X)dV(X)=/ Pf(x)dv(x)
R R

forany f € Cc(R), the space of continuous functions with compact support. This measure
can be either finite or infinite.

The fundamental question of this paper is to decide whether an invariant measure is
unique up to a multiplicative constant. This problem has been widely studied for different
kind of systems: the now classical Choquet—Deny theorem [12] can been seen as one of the
first results in this direction. It says that the Lebesgue measure on R is the unique Radon
invariant measure for systems generated by translations that are recurrent and do not have
discrete orbits. Among other interesting results we would like to mention fundamental
works on strongly contractive systems initiated by Furstenberg [17]; see also [14, 22, 27].
In these works, under various contracting assumptions, it was proved that there exists a
unique invariant probability measure.

A weaker contraction property (called local stability) has been proposed to deal with
systems that have infinite Radon invariant measures. This property was first used by
Babillot, Bougerol and Elie [5] in the case of systems generated by centred random
affinities. Next it was studied in a much more general setting by Benda [6], Peigné
and Woess [26] and Deroin et al [13]. The latter paper contains a detailed study of
the uniqueness of an invariant measure for random walks on Homeo™ (R) under the
hypothesis of the measure u being symmetric. Using a conjugation of the reals to
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some open interval, say (0, 1), we obtain some results for random walks on the group
of orientation-preserving homeomorphisms of the interval (0, 1). Initially such walks
were considered by L. Alseda and M. Misiurewicz who studied some function systems
consisting of piecewise linear homeomorphisms and proved the existence of a unique
probability measure (see [1]). More general function systems were investigated by Gharaei
and Homburg in [19]. Recently D. Malicet obtained unique ergodicity as a consequence
of the contraction principle for time-homogeneous random walks on the topological group
of homeomorphisms defined on the circle and interval (see [24]). His proof, in turn, is
based upon an invariance principle of Avila and Viana (see [4]). A simple proof of unique
ergodicity on the open interval (0, 1) for a wide class of iterated function systems is
given in [10].

The main goal of this paper is to show that the uniqueness of an invariant measure can
be obtained assuming, besides recurrence, the following two conditions that only involve
the action of I" (the support of 1) on R.

(&) Contraction (or proximality) of the action. There exists an interval Z C R such that
for any compact set K C R there is some g belonging to the semigroup generated by
I" such that g(K) C Z.

(81) Unboundedness of the action. For every x € R we have g1(x) < x < gp(x) for some
g1, 8 €Tl

The first of this conditions says that it is possible to shrink any bounded set at finite

distance. We will see that the second condition is equivalent to the question of whether

one can reach +00 and —oo from any starting point x.

From now on, uniqueness will mean the existence of a unique, up to a scalar factor,
invariant Radon measure. The main purpose of the paper is to prove that under the above
conditions the invariant measure is unique.

THEOREM 1.1. Assume that a stochastic dynamical system, generated by a discrete
distribution ;. on Homeo™ (R), satisfies assumptions (R), (€) and (41). Then the system
admits a unique invariant Radon measure v.

The study of invariant measures is strictly related to the issue of closed I'-invariant
sets, that is, closed sets M C R such that gM € M for all g € I'. In fact, for any
invariant measure v its support supp v is a closed I'-invariant subset of R. One of the
crucial questions that the present paper explores is whether a closed I'-invariant set
can be contained in the support of different invariant ergodic measures. Recall that an
invariant measure v is ergodic if for any A C R such that vy4, the restriction of v to A, is
invariant, we obtain that either v4 = v or v4 = 0. The following theorem gives a quite
complete answer to this question under the recurrence and unboundedness hypotheses
only.

THEOREM 1.2. Assume that a stochastic dynamical system, generated by a discrete

distribution ;1 on Homeo™ (R), satisfies assumptions (%) and ().

(1) Let vi and vy be two ergodic invariant Radon measures such that supp v C supp v
and supp vy is not discrete. Then vi = Cvy for some constant C > 0.
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(2) The support of every ergodic invariant Radon measure v either is minimal among the
closed I"-invariant sets or contains a I'-invariant discrete set.

(3) For any minimal closed T -invariant set M there exists a unique ergodic invariant
Radon measure v such that M = supp v.

The proof of Theorem 1.2 will be given in §3. In §4 we will show that Theorem 1.1
is a consequence of this result together with the contraction hypothesis and the ergodic
decomposition of invariant measures. We would like to point out that the results of these
two theorems are quite optimal and that conditions (R), (€) and (1) are all needed to ensure
uniqueness. In §5 we shall provide a number of examples and discuss our hypothesis.

In this paper we would also like to show how the general theorem (Theorem 1.1) can
be applied to several specific but interesting situations. For instance, we will prove that
an immediate consequence is the uniqueness of an invariant measure for recurrent affine
recursions.

COROLLARY 1.3. Let i be a discrete measure on T' C Homeo™ (R). Assume that every
g € ' is of the form g(x) = A(g)x + B(g) for x € R. Moreover, assume that there exists
go € I such that A(go) < 1. Then, if conditions (R) and (L) hold, the corresponding
stochastic dynamical system admits a unique invariant measure v.

This result is well known but we give here a new proof of it. In particular, it is not
based on the Lipschitz property of affine transformations. The proof is valid both in the
contractive case (when there exists a stationary probability measure [17]) and in the centred
case (when the invariant measure has infinite mass [5]).

The recurrence ($R) and contraction (€) conditions can be easily verified when
homeomorphisms are repulsive at £00. In Lemma 5.1 we will present some general criteria
for systems that are asymptotically linear, such as affine recursions. As a consequence,
using a conjugation, one can obtain the following results for C2-diffeomorphisms of the
interval.

COROLLARY 1.4. Let 1 be a finitely supported measure on the group of increasing
diffeomorphisms in C 2([0, 11]). Assume that:

R) Zhesuppu. uw() Inkh'(0) >0 and Zhesuppp_ w(h) In k' (1) = 0;

(€')  there exists h € supp ju such that h’(0) > 1 and b/ (1) > 1;

&) for every x € (0, 1) there exist hy, hy € supp u such that hi(x) < x < hy(x).

Then there exists a unique invariant Radon measure on (0, 1).

In §A we shall discuss some seminal results on ergodic invariant measures for
Markov—Feller processes on locally compact metric spaces. In particular, we will give an
explicit proof of the ergodic decomposition of a general invariant Radon measure as an
integral over all ergodic Radon measures.

2. Basic notions and preliminary results
In this section we give the fundamental notions and basic facts about invariant Radon
measures that will play an important role in the sequel.
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2.1. Random walks on Homeo™ (R) and associated dynamical systems. We denote by
Homeo™ (R) the set of orientation-preserving homeomorphisms of the real line. We
consider the left random walk on Homeo™ (R), that is, the Markov chain

=g 8

obtained by composition product of a sequence (g,)nen, Which is a sequence of i.i.d.
Homeo™ (R)-valued random variables whose distribution is a discrete measure .. Let

I' := {g € Homeo" (R) : u(g) > 0} C Homeo™ (R)

be the discrete support of 1. The space of trajectories of the random walk is then the infinite
product space I'N. This space will be equipped with the product measure (I'N, 4 ®Y). The
associated probability law will be denoted by P. We denote by

' :={g=g1--- g, € Homeo™ (R) for some g; € I'}

the semigroup generated by I". Observe that I'* is countable and may be equipped with the
discrete topology.

We denote by B(R) the collection of all Borel subsets of R, by B(R) the family of all
Borel-measurable bounded (real-valued) functions with the supremum norm || - || and by
C(R) the subspace of B(RR) consisting of all continuous functions. The subfamily of C (R)
consisting of all continuous functions with compact support is denoted by C¢ (R).

Since the semigroup I'* acts on R, we can introduce the stochastic dynamical system
on the real line (X}),en corresponding to the left random walk on Homeo™ (R), that is,
for any x € R we define the Markov chain

X, =g,(X;_)) =4{,(x) forn>1
and X{j = x. The transition probability for this Markov chain is given by the formula
P(x, A) = Z 14(g(x)u(g) forx € Rand A € B(R).
gel
It induces a positive contraction P on B(R) defined by
Ph(x) := Z h(g(x))u(g) forh € B(R). 1
gel

For any Radon measure v on R, let P, be the measure defined on the trajectories of
the Markov chain (X,),cn Where X is distributed according to v. More precisely, P,
is a measure on the space RN (endowed with the product o-algebra) such that for any
finite collection of compact intervals I;, i =0, . . ., n, the measure of the cylinder [/] =
Ip x - -+ x I, x R x--- is defined by

P,([I)=Py(Xoelpy,...,Xn€ly)

= M(gl)"'li(gn)/RlIo(x)lh(gl(x))'"11,1(gn"'gl(x))dv(x)-

Observe that if v is a Radon measure of infinite mass then IP,, is not a probability measure
but it is finite on the cylinders whose bases /; are compact intervals.
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2.2. Invariant measure and recurrence. An invariant Radon measure for the system
induced by a measure u is a Borel measure v that is finite on compact sets and satisfies

v(f) = /R Ef(XPv(dx) = Z fR FgNv(dx)u(g) = v(Pf)

gel’

for any f € Cc(R). In short, we shall say the v is invariant for u, or that v is a pu-invariant
measure. It is easy to check that if v is invariant for p, then the measure PP, is invariant for
the shift 7 of RY.

It is well known that recurrence hypothesis (9R) immediately entails the existence of a
p-invariant Radon measure. Indeed, it is easy to see that the operator P is topologically
conservative, that is, there exists a bounded set K C IR such that

o0

Z Ple(x) =oo foreveryx € R.

k=0
Actually, (R) implies that this condition holds with K = Z. Then Lin’s result [23, Theorem
5.1] ensures the existence of a p-invariant Radon measure v.

