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ON THE FRACTIONAL PARTS OF A POLYNOMIAL 

R. J. COOK 

1. Introduction. Heilbronn [6] proved that for any e > 0 there exists C(e) 
such that for any real 6 and N ^ 1 there is an integer x satisfying 

(1) l ^ x ^ N and \\6x2\\ < C(e)N-1/2+% 

where ||a|| denotes the difference between a and the nearest integer, taken 
positively. Danicic [2] obtained an analogous result for the fractional parts of 
6xk and in 1967 Davenport [4] generalized Heilbronn's result to polynomials 
of degree k with no constant term. The last condition is essential, for if there 
is a constant term then no analogous result can hold (see Koksma [7, Kap. 6 
SatzlO]). 

More recently, Ming-Chit Liu [8] proved that for any real 6 and any positive 
integer N there is an integer x satisfying 

(2) 1 S x S N and ||0x2|| < CN~1/2+^N\ 

where C is an absolute constant and e(N) = 1/log log N. The purpose of this 
note is to prove that the results of Danicic and Davenport may be improved 
to give results analogous to Liu's. 

THEOREM 1. Let k be an integer, k ^ 2, and put K = 2k~1. For every real 6 
and every positive integer N, there is an integer x satisfying 

(3) l ^ x ^ N and ||0**|| < CiN'1/K+^\ 

where d = Ci(fe) depends only on k and e(N) = 1/log log N. 

THEOREM 2. Let k be an integer, k ^ 2, and put R = 2k — 1. For every 
positive integer N and every real polynomial f (x), with no constant term, of degree 
k, there is an integer x satisfying 

(4) 1 ^ x ^ N and | | / ( * ) | | < C2N~1/R+^N\ 

where C% = C2(k) depends only on k and e(N) = 1/log log N. 

For large values of k these results can be improved by using Vinogradov's 
estimates for trigonometric sums, in place of Weyl's (see [1]). 

2. Notation and preliminary lemmas. By F « G we mean that \F\ < CG 
where C depends at most on k. We write e(z) for exp (2iriz), K for 2k~l, R for 
2* — 1 and e(N) for 1/log log N. We may suppose that N > N0(k). 
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LEMMA 1. Let A satisfy 0 < A < J and let a be a positive integer. Then there 
exists a function \p(z), periodic with period 1, which satisfies 

(5) *(*) = 0 for ||2|| ^ A, 

and 

oo 

(6) \p(z) = ^ ave(vz) 
V=—oo 

where the coefficients av are real numbers, a0 = A, a-v = av and 

(7) | a , | « m i n ( A , ( ^ ) Y > r - 1 ) . 

This is a particular case of Lemma 12 of Chapter 1 of Vinogradov [9]. 

LEMMA 2. Let d(n) denote the number of divisors of the positive integer n. For 
any e > 0 we have 

(8) d{n) S 2(1+6)logw/loglogw 

for all n > n0(e). 

This is Theorem 317 of Hardy and Wright [5]. 
We apply Lemma 2 with e chosen so small that 21+€ < e3/4. Then for some 

n0 we have 

(9) d(n) < »(»/*>«<»> 

for all n ^ nQ. 

LEMMA 3 (Weyl). Let f(x) be a real polynomial of degree k with leading 
coefficient 6: 

f(x) = dxk + d^-1 + 

Let B be a real number and put 

5= £ e(f(x)). 
B<X<B+N 

Then 

(10) \s\K<<NK-i + NK-k+^^a-D,iN) X: m i n ( iV , Hm^ir1), 
m = l 

where L = klN*"1. 

This may be proved in the same way as the corresponding formula on p. 13 
of Davenport [3] since for m = 1, . . . , L we have 

d(m) « Z/3/4)<(L) « JV<3/4) (*-!)«(*). 
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LEMMA 4 (Dirichlet). Let 6 be a real number and Q ^ 1. Then there exist 
integers a, q with 

(11) 1 è q g Q, (a, q) = 1 and \9 - a/q\ g q-iQ-K 

See, for example, Theorem 185 of Hardy and Wright [5]. 