2.3. Support of an invariant measure and closed T-invariant sets. The analysis of
u-invariant measures is strictly related to the study of closed I'- invariant sets of R, that is,
closed sets M C R such that gM € M for all g € T". In fact, for any p-invariant measure
v its support

supp v := {x € R: v(Vy) > 0 for every open neighbourhood V; of x}

is a closed I'-invariant set of R. To check I'-invariance, take x € supp v, go € I' and V an
open neighbourhood of go(x). Then

v(V) =Y u(@vg™'V) = ugov(gy V) >0,
gel

since g, 'V is an open-neighbourhood of x.

If (R) holds then, thanks to Lin’s theorem, any closed I'-invariant set contains the
support of at least one p-invariant Radon measure v. In particular, if there exist two disjoint
closed I'-invariant sets, there are at least two different invariant measures.

To decide whether a I'-invariant set can be (or contains) the support of different
invariant measures it is essential to characterize minimal closed I'-invariant sets, that is,
closed I'-invariant sets not containing other closed I'-invariant sets except the empty set
and itself.

2.4. Unboundedness hypothesis. The last of the fundamental hypotheses of our paper is

as follows.

) Unboundedness of the action. For every x € R we have g1(x) < x < g2(x) for some
81,8 €.

This guarantees that any closed I'-invariant set is unbounded. In fact, we have the following

easy lemma.
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LEMMA 2.1. Hypothesis () is satisfied if and only if for any x € R,

sup g(x) =400 and inf g(x) = —oo0.
gel* gel'*

In particular, if condition (4) is satisfied then any non-empty I'-invariant set is unbounded
on both sides.

Proof. Suppose first that (L) holds and x¢ = SUPger+ g(x) < oo. Then forall gg € T,

go(x0) = sup (gog)(x) < sup g(x) = xo,
gel'™* gel'*

which contradicts ().

Conversely, assume that there is an x € R such that g;(x) < x for all g; € I'. Since all
the homeomorphisms preserve the order, g2(g1(x)) < g2(x) < x for all g1, go € I". Thus
the induction argument yields g(x) < x forall g € I'"" and n € N. This finally implies that
SUPger+ g(X) < x. O

In particular, under condition (L) the support of any invariant measure is unbounded in
both directions. Note also that if (4[) holds for I it also holds for ' !.

2.5. Ergodic measures and ratio ergodic theorem. Among p-invariant measures,
ergodic measures play a special role. We present here the main facts and we refer to
§A for a more detailed discussion.

For any measurable A C R denote by v4 the restriction of v to A. The restriction is
called rrivial if either v(A) = 0 or v(R \ A) = 0. We say that a measure v is ergodic if for
any A € B(R) such that the restriction v4 is invariant, it must be also trivial. In our setting
we can say that if an invariant measure is ergodic, then any closed I'-invariant set M either
is null or has full measure: v(M) =0 or v(R\ M) = 0. In §A.2 we give a more detailed
discussion of other equivalent characterizations of ergodic measures.

Ergodic measures can be seen as atomic bricks that are used to construct any invariant
measure. In fact, any invariant measure v can be decomposed into ergodic components, in
the sense that there exist a measurable set £, of ergodic measures and a finite measure 7,
on &, such that

v(f) = /g ve(f)dm(e) forall f € Ce(R). @)

In Theorem A.6 we provide a proof of this decomposition for conservative Markov—Feller
processes. Note that the above decomposition entails that if there are two different invariant
measures, there must exist at least two different ergodic measures. Another consequence is
that if v is invariant, there exists an ergodic measure v, such that supp v, C supp v. In fact,
for n,,-almost all e € &, we have v, (R \ supp v) = 0. Hence we have supp v, < supp v.
A fundamental property of ergodic p-invariant Radon measures, which we will often
use in the sequel, is the ratio ergodic theorem (or the Chacon—Ornstein theorem), which
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gives the asymptotic behaviour of the partial sum defined by
n
Snp(x) :=¢(g, - g(x)+ -+ &g () +o(x) = Z ¢ (X;) 3)
k=0

for any measurable function ¢ € LY(R, v) and x € R. Observe that if ¢ is the indicator
function of some set A, then S,¢(x) = S,14(x) is the number of visits in A up to time n
for the Markov chain (X} ),en starting at x.

Whenever recurrence condition (R) is satisfied, it follows that for any arbitrary function
@ whose support contains a recurrent interval Z we have S, ®(x) — +oo for any x € R,
asn — oo.

If v is ergodic for any non-negative function @ € LI(R, v) we have v(®) > 0 if and
only if S, ®(x) — +oo for v-almost all x and in this case the Chacon—Ornstein theorem
[11] guarantees that for any ¢ € L' (R, v) the limit

Sip(x) V(@)
m =
n—o0 S, ®(x)  v(d)

“4)

exists for uN-almost all sequences (g1, g2, . ..) € I'N and v-almost all x € R. This is a
consequence of the fact that the shift 7 is a contraction on the space L' (RY, P,) and that
P, is ergodic, if v is ergodic (see §A and, in particular, Corollary A.5 for a more complete
discussion of these results).

2.6. Measures with atoms. The following lemma is useful when we have to deal with
some invariant measures v that have atoms, that is, for which there exists x € R such that
v({x}) > 0. It essentially says that one can have invariant measures with atoms only if the
orbits of action of I'"! are somehow discrete.

LEMMA 2.2. Assume that condition ((R) is satisfied. Let v be a (i-invariant Radon measure
with atoms, and let K be a compact interval that contains the recurrence interval T and
some atoms. Then there exists xo € K such that the orbit (T "V)*xog N K is finite.

Proof. Let v be a u-invariant Radon measure with atoms. We shall abbreviate v({x}) to
v(x). Analogously, we shall also write 1, for 1y;. Note first that because v is a Radon
measure, there are at most countably many atoms and the mass of all atoms in K is finite.
Therefore sup,.x v(x) is finite, and there is xx € K such that v(xg) = sup, g V(x)
(note, however, that it could be not uniquely determined). We will prove that for any
compact set K containing some atoms of v,

v(y) = v(xg) foranyye (I H*xx NK. (5)

Since the total mass of K is finite, this will imply that (T ™")*xx N K is finite.

Let O = (I UT'~!)*xg be the orbit of xx under the action of the group generated by I’
endowed with the discrete topology. Note that O is a I'- and I'"!-invariant countable set.
We can define on O a countable Markov chain X,, (which is just the restriction to O of the
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Markov chain defined on R) with the transition kernel

p(x,y) =P(g(x) =y) = Y 1,(g(x)u(g) foranyx,y e O.
gel

Let v be the measure on O defined by v(x) := v(x). Observe that v = v|p and vV remains
(u-invariant, that is,

V) =Y p(rn 0V =YY L@@V = Y u(@v(g (x)) forx € 0.

yeo gell'yeO gel
(6)

In fact, we have

DY L@V =) fR Lo(M1:(g(») dv(y)p(e)

gel’ yeO gel

=> /R L(2()) dv(y)u(g) = v(x).

gel

Consider the induced Markov chain on O = O N K defined by the kernel

o0
pr(x,y) =P(Xr =y, T <o) =) Y p&i,x2) - plaa-ti,%) (7)
n=1 xeO0y(x,y)
forx,y € Og,where T :=inf{n > 1 : X,, € Ok} is the first hitting time of Ok and

On(x,y) ={xe OV : x; =x,x, =yandx; € Og forall 1 <i < n}.

Since K contains Z, the stopping time 7 is finite £®N-a.s. for every x € O, thus the
kernel is stochastic, that is,

pK(x, OK) =1 forxe OK. (8)

The restriction of ¥ to Ok 1is an invariant measure for the Markov kernel pg (see, for
instance, [25, Proposition 10.4.6 and Theorem 10.4.7]), that is,

V) = ) pr(x, y)VE).

)CEOK

Consider now the reversed Markov chain X,, on O defined by recursive action of the gi_1
with the kernel

ﬁ(xa y) = P(gl_l(X) = y) = P()C = gl(y)) = p(y,x) for any x,y € 0’ (9)
and the induced kernel on K,
Pk (x,y) = PX(S(\’T‘ =y, T < 00),

where T = inf{n > 1: 5(\,, € Ok}. Observe also that, by (7) and (9), px(x,y) =
Pk (¥, x). Thus for every n € N,

V)= Y VPR xk) = Y 3Pk (k. )

yeOk yeOk
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Since the kernel pk (x, y) is sub-stochastic, > veox Pk(x,y) = P,(T < o00) <1 and
V(y) <Vv(xg) for y € Ok, it follows that V(y) = V(xg) whenever there exists n such that
ﬁ?((xK, y) > 0, thatis,if y € (F’])*xK. This completes the proof. O]

3. Minimality of the supports. Proof of Theorem 1.2
In this section we will prove Theorem 1.2. We need to consider the reverse random walk
with step law given by the probability on Homeo™ (R) defined as

(g == (g™,
and the associated Feller kernel
Pr) =) fe cnu@ = Y  fle)i(g).
ger ger-1

Theorem 1.2 will be a consequence of Propositions 3.1 and 3.2 which will be stated
and proved below. We will see in the proof that these two propositions cover two
complementary cases. The proof of the second proposition shares some arguments with
the paper of Deroin et al [13] on symmetric random walks.

PROPOSITION 3.1. Let vy and vy be two u-invariant ergodic measures such that
supp v; C supp vp. Assume that there are a set M unbounded on both sides and an
open interval J having at least two common points with supp v such that for any u € M,

N(g.u) =sup{n: €, ' (u) € J} < oo
for /L®N-almost allg = (g1, &2, . . .). Then vi = Cv; for some constant C > (.

Proof. Note that to prove the result it is sufficient to ensure that for arbitrary a, b € M
such that Z C (a, b) and any z € (a, b),

vila,z) _ wnla,2)
vila,b)  wla,b)’

Indeed, taking the difference, we obtain that for all a < z1 < zo < b,

(10)

vilz1, 22) = C(a, b)v2[z1, 22)

with C(a, b) = vila, b)/v2[a, b) € (0, c0). Thus v; and v, coincide up to a constant on
[a, b). Observe that v;[a, b) > v;(Z) > 0. To extend this equality to the whole line it is
sufficient to appeal to unboundedness of M. Taking sequences (a;,),eN, (bn)neny C M such
that a, — —oo and b, — 400, we deduce the equality of both measures on R.

We now turn to the proof of (10). Fix a,b € M such that the recurrent set Z is
contained in (a, b). The assumptions of the proposition assure that there exist two
distinct y1, y» € J Nsupp vy; we can assume y; < y». Taking two sufficiently small
neighbourhoods of these points, we can find two disjoint intervals J; and J, such that
vi(Ji) >0 and J; C J, i =1,2. Note that for any x; € J; (i =1,2), z > a and any
n > N(g) :=max{N(g,a), N(g, b)} + 1 we have

Laz) (Cn (D) = L1y =1y D) Z Lty =1 (02) = Loy (€n(x2)) (1)
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since x; < xp and 6;1 (a) ¢ J D [x1, x2]. Similarly, one can check that

Liap) (€n(x1)) = 1 p) (£n(x2)) (12)

using that also ¢, ! (b) ¢ J for appropriately large n.

Observe that also v2(J;) > 0, because y; € supp v; C supp vz. By the Chacon—-Ornstein
theorem (4) there exist x; € J; and x, € Jo» such that for u®N-almost every (a.e.)
(8i)nen € TN,

Snlia(x1) _ vila, 2)
n—00 Syliapy(x1)  vila, b)

Snl[a,z)(XZ) _ nla, z)

and = .
n—oo Sl p)(x2)  w2la, b)

(13)

Appealing to the definition of S, given in (3), formulas (11) and (12) yield for any n >
N(g),

Snlia,0)(x1) = Sn(g) La,0) (X1) = Sulja,z)(¥2) — Sn(g) Lja,2) (x2)
and

Snliap) (x1) = Sn(g)Liap) (X1) = Suliap) (x2) — Sn(g)Ljap) (X2).

Recall that since the recurrent set 7 is a subset of (a, b), Sy1j4p)(x;) — oo fori =1,2
n®N-a.s. Hence on a set of probability 1 we have

vila, z) — lim Snl[a,z)(xl)
vila,b)  n=00 §;114p)(x1)
Sv@ ey 1) Saliag (1) = Sng L) (x1)
1m — —
n=00 Spliapy(x1)  Spliap)(X1) — Sn(g)Liab) (x1)

Snliap)(x1) — Sn(g)Liap) (x1)
' Snlap)(x1)
Snla,z)(x2) — Sn(g)l{a,0) (X2) . Sulgy(x2)  wmla, 2)
= 5% Syl (%) — S lian () mo%0 Slep () | vala, b)’

the penultimate equality by the fact that S, 1(44)(x2) — oo as n — oo. Interchanging in

(13) the role of measures v| and vy, that is, choosing x| € J; and x» € J> such that
Snlia(x1)  wla,2)

n—00 S,1iapy(x1)  wala,b)’

i Snl[a,z)(x2) vila, 2)
1m =

= and
n—00 Spliap)(x2)  vila, b)
we arrive at the converse inequality

vila, 2) - nla, z)
vi[a, b) ~ wla, b)’

thus concluding (10). This completes the proof. O

PROPOSITION 3.2. Let vy and vy be two ergodic invariant measures such that supp v; C
supp v2 and vy has no atoms. Suppose that there exists a fi-invariant Radon measure v
such that supp v; C supp V. Then vi = Cv; for some positive constant C.

The existence of the measure D enables us to ensure that the number of visits to a given
interval of processes (X ) en and (X e starting from two different points x and y does
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not differ too much if x and y are close enough. Our arguments are partially inspired by
the techniques introduced in [13].

LEMMA 3.3. Assume that (*R) is satisfied. Let v be an ergodic p-invariant measure, and
letV be a ji-invariant Radon measure. Let a and b be two points of the support of V such
that via, b) > 0. Fix two constants p, ¢ € (0, 1), and let § = min{v(l,¢), V(Ipe)} > O,
where I.. 1= [c, ¢ + ¢) for arbitrary ¢ € R. Then for v-a.e. y and any x <y satisfying

Vx, y) < (1= p)s,
M®N<{g - Tim Snl[a,b)(x) _ 1‘ < V(Ia,s) + V(Ib,s) }) > p
- oo Snl[a,b)(Y) vla, b)

Proof. We start with an observation that if two points x and y are close with respect to the
distance measured by 7, that is, if D[x, y) < (1 — p)§, then with probability at least p the
distance between two trajectories (X} ),en and (X, Y)neN remains small, that is,

P( lim D[XF, X)) < 8) = u®N({g: lim D[X?, X;) < &) > p. (14)
n—oo _— n—oo

This fact was proved in [13, Lemma 6.6], nevertheless for the reader’s convenience we
present here a complete argument. Note first that since the measure V is [i-invariant,
the sequence V[ X n X 7y forms a positive martingale, thus by the martingale convergence
theorem it converges to a non-negative random variable v(x, y). Fatou’s lemma entails

that
Ev(x, y) < lim E[D[X}, X;)] =7Vlx, y)
n—0o0

and, finally, by the Markov inequality we obtain

P({o(x. y) > 8)) < P({v(x, y) > A }) LUz plvey)
- STx. )

thus completing the proof of (14).
To proceed further we need an additional auxiliary inequality. Namely, note that for any
x < y we have

Miap) () = Lap) D] = Lap) (D)L (—00,a) (X)) + Ljap) ()1 [p 400) (V)

<17, )+ Y21, + 11, () + Yz, ()
=17, () + 15, () + 15 ) =500 (V) + 1o1x,) =00} (V)
<1, +1, () +2- 15 n=6).

Replacing x, y by £x(x) and £, (y) respectively, and then summing over k, we obtain for

any x < yandn > 0.

|Sn l[a,b) (x) — Sy l[a,b) 62]
< Suly,, (3) + Suly, () + 2card{k < n : DX}, X)) = 6).

ae

(15)
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Since v[a, b) > 0, the Chacon—Ornstein theorem (4) entails that

. Snlla,g ) + Snllh,g (6] V(Ia,g) + V(Ih,s)
lim =

16
n—00 Snl[a,b)(y) vla, b) (16

for v-a.e. y. Furthermore, for v-a.e. y, S,1[45) (y) converges to +oo, since v[a, b) >
0. Now, fix a y for which the above limit exists and take arbitrary x < y such that
Vlx, y] < (1 — p)8. Then, in view of (14), on a set of probability at least p we have
limy,— 00 VIX, X;) < 8. Thus invoking (15) on the intersection of this set with the set

of full measure for which (16) holds, we obtain

Snl[a,b) y) — Snl[a,b) (x) < lim Snlla,g (y) + Snllb_£ )

lim sup =
n—00 Snliap)(¥) n—>00 Snliap)(y)
_ V(Ia,s) + V(Ib,s)
via, b)
and the proof of the lemma is complete. O

Proof of Proposition 3.2. We will now prove that for any a, b € supp v; C supp D such
that vi[a, b) > 0 and vz[a, b) > 0, and for any z € (a, b],

vila,z)  wla, 2)
vila,b)  wla, b)’

a7

The desired result will be shown by the same argument as in the proof of Proposition 3.1,
using the fact that supp v is unbounded.

Step 1. First we will prove that (17) holds for z € supp v such that vq[a, z) > 0. Fix
p € (1/2, 1), choose ¢ > 0 such that the intervals I, ., I and I, are pairwise disjoint
and put

§ = min{V(la,e), V(lpe), V(Ize)} > 0.

We claim that there exist two disjoint open intervals /1, I and an interval Ip D I} U I,
such that

sup{x € I} <inf{x € I;}, vi(l})) >0, vi(h) >0 and V() < (1 — p)é.

In fact, let Z be an open interval such that supp vi N Z # @. Since v; has no atoms,
supp v; N Z contains infinitely many points. Thus there exists a strictly monotone sequence
Zn € supp v1 N Z. Suppose that z,, is increasing (the decreasing case is similar). Consider
the open neighbourhood of z,, defined by J,, := ((zn, + 2n—1)/2, (zn + Zn+1)/2). Intervals
J) = [(zn + z2n—1)/2, (20 + zn+1)/2) for n € N are disjoint and contained in the bounded
interval Z, whence V(J,,) converges to 0 and thus V(J,) < (1 — p)3/2 for any sufficiently
large n. We take Iy = J,,, I = Jy41 and Iy = J, U Jr/;+1'

Since vi(I;) > 0 and vq[a, b) > vi[a, z) > 0, by the Chacon—Ornstein theorem (4),
and appealing twice to Lemma 3.3 (first for points a, b and then for a, z), we deduce that

there exists x; € I; such that M®N -a.s.,

Snliaz(x1)  vila, 2)
n—00 Sy1iapy(x1)  vila,b)’

(18)
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and for all xp € I, with probability greater than 1 —2(1 — p) =2p —1 >0,

li Snl[a,b) (x2) ’ V(Ia,e) + V(Ib,s)

imsup | T | < 48 T 08

n—oo | Snl{ap)(x1) vla, b)

lim sup Snl[a,z)(x2) _ 1’ < v(lae) + V(Ib,s).
n—00 Snl[a,z) (x1) v(a, z)