3. Preliminaries to Theorems 1 and 2. Let 

(12) /(*) = exk + elX"-1 + ... + *»_!*, 

which contains the possibility tha t / (x ) = Qxk. Suppose that 

(13) | | / ( x ) | | ^ M'1 for 1 g x è N, 

then we may also suppose that 

(14) M S N1/K-w 

for otherwise there is nothing to prove. We take A = M~x in Lemma 1, then 

0 = E *(/(*)) = E Ë <VW*)) = AiV + E a8S(*0 

where 

(15) 5(») = E *(»/(*))• 

Then 5 ( - v ) = J(v) so taking Mi = MN<w/100 we have 

Ml 

AN« E |c,5(»)|+ E k .5(») |«A£ |S(»)|+JVE k.l 
0<|i; |<Mi |t>|>Afi »=l l»|>Afi 

and, from Lemma 1, 

E k | « ( - ) V a E ^«a'A-Mf0. 
U|>Ml \ 7T / |z?|>Mi 

Therefore 

Mi 

N(l - a^-^MD « E |5(»)|. 

We take a = [100/e(iV)] = [100 log log iV], then 
aaA-a-lMra << (1QQ ] ( ) g j o g ^ ) 100loglogiV^a+1 ̂ - a ^ - a e C i V ) / 1 0 0 = 0 ( 1 ) 

as iV —» oo . 
Therefore iV ^C Zl^i 1 (̂̂ )1 so> by Holder's inequality, 

Mi 

(16) M1
1-Xivx« E TOI* 
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Applying Weyl's estimate we have 
Ml / L \ 

Ml
1-KNK« Y, [N*-1 + ̂ -*+(3/4)(s-1)eW £ min (N, IMH"1) 

Ml L 
« M1N

K-1 + ^ -^ ( ' /««-DeW) £ £ m j n (iv> H ^ l l - l ) 

«M 1 iV K - 1 + iVx-" ! + ( 3 / 2 ,«-1 , e W + < W / i C £ ) min (TV, H^H"1) 
h=l 

where H = M\L and we have put h = wy, since the number of representations 
of h in the form mv is 

d(h) <^H{zUU{H) <<C (iV'A:-1+1//5:)(3/4)6W. 

From (14) we have MiNK~l = o{Mil~KNK) so, putting 

i,(tf) = (3/2) ( * - l)e(N) + e(N)/K, 

we have 

(17) M i 1 " ^ * - ^ « f ) min (iV, I N I ' 1 ) . 

Let a/g be any rational number, in its lowest terms, for which 

(18) \0 ~ a/q\ ^ q~\ 

We divide the sum on the right-hand side of (17) into blocks of q terms and 
estimate the sum of each block in the usual way (see Lemma 1 of Davenport 
[3]) to give 

(19) Mi^N*-*») « {q~lH +1)(N + qlogq). 

4. Proof of Theorem 1. Now/(x) = dxk and we may suppose ^ 3 , since 
Liu [8] has proved the result in the case k = 2. We take 

M = N1/K-*w so that Mx = N1/K~^nm^N\ 

We choose 

(20) q ^ M i 1 - ^ * - ^ , 

where T(N) = V(N) + (l/K)e(N). Then 

q log q « MJ-XN*-*™ log N 
= o(M1

1-KNh-iW) 
N = o(Mi1~KNk-1'^) 

and 

H log q « MiN*-1 log N 

<K M^-XN1-*1^*nm e{N)N*-1 log TV 
= o(Mil-KN*-iW) 
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since 

(21) (99/100)^6(N) > rj(N) + e(iV)/4 for k ^ 3. 