Now since vy(l) > 0 and v,[a, b) > 0 we can chose x, € I such that M®N-a.s.,

m Snliazs(x2)  wla, 2)
hR—00 Snl(a,b)(XZ) nla, b)

19)

Thus, with £®N probability at least 2p — 1 > 0, we can write

Snliap)(x2) | Sulpaz)(x2) 1‘
Snl[a,b)(xl) . Snl[a,z)(xl)

< <V1(Ia,£) + Vl(lb,s) + V1 (]a,a) + Vl(lz,s)) : (1 _ Vl(Ia,g) + Ul(lz,s))’

vila,z) wla,b) ‘ B
vila, b) wla, z) s

vila, b) vila, z) vila, 2)

where for the last inequality we used the inequality [(1 + €,)/(1 4+ n,) — 1] < |€x| + |nnl/
(1 — |nu]). Since the measure vy is atomless, sending ¢ to 0 in the last estimates proves (17).
Step 2. We will now prove that (17) holds for any a, b € supp v; and any z € (a, b]. Let

zZ:=min{x : x € supp v; N[z, +00)} € supp vy,

z :=max{x : x € supp vi N (=00, z]} € supp vi.
In particular, v1[z, Z] = 0 because v has no atoms. For all ¢ < z < z we have

vile, 2) = vile, 2) +vilz, 2) = vile, 2), (20)
vilc, 2) = vile, 2) +v1(z, 2) = vilc, 2). (21)

Since (1) holds there exists ag € supp v; such that vi[ag, a) > 0 and v2[agp, a) > 0, by the
fact that supp v; C supp v;. Since supp v; C supp v, by step 1 for any z € (a, b] N supp v;
we have

vilao, 2) = Cwlap, z2) and vilao, 2) = Cvalao, 2), (22)

with C := vi[ag, b)/v2lap, b) € (0, 0o). Observing thata < z <7 < b and applying (20),
(21) and (22), one obtains

vila, z) = vila, 2) = vilao, 2) — vilag, a) = Cvzlay, 7) — Cvalap, a)
=Cwla,7) = Cwa, 2)

and

vila, 2) = vila, 2) = vilao, 2) — vilao, @) = Cv2[ao, z) — C2lao, a)
= Cwnla, z) < Cvyla, 2).

Thus vi[a, z) = Cwv;[a, z) and (17) follows taking the quotient. The proof is complete. [
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Proof of Theorem 1.2. To prove (1), let v and v, be two ergodic invariant Radon measures
such that supp v; € supp v, and supp vy is not discrete in R.
We will consider the following two complementary cases:
(a) there exists an open interval J having at least two common points with supp v; such
that

Cy:= {xeR Zﬁklj(x)<oo}

k=0

is not emptys;
(b) forall openintervals J C R having at least two common points with supp v; we have

o
Z Fkll(x) =oo foranyx € R.
k=0

The theorem is a consequence of Proposition 3.1 for case (a) and Proposition 3.2 for
case (b).

Case (a). We claim that, in this case, the set C; is unbounded on both sides and for any
uecCy,

N(g, x):= sup{n:gl_1~~~g;1(x)€J}<oo (23)

for ,u®N—a.e. g = (g1, &2, ...). Then the fact that vi = Cvy is a consequence of
Proposition 3.1, with M = Cj.
To prove the claim observe that

Y Py = E[ hR VI g,,l(x»} = E(card{n : g;' - - - g, (x) € J).
k=0 n=0

In particular, for x € C; the sequence gf] gy I(x) visits J finitely many times with
probability 1, that is, N (g, x) < oo u®N-as.
Observe also that the set C; is I'!-invariant. In fact, if x € C; and go € I, then

o> Pl =) Prum=) % Pl ue
k=1

k=0 g€l k=0

(0.¢]
> PMu(gy  0)u(go)-
k=0

Thus go_lx € Cy, since (go) > 0. In particular, since (1) holds also for !, Lemma 2.1
entails that C; is unbounded.

Case (b). We will prove that under condition (b), v; has no atoms and there exists
a p-invariant Radon measure v such that supp v; C supp V. Then the fact that v; is a
multiple of v, follows from Proposition 3.2.

We first prove that vy cannot have atoms. Let K be a compact set that contains the
recurrence interval and an accumulation point of supp v;. If v; had an atom in K then,
according to Lemma 2.2, there would exist an xo € K such that its I'"!-orbit My (=
(I'"1*x0) has a finite number of points in K. But since K contains an accumulation
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point of supp vy, there exists an interval J C Mg that contains at least two distinct points
y1 and y» of supp v;. By I'"!-invariance of My we deduce that for any x € Mo, g~ 'x ¢ J
for g € I'*. Thus My C C; # @, which leads to a contradiction.

Since there exists a compact interval J such that C; = @, the Feller kernel

Pre) =Y fg ' D@ = Y fex)i(g)

gel’ gel-1

is topologically conservative and therefore it has at least one invariant Radon measure
v (see Lin’s theorem [23, Theorem 5.1]). The set My :=suppV is then closed and
I'~l-invariant. Suppose now that there exists y € supp vy but y ¢ supp v. Since supp ¥
is closed and v; has no atoms, there exists J C R\ suppV that contains at least two
distinct points y; and y» of supp v;. By I' !-invariance of supp ¥ we conclude as above
that for any x € supp D, g~'x ¢ J for any g € I'*, that is, supp D C Cj # ¥. This leads to
a contradiction.

To prove (2), take v to be an ergodic invariant measure and suppose it does not contain a
I'-invariant discrete set. Let M C supp v be a non-empty closed I'-invariant set. Then, by
recurrence, there exists an ergodic invariant measure vy such that supp vy € M. If supp v
does not contain a discrete set, then we can apply the first part of the theorem, obtaining
that supp v; = supp v. Hence M = supp v. This proves that supp v is minimal.

Conversely, to prove (3), take a minimal closed I'-invariant set M. Then, by recur-
rence (R), there exists an ergodic invariant measure v; such that supp vi € M. By
minimality of M we have supp v = M. Take now another ergodic measure v, such that
supp v = M = supp vy. If M is not discrete we can apply the first part of the theorem to
conclude that v; and v, coincide up to a multiplicative constant. If M is discrete observe
that any x € M is an atom for both v and vy, thus, invoking the Chacon—Ornstein theorem,
we obtain that for any bounded function ¢ with compact support and for all x € M,

ni@) _ L See) v2(¢) . Sagp(x)
= lim ——— and = lim ————.
vi(®)  n—oo 5, ®(x) v(®)  n—oo 5, P(x)

From this we finally obtain that vi = Cvy with C = v{(®)/v2(®P). This completes the
proof of (3). O

4. Uniqueness of an invariant measure: proof of Theorem 1.1
We start with the following lemma.

LEMMA 4.1. Assume that hypotheses (&) and (L) hold. Then any two non-empty and
closed T -invariant sets M1 and M, have non-empty intersection, that is, M1 N My % .

Proof. Assume to the contrary that M| N M, = ) for some I"-invariant sets M| and M5.
Consider the class of all open intervals such that

J={J=(a,b):ae€ M,bec M;and (a,b) C (M; U M)“}.

Observe that all the intervals belonging to 7 are disjoint. Furthermore, note that if the sets
M; and M, are disjoint, then for all pairs m; € M, my € M> such that m| < m, there
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exists J = (a, b) € J such that J C (m1, mz). Indeed, one can just take a = sup{m €
My : m <mp}and b =inf{m € M : m > a}.

Let Z be the compact interval that appears in (€). We claim that there are only finitely
many intervals J € J which are subsets of Z. Indeed, suppose that there are infinitely many
elements J; = (a;, b;) of Jsuch that J; C Z fori € N. Since both sequences {a;};cn and
{b;i}ien are contained in the compact interval Z, there exists a subsequence {ix}reny of N
such that sequences {a;, }ren and {b;, }xen are convergent. We denote by ag and by their
corresponding limits. Recalling that both sets M; are closed, we deduce that ap € M and
by € M>. On the other hand, since all the intervals J;, are disjoint and contained in the
compact set Z, their diameters |b;, — a;, | converge to zero. Thus ag = by € M N M, and
we obtain a contradiction.

Denote by Ji, ... Jy all the disjoint intervals, elements of .7, contained in Z. In
view of Lemma 2.1, since the sets M; and M, are I'-invariant, they are unbounded.
Thus there exists an additional interval Jyy; € J disjoint from Z and all the remaining
chosen intervals J; for i < N. Condition (&) entails the existence of g € I'* such that
g(J1U---UJyUJny1) CI. Since g is a homeomorphism preserving the order, for
everyi < N + 1itmaps intervals J; = (a;, b;) onto open intervals g(J;) = (g(a;), g(b;)).
Observe also that g(a;) € M1 NZand g(b;) € M NZ, thus foreveryi € {1,..., N + 1}
there exists j; € {1,..., N} such that g(J;) 2 Jj, and then the pigeonhole principle
entails that j;; = jj, for some i; # i>. This means that both g(J;,) and g(J;,) contain J;,
and therefore cannot be disjoint. Moreover, J;; N J;, D g ' 1) # 9, thus contradicting
the choice of the intervals J;, and J;, as disjoint sets. So, we finally arrive at the conclusion
that two closed and I'-invariant sets M and M, must have a non-empty intersection. This
completes the proof. O

Proof of Theorem 1.1. Suppose that there exist two different invariant Radon measures.
Without loss of generality, using ergodic decomposition, we may assume that there exist
two different ergodic Radon measures vy and v,. We claim then that there are two different
invariant ergodic Radon measures v and v; such that supp v; C supp vs.

If supp v; = supp ¥, the result holds by taking vi = vy and v = ».