It now follows from (19) that 

MI1-KNJC-V(N) <<c q-iHN « g-iMxN* 

so that 

q « M\KN*{N) = TV 1 -^ 9 7 1 0 0 ^ 6 ^-^^ = o(N). 

By Lemma 4, there exists a rational number a/q such that 

(23) q S M^N*-*™ 

and 

(24) |0 - a/q\ ^ q^M^^N^^'K 

This g must also satisfy (22) and 

(25) ||0g*|| ^ |g*0 - aqk~l\ ^ q^M^-^NT^~k 

< j\fk-1N1~1/K~{K~1){9d/ime{N)NT{N)~k < iV_1/jK:+e(Ar)+T(Ar)~(99/100)Ke(iV) 

since for ft ̂  3, (99/100 )i£e(iV) ^r(N) = 77 (JV) + (l/X)e(iV), and this com
pletes the proof of Theorem 1 since x = q satisfies the theorem. 

5. Proof of Theorem 2. This is proved by induction on k, we begin with 

the case k = 2. Let 

(26) /(*) = 0x2 + Bxx and M = N1/3~«N\ 

We choose an integer q satisfying 
(27) 1 ̂  q ̂  IfWHB/2)«(iV)> II^H ^ MliV-2+(5/2)e(iV)^ 

Then the terms iV, q log ç and # log q in (19) are negligible, so that 

MriN2-v(N) <<c g-iHN « q-iMiN2. 

Hence 

(28) g « Mi2N^N) = iV2/3+(1/50)e(Ar). 

For any positive integer T we can choose an integer t satisfying 

(29) U / g r and \\diqt\\ S T~K 

Taking x = qt we have 
||0*2 + 6lX\\ = | | ^ 2 / 2 + 0 i g / | | ^ g / 2 | | ^ | | + J | ^ | J 

<^ f2]\J2/3+(l/50)€(N)J^iJ^-2+(5/2)t(N) _|_ J^-l 

« 2n2^Vr-l+(153/100)€(iV) _j_ f-l% 

Taking T = Nin~^N)/* we have 

(30) \\BX2 + <9iX|| « iV-l/3+(259/300)É(iV) + # - l / 3 + « W / 3 << ^-l/3+e(iV) 
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and 

(31) 1 ^ x = qt <& NU'v+'W^N1'*-'™'* = o(N), 

which completes the proof in the case k = 2. 
For k > 2 let 

(32) f(x) = 6xk + (M*-1 + . . . + 0k-ix and M = N1/B~<w. 

We choose an integer q satisfying 

(33) 1 ^ qS M i 1 - ^ - ^ ) , ||g0|| < Mi^-W'W-*, 

where r(7V) = 77(iV) + e(N)/K. As before, it follows from (19) that 

(34) q « MX
KN^N) = AT(*/«)-(99/ioo)Ke(iV)+i(AO = 0{NKIR) for fe ^ 3. 

By the inductive hypothesis, there exists an integer T satisfying 

(35) 1 S t ^ T and {{dig*-1?-1 + . . . + Bk-iQt\\ « 7^i/(^-D+«(r)| 

since 2k~l — 1 = i£ — 1. Taking x = qt we have 

(36) | | / (x ) | | « \\BqHk\\ + H0KZ*-1/*-1 + . . . + ftt-iff/H 

« g * " 4 * | | ^ | | + r - 1 ^ - 1 ^ * ^ . 

We take T = [7V^~1)/ie], then 1 ^ 0 g AT, for N è #o(*), and 

(37) 11/(a) 11 « {MiKN*w}k-1Nk<K-1'>/BMiK-1NTW-k + r-1/^-1>+'<!r) 

<<C MicKNk{K~1)/R~kMr'1N(k~1)viN)+T{N) + TV'-i/^+c^-DtC37)/^ 

« M i - 1 + 7V_1/jR+e(iV) « iV_1/ie+e(iV), 

which completes the proof of Theorem 2. 
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