Consider now the second case when supp V; # supp V. Both sets supp v; are
[-invariant, therefore in view of Lemma 4.1 they must have non-empty intersection, that
is, K = supp v; N supp vy # @. Since K is ['-invariant, by (R) there exists an invariant
ergodic Radon measure, say v, whose support is contained in K. Keeping in mind that
both sets supp vy and supp v, are different, at least one of them, say supp v, must be
greater than K. Then the couple v; and v, := 1, satisfies the claim.

Observe that conditions (€) and () imply that M := supp v; is not discrete. Indeed, if
T is the interval appearing in (&), then for all compact intervals J,

Card(M1 N J) = Card(g(M1 N J)) < Card(M1 N D),

where g € I' is such that g(J) € Z, by the fact that M; is I'-invariant. Further,
since M is unbounded one can choose a sequence of compact intervals J, such that
Card(M; N J,;) — oo. Hence Card(M| N Z) = oo.
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Point (1) of Theorem 1.2 yields vi = Cv,, which leads to a contradiction. The proof is
complete. O

5. Examples and applications

We will provide in this section some criteria to ensure recurrence and contraction of the
system. In particular, we will focus on the study of systems induced by homeomorphisms
whose behaviour we can control at the end points, such as asymptotically linear homeo-
morphisms and C>-diffeomorphisms of the interval.

5.1. Asymptotically linear systems. In this section we will focus on the study of systems
induced by homeomorphisms that have a linear bound in the sense that for all g € supp u©
there exist three positive numbers *A(g), "A(g) and B(g) such that

— TA(®)x” — B(g) < g(x) < *A(g)x" 4+ B(g) forallx € R, (24)
where xT = max{0, x} and x~ = max{0, —x}.
+tAx++B g(x)
-
/——— X
It can be easily shown that g € Homeo™ (R) satisfies (24) if the limits
*A(g) := lim sup &, “A(g) := lim sup 80
x—>+4o00 X x—>—00 X

are finite, and

lim sup[g(x) — "A(g)x] < oo and liminf[g(x) — "A(g)x] > —o0.
x—>+00 X—>—00

These are sufficient conditions for (24) but examples of systems which do not satisfy
these conditions, but for which (24) still holds, might be easily provided. Processes
of this kind appear in many contexts of probability and related fields and have been
investigated in several paper in the last years; see, for example, [2, 3, 7, 8, 14, 20]. A
fundamental example that has been widely studied is the affine recursion where g(x) =
A(g)x + B(g) (see [9] for a general overview). We refer to [8, §6] for a more detailed
presentation of possible applications. In particular, condition (24) holds, after conjugation,
for any increasing C2-diffeomorphism 4 of the interval [0, 1], as we will see in the next
section.

One expects that if *A and ~A are sufficiently often smaller than 1, then the system will
often be repelled away from infinity and thus will be recurrent or contracting. For instance
one can prove the following sufficient criteria for hypothesis (€) and ((R).
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LEMMA 5.1.

(1) Suppose that there exists g € supp . such that (24) holds with TA(g) and ~A(g)
smaller than 1. Then (€) holds.

(2) Suppose that (24) holds for every g € supp . Then (*R) holds in any of the following
cases:
(a) log *A(g) and log™ B(g) are ju-integrable and [ log *A(g) du(g) < 0;
(b) the support of u is finite and f log *A(g) du(g) < 0;
(c) "A="A= A, log *A(g) and log" B(g) are (2 + ¢)-integrable for some & > 0,

and [ log A(g) du(g) = 0.

Proof. We will use the linear bound assumed in (24) to compare the Markov chain X}, =
£,(x) =g, - - - g (x) with the affine recursions

+Y;f = JrAn+Ynfl + By, JrYO = x+,
7Y;:=7An7Yn—1+Bn7 “Yo=x",

where YA, = *A(g,), A, = “A(g,) and B, = B(g,). It can then be verified by the
inductive argument that

— Y <g, g =Y (25)
Proof of (1). Let g € supp p be such that
A = max{*A(g), A(®)} < 1,

and set B := B(g). It can be verified by induction (or applying (25) when g; = g for all i)

that
n—1 n—1
—A'x" — Z AKB < g"(x) < A"xt + Z AFB. (26)
k=0 k=0

In particular, if g := Z,fioAkB then |g" (x)| < A"|x| + B. Fix I := [-28, 28] and take
any interval J = [a, b]. Then for any sufficiently large n we obtain

§"(J) S [—A"lal — B, A"b| + Bl S I.

Proof of (2): (a) and (c). It is known that under hypothesis (a) or (c) the two-dimensional
Markov chain {(*Y,, ~Y,)}sen is recurrent in [R?, that is, there exists a constant K > 0
such that for any starting point, with probability 1, max{|*¥,|, |”Y»|} < K for infinitely
many n (see [5] and [9, §4.4.10]). From (25) it follows that X;, visits the interval I =
[— K, K] infinitely often.

Proof of (2): (b). Under hypothesis (b) one needs to be more careful. In fact, in this
case each of the one-dimensional affine recursions *Y,, and ~Y,, is recurrent, but the joint
process (TY,, ~Y,) may not be.

Let K > 0 be such that for all x € R we have

P(*Y | <Kio)=1 and P( Y'|<Kio)=1. 27
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If at some moment n one has X} < "V < K, and at some later moment n’ > n one has
—K < *Y}f, < Xﬁ,,then

X, €[-K,K v max 8(=K)l,

where m = min{n” € [n,n'] : X, > K}. Since this event holds P-a.s., by (27), the proof
is complete. O

5.2. C2-diffeomorphisms of the interval. Our main theorems and the above-mentioned
results concerning asymptotically linear systems can be applied to stochastic dynamical
systems on the interval generated by an increasing C2-diffeomorphism of [0, 1]. Similar
iterated function systems have been extensively studied recently (see [1, 10, 19, 24]). A
sufficient criterion for the uniqueness of an invariant measure in this situation has been
stated in Corollary 1.4 and is a direct consequence of Theorem 1.1, Lemma 5.1 and the
following result.

LEMMA 5.2. Take the diffeomorphism of (0, 1) onto R defined by r(u) := —(1/u) +
1/(1 — u). Then for any increasing C>-diffeomorphism h of [0, 1], the conjugated
homeomorphism

hy :=rohor~! € Homeot(R)

satisfies (24) with

1
and “A(hy) = ——

+ —
Al = m o)

Furthermore, if | is a finitely supported measure on the family of increasing diffeomor-
phisms in C 2(10, 1]) and Wy is the conjugated measure on Homeo™ (R), a Radon measure
von (0, 1) is w-invariant if and only if the Radon measure on R of the form

0 (f) = rav(f) = / Fr(x) dv(x)
[0,1]

is Wp-invariant.

Proof. We have

. hy(x) r(h(r~'(x))
*A(h,) = lim sup rT = lim sup m
X—>+00 X—>—+00
h

= lim sup rhw) change of variable u := 1 (x)

u—>1- r(u
1/(0—h

= lim sup M since r(u) ~ foru ~ 1~
u—s1- 1/ —u) 1—u
I L-u L gincen(l) =1

= lim su = since =1
ot B(D) — hGw) (1)
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Furthermore, since & is C2(0, 1), we have h(u) = 1 + 1’ (1)(1 — u) + O((1 — u)?). Thus
finally

lim sup [h,(x) —

xX—>—400

x ] . [ 1 1 j|
= lim sup -
h'(1) us1- L1—h@) KOA —u)

. O((1 —u)?)
P A= T

Similar calculations can be done near —oo and 0.
The second part of the lemma is obvious. U

5.3. Counterexamples to Theorems 1.1 and 1.2. In this section we intend to provide
some examples of stochastic dynamical systems that have more than one invariant measure
to explain that neither condition (&) nor (L) is sufficient alone to guarantee uniqueness.

5.3.1. Contraction but not unboundedness. Consider the stochastic dynamical systems
generated by a set I' of homeomorphisms that fix two distinct points @ and b of R and are
all repulsive at the end point. For instance, take y that gives mass 1/2 to h(x) = x!/3 and to
k(x) = x5, Then W is contracting because h"*[—K, K] = [—K1/3", K1/3n] is in [—2, 2]
for any large n. The interval [—2, 2] is also recurrent for similar reasons. This system does
not have a unique invariant measure since 8o and 81, the Dirac measures in 0 and 1, are
both p-invariant.

5.3.2. Unboundedness but not contraction. An example of a recurrent stochastic
dynamical system that satisfies (L) but not (&) is just given by the simple random
walk on Z C R. In fact, take p that gives mass 1/3 to ho(x) = x, hy(x) =x + 1 and
h_(x) = x — 1 € Homeo™" (R). It defines a recurrent Markov chain and is obviously
unbounded. It possesses infinitely many Radon ergodic invariant measures given by the
counting measures on Z 4+ a C R for any a € [0, 1). The Lebesgue measure on R is also
invariant, but it is not ergodic.

5.3.3. Ergodic measures with non-minimal support. We give here an example to prove
that an ergodic measure may have support that is not minimal. The idea is to start
with a stochastic dynamical system generated by a measure 1t on the set of increasing
C?-diffeomorphisms of [0, 1] that has a unique Radon measure ¥ whose support is the
whole interval (0, 1). It follows then that v is ergodic. Let T = supp 7. For any g € T
define three homeomorphisms of R:

gox) :=g({xh + Ix), g+(x):=g@xh+ x]+1, g-(x)=g{xh+ [x] -1,
where {x} is the fractional part of x and |x ] the floor function. Heuristically the function

go fixes each integer interval [n, n + 1] and acts on each one of them as g, while g4 do
the same but are then composed with a translation by £1. Let 1 be the measure charging
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80, g+ with mass equal to 7¢(g)/3. Then it can be proved that the measure

400 1
= 3 [ ro+pane

k=—o00

is a p-invariant Radon ergodic measure whose support is the whole of R. On the other
hand, Z C R is a discrete closed invariant set for i (and the counting measure on Z is
another ergodic measure).

5.3.4. Non-recurrent system. A classical example that shows that for non-recurrent
systems a closed minimal I"-invariant set can be a support of several invariant measures is
a non-centred random walk on Z. Suppose that g(x) = x + B(g) with B(g) € Z. Further,
suppose also that E(B(g;)) # 0 and that there exists « # O such that E(e~*B@)) = 1.
Then both the counting measure on Z and the measure on Z such that v(x) = ¢** for any
X € Z are invariant.

5.3.5. Non-Radon invariant measures. The restriction to Radon measures in Theorem
1.1 is indispensable. In the family of Borel measures the uniqueness of the invariant
measure can easily be broken; see, for example, [5, Remark 2].

Acknowledgements. The authors thank the anonymous referee for a careful reading and
numerous helpful suggestions. D.B. was partially supported by the National Science
Center, Poland (Sonata Bis, grant number DEC-2014/14/E/ST1/00588).

A. Appendix: Some results on ergodic invariant measures for Markov—Feller processes
This part of our paper is devoted to the description of ergodic measures and to the
proof of an ergodic decomposition for Markov—Feller processes on locally compact metric
spaces (2). Some of the results of this section seem to be classical and have often been used
in a different context in several works in this fields. They are based on the classical theory
of positive contractions of L'-spaces that is a powerful and general tool. However, we
could not find a comprehensive reference specifically adapted to Markov—Feller processes
with an invariant Radon measure. So we give a quick survey of the results that we need in
our paper and explain how they can be deduced from the general theory. In particular, we
give an explicit proof of the ergodic decomposition of a general invariant Radon measure
as an integral over the class of ergodic Radon measures.

For a complete overview on the ergodic theory and related infinite measures,
L!'-contractions and Markov processes we refer to the books by Foguel [16], Garsia [18]
and Revuz [29]. For a glimpse at the theory we also suggest the nice informal survey of
Zweimiiller [30].

A.l. Markov—Feller processes and L'-contractions. Let (X, p) be a locally compact
metric space, and let (X, B(X), v) be a o-finite measure space with Radon measure v. Let
P be an operator on LY(X, v) and L*®(X, v) such that:

e P is positive, thatis, Pf > 0 for f > 0;
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e Plx(x)=1x(x) forv-ae.x € X;
P is a contraction of L'(X, v), that is, the operator norm || P||; on this space is less
than 1. This last condition is equivalent to the property of the measure v called an
excessive measure, that is,

/ Pf(x) dv(x) 5/ F(x)dv(x) for f e L'(X,v), f>0.
X X

We shall call the quadruple (X, B(X), v, P) a Markov process. This process is said to
be Feller if additionally we assume that Pf € C(X) for f € C.(X). Here C(X) denotes
the space of continuous functions and C.(X) the subspace of continuous functions with
compact support. A Radon measure v will be called invariant for a given Markov—Feller
process if v(Pf) = v(f) for f € LY(X, v).

Using the duality between L'(X,v) and L®(X, v), we can define a dual operator P*
on both L' (X, v) and L*(X, v). More precisely, for any f € L'(X, v) (respectively, f €
L% (X, v)) P* f is the unique function in L' (X, v) (respectively, in L> (X, v)) such that

/X P* f(x)g(x) dv(x)
= / f(x)Pg(x)dv(x) forall g € L*°(X, v) (respectively, g € LI(X, V)).
X

It can also easily be checked that P* is a positive contraction of L!(X, v).

We can associate to a Markov operator P with an invariant measure v the space of
the trajectories of the associated Markov chain (X,),cN, that is, the product space X N
equipped with the measure P, such that for any finite collection of compact sets /; C X,
i =0,...,n,the measure of the cylinder [/] = Ip x - - - X I, x R x - - - is given by the
formula

]Pv([l]) = PV(XO S IO’ ey Xn € In)
= f » 1, (xp) - - - 1py(x0) P (Xp—1, dxy) - - - P(x1, dx2) P (x0, dx1)v(dxo).
Rn

Recall that P(-,-) : X x B(X) — [0, 1] denotes the transition probability for the Markov
chain (X,,),en given by the formula

P(x,A) = P*14(x) forx € X and A € B(X).

The shift T on XY, that is, the map x = (xg, X1, ...) = tx = (x1, X2, . . .), induces the
operator on L' (X N P,) (and on L® (XN, P,)) that will also be denoted by t and defined
by the formula tf(x) = f(trx). If v is P-invariant, then PP, is t-invariant. Thus 7 is a
positive contraction of LY(x N, P,).

More generally, let (W, ) be a o-finite measure space. A linear operator 7' of L! (W, w)
is a positive contraction if it is positive (T f > 0 whenever f > 0) and ||T||; < 1. We may
define the adjoint operator T* : L°°(w) — L°°(w) by the formula

/ T*gfdv:/ gTfdv forgeL®Ww)and f e L'(v).
w X
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As we have seen above, we can associate to a Markov kernel P with a P-invariant
measure v at least three different contractions: the contraction P on L! (X, v), the
contraction P* also on L'(X,v) and the shift T on L'(XYN, P,). All of them possess
interesting properties, but this abundance also generates some confusion. We will be
mainly interested in the contractions P and 7. Let us just notice that the contraction P*
is particularly adapted to and widely used in the study of Harris recurrent Markov chains
(see, for instance, Revuz [29] and Foguel [16]), but this is not so in our case.

These three contractions are deeply related and the dynamical systems they engender
share often the same ergodic properties, as will be shown below. For some results in this
direction see also the recent paper of Peéne and Thomine [28, §2].

A.2. Ergodic measures. A fundamental property of L'-contractions is ergodicity,
saying that the space cannot be decomposed into smaller invariant pieces. More precisely,
a Borel set A is called T-invariant (or invariant ) if T*14 = 14 (or equivalently if v4, the
restriction of v to A, is a T'-invariant measure). An invariant measure v is called ergodic if
either v(A) = 0or v(X \ A) = 0O for any T -invariant set A C X.

For the contractions induced by a Markov operator P, we have in principle at least three
definitions of ergodicity (for P, P* and t), but all of them coincide. Observe that the
o-algebras of invariant sets defined by the contractions P and P* on L'(X, v) coincide
(see [29, Ch. 4, Proposition 3.4]). Thus v is P-ergodic if and only if it is P*-ergodic.
Furthermore, we have the following lemma.

LEMMA A.l. Let P be a Markov—Feller operator, and let v be an invariant measure. If v
is P-ergodic, then P, is ergodic for the shift t.

Proof. Let A C XN be r-invariant, that is, 7"'A = A up to a P,-null measure set. Let
u(x) =Pr(A) = Pr((Xn)n=0 € A).
Observe that for v-a.e. x,
u(x) =Pt ™' A) = Poe((XntDnz0 € A) = B (Px, (A)) = Pu(x).

Thus u is P-invariant and, since v is P*-ergodic, u(x) = ug for some constant uy.
Now take B, in o(Xop, X1,...,X,), the o-algebra generated by the first n + 1
coordinates. Then

P,(B, N A) =P,(B, Nt~ "V A) = E,(15,Pyx,,, (A) = uoP,y(By).

Since the set of functions 1p, spans a dense subset of L! (P,), we see that 14 = uo must
be constant, that is, A is P, trivial. This completes the proof. O

In the specific context of this paper where P is induced by the action of a discrete
measure @ on the group of Homeo(X), we can characterize invariant sets (and prove
directly that P- and P*-invariant sets coincide).
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LEMMA A.2. Let P be the Markov operator defined by the action of a discrete distribution
W on the group of homeomorphisms of X as in (1), and let v be an invariant Radon
measure. Then for any measurable set A C X the following conditions are equivalent:

(1) v(AAg 'A)=0foreachg e T;

(2) P*14=14in L®(X,v);

(3) Ply=14inL>®(X,v).

In particular, if M is a closed T -invariant set, then M is P-invariant for the Markov
operator P.

Proof. (1) = (2). Suppose (1) holds. Since v is invariant, for any f € L' (v) we have
/X FOP 1 a(x) dv(x) = /F /X F(g(x)1a(x) dv(x)du(g)
= fr /x F(g(x))1a(g(x)) dv(x)du(g)

= /X J)1a(x) dv(x).

(2) = (1). Let K,, / X be a sequence of increasing compact sets. Let A = X \ A and
B, := K, N A°. Then, since 1, € L),

3 i(@)v(g ™ Ba N A) = /X /F 1, ()1 () dv(x)dpa(g)

gel

:/ Plp, (x)14(x) dv(x)

X

:/ lgn(x)P*lA(x) dv(x)
X

= / 15, (x)1a(x) dv(x) =v(B,NA)=0.
X

Thus v(g~'B, N A) =0forall g € ' and
v((g'A N A) =v(g ' (AN A) = lim v(g~'B, NA)=0.
n—oo

Observe that, since v is P-invariant, also P*14c = 14¢. Similarly, v(g’1 ANAY) =0and
finally we can conclude that

VAAgTTA) = v PANAY) +u((g7'A) N A) =0.
(1) (3). Observe that P14(x) = der pu(g)1g-14(x). Thus
Ply =14 <:>1g—1A =14 forallgel

since u(g) > Oforall g € T'.
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Let M be a closed I'-invariant set. Since M C g’lM , we then have

D u@veT'MAM) =) n(@w(g M) —v(M)) =0

gel’ gel

by the fact that v is invariant. Therefore, v(¢™'M A M) = Oforall g € I'. O

A.3. Chacon-Ornstein ergodic theorem for L'-contractions. The Chacon—Ornstein
ratio ergodic theorem is an extremely powerful and general theorem to study the asymptotic
behaviour of the partial sums

n
Suf =) T*f with f e L'(W, w).
k=0
THEOREM A.3. (Chacon—Ornstein ergodic theorem) Let T be a positive contraction of
LYW, ). Assume that the operator T is conservative, that is, there exists a strictly
positive function @ € L'(w, w) such that lim,_, 5, S, @ (w) = 400 for w-almost all w €
W. Then for any f € L' (w) the limit

S fw)
Litw):= nll)ngo Sn® (w)

exists and is finite for w-a.e. w. (A1)

Furthermore, the function Lf is invariant (that is, measurable with respect to I, the
o-algebra of all T -invariant sets) and

/Lf(x)@(x) do(x) = / f(x) do(x). (A2)

For a complete proof see, for instance, [18, Theorem 2.6.1] (see also [11], where the
proof appeared for the first time). The ratio ergodic theorem enables us to give another
characterization of ergodic measures.

LEMMA A.4. Let F be a dense family in L' (w). An invariant measure w is ergodic if and
only if Lf is constant for all f € F.

Proof. If w is ergodic then the invariant o-algebra is trivial and thus Lf is constant. In
consequence, by (A.2), it is equal to (w (f)/w(P)).

Suppose now that Lf = (w(f)/w(P)) is w-almost everywhere constant for any f €
F. Let A be an invariant set. Since T(14 f) = 14T f (see, for instance, [18, Proposition
2.5.6]), it follows that L(14 f) = 14 Lf w-almost everywhere and

o(laf) = o(P)LAA ) (x) = 0(@)LAX)Lf (x) = La () (f).

Since f € Fis arbitrary and F is a dense family in Ll(a)), the set A must be trivial, and
we are done. O]

A direct consequence of the previous lemma and of Lemma A.I, in the Markov—Feller
operator case, is the following corollary that summarizes some of the fundamental results
needed in our paper.
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COROLLARY A.5. Let v be an ergodic invariant Radon measure for the Markov—Feller
operator P. Suppose that the Markov chain is recurrent, that is, there exists a
compact set K such that 1x(xp)+-- -4+ 1g(xg) > +o0o P,-almost everywhere.
Then for any non-negative function ¢ € L'(X,v) we have v(¢) > 0 if and only if
¢(xp) + -+ -+ P(x0) > +00 Py-almost everywhere, and in this case for all f €
L'(X,v):,

- fOn) -4 fxo) _ v(f)
n—00 ¢(x,) 4+ -+ P(x0)  v(P)

Proof. Since Py is t-ergodic by Lemma A.1, applying Lemma A.4 to f(x) := f(xo) and
D(x) := &(x9) with & > 1k, we obtain

P, -almost everywhere

fOx) +- -+ f(x0) @D+

im = lim
n—=00 O(xy) + -+ DP(xg) n—o0 P(rx) +-- -+ D(x)
B v
CPy(@)  v(D)

P, -almost everywhere

Take a non-negative function ¢ € L' (X, v) such that v(¢) > 0. Then

Sn (x) ~ :})(ﬁSnCD(X) — o0.

(P)
Conversely, if ¢ (x,) + - - - + ¢ (xp) tends to oo, v-almost everywhere, then, since the limit
of S, ®/S, ¢ is finite (see, for instance, [16, Ch. III, Theorem D]) and equal to v(®)/v(¢),
by the previous step we obtain that v(¢) > 0. [

A.4. Ergodic decomposition of invariant measure. This part of the paper is devoted
to a complete proof of an ergodic decomposition for Markov—Feller processes on locally
compact metric spaces. From this decomposition formula (2) will follow.

THEOREM A.6. Let (X, B(X), v, P) be a Markov—Feller process. Assume that there exists
a function ® € C(X)NL'(v), ® > 0, such that ZZO:l P"®(x) = 400 for all x € X.
Then there exists a measurable set Xo C X with v(X \ Xo) = 0 such that:

(1) forevery x € X there exists a Radon measure vy such that

ve(f) = lim 3”;; ((’;)) forall f € Co(X); (A3)
(2) for every non-negative f € L' (v),
Ve (f) = lim Sn () forv-a.e.x € X (A4)
. n—oo S, P (x) e ’ ’

thus the function x +— v, (f) is measurable and

v(f) = /X v (1)® (0)v(d); (AS)

(3) vy is invariant and ergodic for any x € Xj.
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Although the above result has been used by several authors and is part of the folklore of
the field, we are not aware of any explicit reference in the literature. In our understanding,
in the specific case of Radon measures invariant under the action of a countable group, the
ergodic decomposition could be deduced (with some work) from the paper of Greschonig
and Schmidt [21, Theorem 1.4]. However, since their approach does not seem to apply to
more general Markov-Feller processes, we present here an independent proof. This may
be of interest in view of the future development of stochastic dynamical systems induced
by transformations g; that are not invertible or not countably generated.

We would also like to mention that in the ergodic decomposition obtained in the
previous theorem, the set of ergodic measures v, depends on the measure v. In this sense
our result is weaker than that proved in [21], where the authors obtain the existence of the
set of quasi-invariant ergodic measures that depends only on the group action.

Proof. First observe that since X is a locally compact metric space, there exist a countable
increasing family of compact sets (K;);en such that K; 7/ X and a countable family of
continuous functions F C C¢(X) dense in the space C.(X) (with the supremum norm)
and such that if the support of f is contained in K;, then for every & > 0O there exists
h € Fsuch that

If —hlleo <€ and supph C K. (A.6)
Thus, for every f € C.(X) and § > 0, there exists & € F such that
[f(x) —h(x)| <6 P(x) forall x € X.

Indeed, since C;1 = inf,ek,,, ®(x) > 0, it suffices to take & € F such that (A.6) holds

fore =6/Cit1.
We will split the proof into four steps.

i+1

Step 1. We define measures v, for v-almost all x € X and prove (1). Let X be the set of
all x € X such that

LhG) = lim ™)

RSy, exists for all h € F.

Since F C L'(v) is countable, by the Chacon—Ornstein theorem, v(X \ X1) = 0.

We shall prove that if x € X, then the above limit exists for an arbitrary f € C.(X).
For this purpose we check that the sequence ((S,, f(x)/S,® (x))nen) for f € C.(X) and
x € X satisfies the Cauchy condition. Fix f € C.(X) and ¢ > 0. Let 1 € F be such that
|f — h| < (¢/3)®. Then we have

Snf ) Suf )| _ Salh = FIC) | Smlh = f1(0) | Suh(x) — Smh(x)

$p®@(x)  Sp@(x)[ T 5,P(x) Sm® (x) $p®@(x)  SnP(x)
¢ n € n €
— — - = 8,
-3 3 3
for all m, n € N sufficiently large. Since ¢ > 0 was arbitrary, the Cauchy condition is

verified.
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Define now, for any x € X1, the functional on C.(X) by the formula

o Saf )
fo Lf = lim =2

for f € C.(X).

Since this is a positive linear functional, it is represented by some regular measure vy,
that is, Lf(x) = v (f) for f € C.(X), by the Riesz—Markov—Kakutani representation
theorem. Obviously, v, is a Radon measure. This proves (A.3) for all x € Xy C X of
full measure.

Step II. We shall check that for any f € L'(v) we have
vx(f) = Lf(x) forv-almostall x € X (A7)

and prove (2). By (A.3), we already know that the last equality is true for all f € C.(X).
We will prove that by a continuity argument it can be extended to all functions f € L' (v).
However, observe that if the function is not continuous, the set of x where (A.7) holds may
depend on f.

Let g,, n € N, be a non-increasing family of non-negative measurable functions such
that g, \, 0 in L' (v). Then Lg, (x) N\, 0 for v-a.e x € X. In fact, since the operator L is
positive and Lg, is a non-increasing sequence of measurable functions, the limit g(x) :=
lim,,, » Lgn(x) exists for v-a.e. x and is non-negative. Furthermore,

/g(x)cb(x)v(dx) =/ lim Lg,(x)®(x)v(dx)
X Xﬂ—)OO

< lim inf / Lg,(x)®(x)v(dx) by Fatou’s lemma
X

n— oo
= lim inf / gn(x)v(dx) by the Chacon—Orstein theorem
n—oo X

=0.

Thus 0 = g(x) := lim,_, 5 Lg,(x) for v-a.e x.
Let consider the class of functions

‘H := {f bounded mesurable function on X : v, (f®) = L(f®)(x) v-a.s.}.

Consider the following assertions.

o If f, € H is a family of non-negative and increasing bounded functions converging to
f.then f € H. In fact, since f,® / f& pointwise and in L' (v),

W (fP) = ngngo vy (fn®) by the monotone convergence theorem
= lim L(f,®)(x) since f, € H
n—oo

= lim [L(f®)(x) = L((f — fu)@)(x)] by linearity of L
v=L0fo)(x) — lim L((f = fa)®)(x) = L(fP)(x)
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since g, = (f — f,)@ \ 0 pointwise and in L'(v), by the dominated convergence
theorem.

e If U is an open subset of X, then 1y € H. In fact, there exists a non-decreasing
sequence of non-negative functions f,;, € C.(X) such that f,, /' 1y pointwise. Since
fn® € C.(x), step I yields f,, € H, and consequently 1y € H.

o If f,ge®H, then f+ g and cf are in ‘H for any real number c. This is a direct
consequence of linearity of v, and L.

Applying the monotone class theorem for functions (see, for instance, [15, Theorem

5.2.2]), H contains all measurable bounded functions.

Now take a non-negative f € L!(v) and an increasing sequence of compact sets K,

X. Observe that

fx)An

Su(x) = ®(x)

for x € K,

and f,(x) = 0 otherwise. It is easy to check that f,, are bounded and f,® ' f, both
pointwise and in Ll(v), thus, following the same reasoning as above, we obtain

ve(f) = nll)ngo vy (fn®) by the monotone convergence theorem
= lim L(f,®)(x) since f, € H
n—oo
= lim L(f)(x) —L(f — f,®)(x) by linearity of L
n—o0
= Lf(x),

since g, = f — f,@ \, 0 pointwise and in L' (v). Invoking (A.2), this completes the proof
of (2).
Step 1II. We will prove that there exists a set of full measure X, such that v, is
P-invariant for all x € X». Let X, be the set of all x € X such that:
() ve(f)=Lf(x)forall f € F;
2) ve(Pf)=L(Pf)(x)forall f e F;
(3) vy (@) =LP(x)and vy (PP) = L(PD)(x).
Since Fis countable and the desired equalities hold v-almost everywhere, v(X \ X2) = 0.
Observe now that for every f € C.(X) and x € X»,

ntl B
Lf(x) = lim Lf(x) — lim Snf(x) + P fx)— fx)
n—oo §,®(x) n—>00 S, @ (x)

S fW)
= 11m
00 S, @ (x)

= L(Pf)(x),

since f and Pf are bounded and S,® — oo. Thus, if x € X, and f € F, we have

v (f) = Lf(x) = LPf(x) = vi(Pf).
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Fix f € C.(X) and € > 0. Let & € F be such that |f — h| < e®. Thus P|f — h| <
g P®. Then it follows that

e (Pf) = v (O] = e (Pf) — v (PR + [vx (PR) — v (M)] 4 [vx (f) — ve(R)]
=&V (PP) + 0+ cve (D)
=e(L(PP)(x) + LP(x))
=2¢ since L(P®)(x) = LP(x) =1.

Letting ¢ — 0, we obtain that v, (Pf) = v, (f) forall f € C.(X). Thus v, is P-invariant.

Step 1V. We will prove that there exists a set of full measure X3 C X, such that v,
is ergodic for all x € X3. Take f € C.(X) and observe that Lf is bounded (since f <
C - @ for some constant C, thus Lf < CL® = C) and, by the Chacon—Ornstein theorem,
invariant. By [18, Proposition 2.5.6], P(gLf) = (Pg) (Lf) for any g € L'(v) and thus
L(gLf) = (Lg) (Lf). In particular, for v-a.e. x,

v (fLe) BV L(fLe) () = LI Lg) =P v (fve(e).

Let X3 € X» be the set of all x such the latter equality holds for all f, g € F. Since F is
countable. v(X \ X3) = 0. Take x € X3 and fix g € F. Then

Ve (fLg) = vi(fHve(g) forall f e F.

Since F is dense in L' (v), it follows that Lg(y) = v, (g) for vy-almost all y € X. Thus
v, is an invariant measure such that Lg is v,-almost everywhere constant and v, is then
ergodic, by Lemma A.4 applied to v = v,. The proof is complete. U

REFERENCES

[1] L. Alseda and M. Misiurewicz. Random interval homeomorphisms. Publ. Mat. 58 (2014), 15-36.

[2] G. Alsmeyer. On the stationary tail index of iterated random Lipschitz functions. Stochastic Process. Appl.
126(1) (2016), 209-233.

[3]1 G. Alsmeyer, S. Brofferio and D. Buraczewski. Asymptotically linear iterated function systems on the real
line. Preprint, 2021, arXiv:2102.02299.

[4] A. Avila and M. Viana. Extremal Lyapunov exponents: an invariance principle and applications. Invent.
Math. 181(1) (2010), 115-178.

[S]1 M. Babillot, P. Bougerol and L. Elie. The random difference equation X, = A, X,,—1 + B, in the critical
case. Ann. Probab. 25(1) (1997), 478-493.

[6] M. Benda. Schwach kontraktive dynamische Systeme. PhD Thesis, Ludwig-Maximilians-Universitit
Miinchen, 1998.

[71 S. Brofferio. How a centred random walk on the affine group goes to infinity. Ann. Inst. Henri Poincaré
Probab. Stat. 39(3) (2003), 371-384.

[8] S. Brofferio and D. Buraczewski. On unbounded invariant measures of stochastic dynamical systems. Ann.
Probab. 41(3) (2015), 1456-1492.

[9] D. Buraczewski, E. Damek and T. Mikosch. Stochastic Models with Power-Law Tails. The Equation X =
AX + B. (Springer Series in Operations Research and Financial Engineering). Springer, Cham, 2016.

[10] K. Czudek and T. Szarek. Ergodicity and central limit theorem for random interval homeomorphisms. Israel
J. Math. 239 (2020), 75-98.

[11] R. V. Chacon and D. S. Ornstein. A general ergodic theorem. lllinois J. Math. 4 (1960), 153-160.

[12] G. Choquet and J. Deny. Sur 1’équation de convolution u = u *o. C. R. Acad. Sci. Paris 250 (1960),
799-801.

[13] B.Deroin, V. Kleptsyn, A. Navas and K. Parwani. Symmetric random walk on HOMEO™ (R). Ann. Probab.
41(3B) (2013), 2066-2089.

https://doi.org/10.1017/etds.2021.31 Published online by Cambridge University Press


https://arxiv.org/abs/2102.02299
https://doi.org/10.1017/etds.2021.31

2238 S. Brofferio et al

[14]
[15]

[16]

[17]
(18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]

[30]

P. Diaconis and D. Freedman. Iterated random functions. SIAM Rev. 41(1) (1999), 45-76.

R. Durrett. Probability—Theory and Examples. (Cambridge Series in Statistical and Probabilistic Mathe-
matics, 49), 5th edn. Cambridge University Press, Cambridge, 2019.

S. R. Foguel. The Ergodic Theory of Markov Processes (Van Nostrand Mathematical Studies, 21). Van
Nostrand Reinhold Co., New York, 1969.

H. Furstenberg. Noncommuting random products. Trans. Amer. Math. Soc. 108 (1963), 377-428.

A. M. Garsia. Topics in Almost Everywhere Lonvergence (Lectures in Advanced Mathematics, 4). Markham
Publishing Co., Chicago, 1970.

M. Gharaei and A. I. Homburg. Random interval diffeomorphisms. Discrete Contin. Dyn. Syst. Ser. S 10(2)
(2017), 241-272.

C. M. Goldie. Implicit renewal theory and tails of solutions of random equations. Ann. Appl. Probab. 1(1)
(1991), 126-166.

G. Greschonig and K. Schmidt. Ergodic decomposition of quasi-invariant probability measures. Colloq.
Math. 84/85 (2000), part 2, 495-514.

G. Letac. A contraction principle for certain Markov chains and its applications. Random Matrices and
Their Applications (Brunswick, ME, 1984) (Contemporary Mathematics, 50). American Mathematical
Society, Providence, RI, 1986, pp. 263-273.

M. Lin. Conservative Markov processes on a topological space. Israel J. Math. 8 (1970), 165-186.

D. Malicet. Random walks on Homeo (S'). Commun. Math. Phys. 356(3) (2017), 1083-1116.

S. Meyn and R. L. Tweedie. Markov Chains and Stochastic Stability, 2nd edn. Cambridge University Press,
Cambridge, 2009. With a prologue by P. W. Glynn.

M. Peigné and W. Woess. Stochastic dynamical systems with weak contractivity properties I. Strong and
local contractivity. Collog. Math. 125(1) (2011), 31-54.

M. Peigné and W. Woess. Stochastic dynamical systems with weak contractivity properties II. Iteration of
Lipschitz mappings. Collog. Math. 125(1) (2011), 55-81.

F. Péne and D. Thomine. Probabilistic potential theory and induction of dynamical systems. Preprint, 2019,
arXiv:1909.05518.

D. Revuz. Markov Chains (North-Holland Mathematical Library, 11), 2nd edn. North-Holland Publishing
Co., Amsterdam, 1984.

R. Zweimilller. Survey Notes on Infinite Ergodic Theory. https://mat.univie.ac.at/zweimueller/
MyPub/SurreyNotes.pdf.

https://doi.org/10.1017/etds.2021.31 Published online by Cambridge University Press


https://arxiv.org/abs/1909.05518
https://mat.univie.ac.at/zweimueller/MyPub/SurreyNotes.pdf
https://mat.univie.ac.at/zweimueller/MyPub/SurreyNotes.pdf
https://doi.org/10.1017/etds.2021.31

	1 Introduction
	2 Basic notions and preliminary results
	2.1 Random walks on `3́9`42`"̇613A``45`47`"603AHomeo+(R) and associated dynamical systems
	2.2 Invariant measure and recurrence
	2.3 Support of an invariant measure and closed Γ-invariant sets
	2.4 Unboundedness hypothesis
	2.5 Ergodic measures and ratio ergodic theorem
	2.6 Measures with atoms

	3 Minimality of the supports. Proof of Theorem 1.2
	4 Uniqueness of an invariant measure: proof of Theorem 1.1
	5 Examples and applications
	5.1 Asymptotically linear systems
	5.2 C2-diffeomorphisms of the interval
	5.3 Counterexamples to Theorems 1.1 and 1.2
	5.3.1 Contraction but not unboundedness
	5.3.2 Unboundedness but not contraction
	5.3.3 Ergodic measures with non-minimal support
	5.3.4 Non-recurrent system
	5.3.5 Non-Radon invariant measures


	A Appendix: Some results on ergodic invariant measures for Markov–Feller processes
	A.1 Markov–Feller processes and L1-contractions
	A.2 Ergodic measures
	A.3 Chacon–Ornstein ergodic theorem for L1-contractions
	A.4 Ergodic decomposition of invariant measure

	References

